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Abstract

A common regression and classification technique computes linear combinations
W; = ‘yfac of the predictors = (1, ...,:L‘p)T fori =1,...,p where W1y, ..., W), are
ordered in some way. Then the response variable Y is regressed on Wh, ..., Wy to
produce the k-component estimator for k = 1,..., M with M < p. Examples in-
clude envelopes, sufficient dimension reduction estimators, and variable selection
estimators with W; = x;,. Several methods (including principal component regres-
sion, partial least squares, forward selection, lasso, unilasso, and the elastic net)
can be used in high dimensions where n/p is small and n is the sample size. Exam-
ining some of the properties of k-component estimators is useful for unifying these
dimension reduction procedures. Some new ordering techniques to obtain the W;
are also given.

KEY WORDS: envelopes, marginal maximum likelihood estimator, PCA,
PLS, SDR, variable selection.

1 INTRODUCTION

Some important statistical methods include regression, multivariate statistics, and clas-
sification. These methods are useful for machine learning, an important part of artificial
intelligence. This section reviews some high dimensional dimension reduction methods.

High dimensional statistics are used when n < 5p where n is the sample size and p
is the number of variables. Such a model is overfitting: the model does not have enough
data to estimate p parameters accurately. Then n tends to be not large enough for
the classical statistical method to be useful. A less general definition of high dimensional
statistics is that p is large. Sometimes p > Jn with J > 10 is called ultrahigh dimensional
statistics.

*David J. Olive is Professor, School of Mathematical & Statistical Sciences, Southern Illinois Univer-
sity, Carbondale, IL 62901, USA.



Some notation for dimension reduction methods is needed. Let Y be the response
variable and let & = (x1,...,7,)7 be a vector of p predictor variables. For example,
predict Y = mussel muscle mass from z; = height, o = width, and z3 = length of the
mussel shell. Then p = 3.

Let G be an p x k matrix and let C = span(G) be the subspace of R? spanned by the
columns of G. Let I, be the p X p identity matrix. For a symmetric p x p matrix D, let
D > 0and D > 0 denote that D is positive definite or positive semidefinite, respectively.
Then the projection onto C is P, = Pg = G(G"G)'G" provided G'G > 0. Let
Q. = Qg = I, — Py be the orthogonal projection.

Let £ be a subspace of RP. Let {74, ...,7,} be a basis for £, and let {7y, ..., ¥4, Yg115 -
v,} be a basis for R”. Then several dimension reduction methods involve estimating ¢
and 4, for i = 1,...,q. Let G = [v,...7,] be the basis matrix for £. Let Y I z|Ax
indicate that the response variable Y is independent of the predictors x given Aax. Then
L C RP that satisfies Y 1L |P, x is a dimension reduction subspace for the regression
of Y on . Thus the reduced predictors w = P, x hold all of the information that
x has about Y. If the intersection of all dimension reduction subspaces is a dimension
reduction subspace, then that subspace is called the central subspace, denoted by Ly|q.

For a predictor envelope, suppose a) Y 1L x| P, x, and b) £ C R? reduces Xy if and
only if Cov(P, x,Q, ) = 0. Notation: w = P, x is material for the regression of Y on
x while u = Q, @ is immaterial for the regression of Y on x. Assume Ly gz C span(Xg).
The predictor envelope (subspace) Ex for the regression of Y on @ is the intersection of
all dimension reduction subspaces that reduce X and contain Ly|g. Hence Ly g C Eg.
The envelope subspace may be larger than the central subspace, but tends to handle high
predictor collinearity better than sufficient dimension reduction (SDR) estimators of the
central subspace. See Cook and Forzani (2024).

Let the covariance matrix of  be Cov(z) = Xg = E[(z— FE(z))(x — E(x))’] and the
px1vector Cov(z,Y) = Xgy = E[(x—E(x))(Y-E(Y))] = (Cov(z1,Y), ..., Cov(z,, Y))T
= 1. Let g = (n — 1)3z/n where the sample covariance matrix

n
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Let the population correlation py = pg, ., = Cor(z;,z;) and the sample correlation
Tij = Ta;e; = cor(xs, ;). Let the population correlation matrices Cor(x) = pg = (pij)
and Cor(z,Y) = pry = (Puy v, s pmpy)T. Let the sample correlation matrices be Ry =
(rij) and rgy = (’f’m17y,...,’f’mp7y)T. Then ¥z and Rg are dispersion estimators, and
(Z, ) is an estimator of multivariate location and dispersion.

Remark 1. The following results are useful for several regression and covariance
estimators. Let w; = A,x; for i« = 1,...,n where A, is a full rank k£ x p matrix with
1 <k <p. Let D, be a full rank j x p matrix with 7 < p.
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a) Let ©* be X or X. Then X}y = A, X5 AL, S5y = A, 3k, and cov(A,z, D,x) =
A, X5 DY

b) If A, is a constant matrix, then 3qpy = AnEg;Ag and Xwy = A, Xy

c) Let @ > 0 and b > 0. Then the sample correlation cor(z,Y) = cor(az,bY) =
cor(—ax, —bY') = —cor(—az,bY’) = —cor(azx, —bY).

Partial least squares (PLS), SDR, and envelopes algorithms produce estimated basis
vectors 7, sequentially, using the response variable Y. Suppose the positive semidefinite
dispersion matrix 3 has eigenvalue eigenvector pairs (A1, dy), ..., (Ap, d,) where A\; > Ay >

- > )p. Let the eigenvalue eigenvector pairs of 3 be (5\1,&1), e (5\;,,, Elp) where \; >
Do > > 5\;,,. These vectors are important quantities for principal component analysis
(PCA) and principal components regression (PCR). If the eigenvectors are orthonormal,
3 =3y, and W; = Eifac, then cov(W;, W;) = cAlZTEA]wcAij =0 for ¢ # j.

The NIPALS PLS algorithm uses 4, = Xzy /|| Xy, and the 4, are orthonormal. Let
A, be the matrix with ith row 'S/Z-T fori=1,...,k. For k < ¢, the SIMPLS algorithm uses
4, and A, = argmaatfyeRp ' Sey Sk subject to ')/TSQ;AZ =0 and v~ = 1. Note
that 7, = argmaz~crr v TSy Sky~y where T~ = 1. If W; = 'yl , then cov(W;, W;) =
v, Em’)/j = 0 for i # j. See Cook and Forzani (2024), de Jong (1993) and Wold (1975).

The marginal maximum likelihood estimator (MMLE) is due to Fan and Lv (2008)
and Fan and Song (2010). This estimator computes the marginal regression, such as the
binary logistic regression, of Y on z; resulting in the estimator (&; r, ﬁALM) forj=1,....p.
Then By = (Biats - Bpar)T- Let 6; be the sample standard deviation of ; where
62 is the sample variance of z;. If the MMLE regresses Y on the predictors v; = x;/6;
standardized to have unit sample variances, then MMLE variable selection keeps the J
predictors corresponding to the largest | BZ| = | BZ u|. Hence W; = z;; and W1,..., W, are
ordered by |G| > |8, = -+ > |ﬁAZp| Similar orderings could be produced using other
regression estimators, such as ridge regression applied to all of the predictors v;. Forward
selection also orders the predictors.

A common regression and classification technique computes linear combinations W; =
'S/Z-Tar; of the predictors for « = 1,...,p, where Wi, ..., W, are ordered in some way. Let
the jth column of I, be ¢; = (0,...,0,1,0,...,0)7 where the 1 is in the jth position.
The ¢; form the standard basis vectors for RP and C;Fac = x;. For variable selection
estimators, let W; = 'S/jrac = x;; where 7; = ¢;;. The k-component estimator, e.g. the k-
component PLS estimator or the k-component PCR estimator, is obtained by regressing
Y on Wy, ..., W) where often a constant is in the model. Let k = 1,..., M where M < p.
The model selectlon estimator chooses one of the k-component estlmators e.g. using
cross validation, and may be denoted by By,5prg O Brrspor-

For the regression method, much of the high dimensionl dimension reduction literature
uses the multiple linear regression (MLR) model

YVi=a+zi1b+ o trpbhte=a+z B+e (1)

for i = 1, ..., n. In matrix form, this model is Y = X ¢ + e, where Y is an n x 1 vector of
dependent variables, X is an n x (p4 1) matrix of predictors, ¢ = (a, ") isa (p+1) x 1
vector of unknown coefficients, and e is an n x 1 vector of unknown errors. Assume that



the e; are independent and identically distributed (iid) with expected value F(e;) = 0
and variance V(e;) = 0%, A multiple linear regression model with heterogeneity has the
zero mean ¢; independent with V (e;) = o?2. A B
Then the OLS estimators for model (1) are ¢, = (X' X) ' XY, dors = Y —
~T
BorsT, and
. ~ -1 P, N A1
Bors = g By = g Ty = Xg 1.
For a multiple linear regression model with iid cases, BOLS is a consistent estimator of
Bors = E;}Emy under mild regularity conditions, while &g is a consistent estimator
of E(Y) = BosE(). . .
For the MLR k-component estimator, let Apz = w = (W1, ..., W;,)T where Ay is the
matrix with ith row 47 for i = 1,.... k. Let 0y = (61,6, ...,0;)". Fit the working model

Y=o+ 0fw+e=ap+0 Az +e~ap+Biz+e

with BZ = 9;% Then the OLS estimator 9k = f];;f]wy, and the k-component
estimator 3, = AZ@k = AZ(Akf]mAZ)_lAkﬁ]my by Remark 1. Here k = 1, ..., M where
M < min(n—2, p) needs to be small enough so that (Akﬁ]mAZ)_l exists. Suppose k = p
and both 53;;1 and A;l exist. Then AZ(APEAJQCAZ)*APEA]@Y =

A AT AT sa—1,~ 1~ & A —1 4 A
5;,; = Ap (Ap) 12:1: (A;n) 1Azaszlf:,Y =3z E.’IJ,Y = 50Ls- (2)

Section 2 considers k-component estimators with response variable Y, reviews variable
selection, and Theorem 5 generalizes Equation (2) to many other regression models.
Section 3 considers the OPLS estimator, and Section 4 gives some high dimensional
tests.

2 Univariate Response Y

Let Y be a response variable for regression or classification. Important regression models
include generalized linear models (GLMs), nonlinear regression, nonparametric regres-
sion, and survival regression models. There are n cases (Y;, )7, and for some important
models, Y depends on & through the sufficient predictor SP = a+a?3. Let the estimated
sufficient predictor ESP = & + acTB where sometimes o = & = 0. Some important clas-
sification models include binary regression, linear discriminant analysis, and quadratic
discriminant analysis. A binary regression model is Y = Y|SP ~ binomial(1, p(SP))
where p(SP) = P(Y = 1|SP). There are many binary regression models, including
binary logistic regression, binary probit regression, and support vector machines (SVMs)
(with Z; = 2Y; —1). See Cook and Weisberg (1999), Nelder and Wedderburn (1972), and
James et al. (2021).

For a response variable Y, span(A7) and span(AZ) are the same for the SIMPLS,
NIPALS, and HPLS algorithms for & = 1,...,q. See Cook and Forzani (2024, p. 96).
HPLS uses ~v, = EiaglEmy and v, = Sgglsmy with S%, = Eg,; =1, Thus 4, = Sxy
and W; = 'S/Z-Tac. There are regularity conditions for this result: if ¥y is an eigenvector
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of ¥z, then spcm(A ) = span(A}) = span(Zxy) = span(By,s) for HPLS. The HPLS
W,; can have high multicollinearity.

The next result was given by Chun and Keleg (2010). So PLS is a model free way to
get predictors W, = 'S/Z-Tac that are fairly highly correlated with the response variable Y,
and the absolute correlations tend to decrease quickly. Let V' (X) be the sample variance
of X.

Theorem 1. For 1 < k < ¢q, the SIMPLS algorithm maximizes

Qs(v"@) = V(v @)[cor(y 2, Y)]? (3)

subject to ')/TSQ;AZ =0and 47~ = 1.
Proof. By Remark 1, v7Sgy = Snrgy = cov(yTx,Y), and

Y Sxy 8Ly = [cov(yTx, V)] = [cor(vTx, V)PV (4 2)V (V).

Since V(Y) is a constant with respect to -y, the result follows. [

Given U; = 'S/jrar;, the model free variable importance criterion Qs(ﬁ/?w) can be used
to order the U; in importance. Let W5, Wy, ..., W), be the variables U; ordered with respect
to a criterion @, corresponding to Q(1) > Q(2) > --- > Q(p). Then a @ scree plot is a
plot of i versus )(7), and scree plot techniques can be used to choose the number ¢ of
variables to be used in the regression. For example, let

k .
for k =1,...,p. Let D = smallest value of k such that Ry > ¢, e.g, ¢ = 0.975. Then use
k=g= min(D,n — J,p) where J > 2. This technique can be much faster than using
5-fold cross validation.

Another model free variable importance criterion is an MMLE criterion

Qu(¥j ) = [cor(y;a, Y)]* =1}, (5)
Ifu; = Sar; *z;and n > 5p, then applymg SIMPLS to the (w;, Y;) minimizes [cor(¢) u,Y)]?

if Sg is nonsingular. If ¢)Z- u = 4 x are the linear combinations, then 47 = ¢, S;;l/z.
Note that 3¢ = I, so the u; are uncorrelated and By g(u,Y) = Xy . Hence for MLR,
using w = (uy,...,u,)T and PLS does not lead to much dimension reduction. Using

2

r? = [cor(u;, Y)]? to order the W; = u;, does lead to dimension reduction. Note that

S;;l/ ? can only be computed in low dimensions.
AT
PCA regression uses U; = d.x, and PCR is the special case for multiple linear
J J

regression. Using Q(i) = A is a common, but rather poor, choice for PCA regression.
Olive (2025) suggested using Q(i) = r? and the Q) scree plot = SC scree plot.

To see why (5) is called an MMLE criterion, let v; = x;/6; be the standardized ;.
Then the MMLE for multiple linear regression uses the OLS regression of Y on v; to get

3] = leov(v, Y)|/V(Y) =

jcov(z, Y)Y {@ ] _ Jcor(z;,Y)|

VG V(Y) Ve V(Y) V)




Thus the largest |3;| correspond to the largest [cor(z;, Y)]2. See Fan and Ly (2008), who
give some pros and cons of MMLE variable selection.
From canonical correlation analysis (CCA), if the (Y;, 21)T are iid, then

Y Sy
J = max Cor(y"2,Y) = :
v#0 Y20 VY )y/A S

This optimization problem is equivalent to maximizing

V(Y)J2 = max VTEwYEQYV
~0  YT'Zxy

which has a maximum at v = X3'2zy = Bprs. See Mardia, Kent, and Bibby (1979,
pp. 168, 282). In high dimensions, 4, = BOLS can be replaced by a high dimensional
multiple linear regression estimator, such as lasso.

A k-component estimator is selected using model selection, which will be variable
selection for the W, = 'S/Z-Tac. Hence the following review of low dimensional variable
selection is useful.

2.1 What Is Variable Selection Doing in Low Dimensions?

Variable selection is the search for a subset of predictor variables that can be deleted
without important loss of information if n/p is large, and the search for a useful subset
of predictors if n/p is not large. Model selection generates M models. Then a model is
selected from these M models. Variable selection is a special case of model selection.

Several estimators, including ridge regression, lasso, unilasso, and elastic net, often
fit the model on a grid of A; values with 0 < A\j < Ay < --- < Ap. See Hoerl and
Kennard (1970), Tibshirani (1996), Chatterjee, Hastie, and Tibshirani (2025), and Zou
and Hastie (2005). The model selection estimator uses A chosen from the grid. Several
dimension reduction methods, including PLS and PCR, performs the regression of Y on
Wy, Wy, ..., Wi, where W; = 'S/Z-Tar; for k = 1,...,M. Then the model selection estimator
uses k. Model selection and variable selection can also be used for classification models.

The Meinshausen (2007) relaxed lasso estimator with A2 computes the lasso estimator
with )\1, then lasso with Ao < \p is applied to the a predictors with nonzero ﬁz()\l) If
Ao = 0, then the estimator is often called the relaxed lasso estimator or the variable
selection lasso estimator since the estimator applies the regression method, such as OLS
or a GLM, to the a predictors. Relaxed estimators can be used for other variable selection
methods such as elastic net and adaptive lasso.

2.1.1 The Regularity Conditions for a Variable Selection Estimator to Esti-
mate 8 = 3, Are Strong.

Consider a regression model where the response variable Y depends on the predictors @
through SP = SP(F) = 3. Such models include MLR, GLMs, and several survival
regression models. A model for variable selection can be described by

SP(F) =x'B = xgBs + xpfy = x5Bs = SP(S) (6)
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where & = (x4, x%)T is a p x 1 vector of predictors, x5 is a ¢ X 1 vector, and xp is a
(p — q) x 1 vector. Given that xg is in the model, B; = 0 and E denotes the subset of
terms that can be eliminated given that the subset S is in the model. In Equation (6),
there is a “true submodel” S where all of the elements of 3¢ are nonzero, but all of the
elements of 3 that are not elements of 3¢ are zero. Note that 3 = 3. Assume that S
is unique. S = F is possible.

Since S is unknown, candidate subsets will be examined. Let x; be the vector of d;
terms from a candidate subset indexed by I, including a constant, and let xo be the
vector of the remaining predictors (out of the candidate submodel). Then

CL'TB = wzﬁ[ + woﬁo

Suppose that S is a subset of I and that model (6) holds. Then

SP(F)=a"3 = wgﬁs = wgﬁs + 1'?/55(1/5) + :I;SO =y 1B =5SP() (7)

where x;/¢ denotes the predictors in I that are not in S. Since this is true regardless
of the values of the predictors, B, = 0 and the sample correlation cor(z?3,zf3;) =
cor(SP(F),SP(I)) = 1 for the population 8 and B, if S C I. If consistent estima-
tors for 3 and 61 are used, the full model is useful for prediction, and S C I, then
cor(ESP(F),ESP(I)) — 1 and cor(Y — ESP(F),Y — ESP(I)) — 1 as n — oo. See
Olive and Hawkins (2005).

Let I,,;, correspond to the set of predictors selected by a variable selection method
such as forward selection or lasso variable selection. If B ; is d; x 1, use zero padding to
form the px 1 vector 3 1o from 3 ; by adding Os corresponding to the omitted variables. For
example, if p = 4 and 51 (ﬁl,ﬁg)T then the observed variable selection estimator
ﬁvs = 5Immo = (51,0 ﬁg, 0)T. As a statistic, ﬁvs 61 o with probabilities 7, =
P(Ipin = Ii) for k = 1, ..., M where there are M subsets, e.g. M = 2P — 1. Note that
under model (6), B;o =08 = Bpif SCI.

Assume p is fixed. Suppose model (6) holds, and that if S C I; where the dimension
of I; is d;, then \/H(Blj - By) 5 Ng,(0,V ;) where V; is the covariance matrix of the
asymptotic multivariate normal distribution. Then

Wi = V(By o — B) = uj ~ N,y(0,V 50) (8)

where V' ;o adds columns and rows of zeros corresponding to the x; not in I;, and V ;¢ is
singular unless I; corresponds to the full model. This large sample theory holds for many
models, including multiple linear regression fit by OLS, GLMs fit by maximum likelihood,
and Cox (1972) proportional hazards regression fit by maximum partial likelihood. See
Pelawa Watagoda and Olive (2021) and Rathnayake and Olive (2023) for references.

Remark 2. If A;, Ay, ..., A are pairwise disjoint and if U¥_ | A; = S = the sample
space, then the collection of sets Ay, Ao, ..., Ay is a partition of S. Then the Law of Total
Probability states that if A, As, ..., Ay form a partition of S such that P(A4;) > 0 for
t=1,...,k, then

P(B)=) P(BNA4) ZPB|A Aj).



Let sets Agiq,..., Ay, satisty P(A4;) = 0 for i = k + 1,...,m. Define P(B|A,) = 0 if
P(A;) = 0. Then a Generalized Law of Total Probability is

m m

P(B) =) P(BNA;) =) P(BJA)P(4)),

j=1 j=1
and will be used in the proof of Theorem 2.

Pétscher (1991) used the conditional distribution of By ¢|(Byg = Blk,o) to find the
distribution of w, = /(B¢ — B). Let BZ,O be a random vector from the conditional

distribution B, o|(Bys = B1, 0)- Let wen = /n(By, 0—B)|(Bvs = Br,0) ~ V(B o—B)-
Denote Fz(t) = P(z1 < t1,...,2, < t,) by P(z < t). Then Potscher (1991) and Pelawa
Watagoda and Olive (2021) show the following result.

Theorem 2. Using the above notation,

Py, (t) = Pln'?(Bys— B) <t] = Fuw,, (t)Tpn.

. - C
Hence By ¢ has a mixture distribution of the 3, , with probabilities m,, and w, has a
mixture distribution of the wy, with probablhtles Thn.-
Proof: Let W = Wyg = k if By g = 61 o Where P(Wyg = k) = mp, for k =1,...,J.

Then (Bys.,, Wysn) = (Bys, Wys) has a joint distribution where the sample size n is
usually suppressed. Note that 8y¢ = B/, o- Then by Remark 2,

Fuw, (t) = P[n'*(Bys — B) < t] =

P 1/2 5) < t|(3vs = B[k,o)]P(Bvs = B[k,o) =

M“

k=1
J ~ ~
ZP V( 51k 0 —B) < tl(Bys = By, 0)]Tkn
k=1
J
ZP V23— B) <t = Zkan )T O

=1

Under the assumptions of Theorem 3, note that \/ﬁ(ﬁvs — ) is selecting from the
D

Uy, = \/H(sz,o — B) and asymptotically from the w; where uj, = \/H(Blﬁo -B) =
u; ~ N,(0,V,o) where the uj, correspond to the m;. See Equation (8). Charkhi and
Claeskens (2018) showed that w;, = \/H(BICJO - B) A w; it S C I; for the maximum
likelihood estimator (MLE) with AIC, and gave a forward selection example. They claim
that w; is a multivariate truncated normal distribution (where no truncation is possible)
that is symmetric about 0. Hence E(w;) = 0, and Cov(w,) = 3, exits. This claim does
not seem to be correct: the selection bias changes the distribution of the selected w;,
and u; to that of w;, and w; where some of the probabilities are increased and some are
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decreased, but the probabilities are not driven to 0. The Rathnayake and Olive (2023)
Theorem 3 proves that w is a mixture distribution of the w; with probabilities ;.

Theorem 3. i) Assume P(S C In) — 1 as n — oo, and let Byg = Blk,o with
probabilities my,,.

a) Then By is a \/n consistent estimator of 3: \/n(Byg — B) = O,(1).

Assume i) and ii) assume 7y, — 7 as n — oo. Denote the positive 7, by 7;. iii)

Assume wj, = \/H(Bgo - B) o wj.
b) Then
w, = Vi(Bys - B) & w ©)

where the cdf of w is Fay(t) = >, 7jFw, (t). Thus w has a mixture distribution of the
w; with probabilities ;.

¢) If 74 = 1, then \/i(Byg — B) 2 w ~ N, (0, Vo).

Proof. a) Selecting from a finite number K of y/n consistent estimators (even on a
set that goes to one in probability) results in a /n consistent estimator by Pratt (1959).
b) Since w,, has a mixture distribution of the wy,, with probabilities 7y, by Theorem 2,
the cdf of wy, is Faw, () = > TknFw,, (t) = Fw(t) = >, miFw,(t) at continuity points
of the Fa,(t) as n — oo.

c) If my = 1, there is no selection bias, asymptotically. The result also follows by Potscher
(1991, Lemma 1). O

Remark 3. a) The assumption P(S C I,,,) — 1 as n — oo holds for some criterion,
such as AIC, BIC, and the C, criterion for MLR. The assumption P(S C [,) — 1
also holds for consistent regularized estimators of 3. Thus if a sparse estimator that
does variable selection is a consistent estimator of 3, then Theorem 3 proves that the
“relaxed estimator” (with zero padding) is a y/n consistent estimator of 3 = 3. Lasso
is a consistent estimator if \ is small enough. For MLR it is known how small A needs
to be, but not for other regression methods such as GLMs.

l}) If none of the 3; = 0, then S = F', 7 = 1, and Theorem 3 c) proves that Bvs and
B = B are asymptotically equivalent.

c) Suppose W; = z;, and Y is regressed on Wy,...,W} for k = 1,...,p. If a criterion,
such AIC or BIC, is used to select from the p models, so that P(S C I,,;,) — 1 as
n — oo, then the results from Theorem 3 hold for any ordering Wi, ..., W, even from
the worst predictor to the best predictor. Thus if forward selection, thresholding, the
MMLE, unilasso, the relaxed estimator, et cetera, are used to give the ordering, then the
resulting variable selection estimators Bvs are /n consistent estimators of 3.

A second multiple linear regression model is
Y=z'B+e (10)

where z; = 1 and w9, ..., x, are the nontrivial predictors. Hence 3; corresponds to the
constant « in the first MLR model (1). Let submodel I have a predictors, including a
constant. Let F; be the partial F statistic for testing whether the p—a predictor variables
left out of model I can be deleted. Then for a wide variety of iid error distributions,



= X/(p — a) where X ~ x2_ . Then the variable selection criterion

+2a—n=((p—a)(fr—1)+a (11)

where MSE is the error mean square for the full model. See Mallows (1973) and Jones
(1946).

Example 1. This is an example where the 7y, — 7 as n — oco. Assume S C [ where
I has a predictors, including a constant. Let F' denote the full model with p predictors
including a constant from model (10), and let S = I = I; be the model that deletes

predictor x; with a = p — 1. Then C,(I) Zox oy p — 2 where X ~ x%. Let F' denote the
full model and consider all subsets variable selection with C),. Since only S and F' do not
underfit, only ¢ and 7p are positive. Since C,(F) = p, I = S is selected if C,(I) < p.
Hence 15 = P(x?+p—2 < p) = P(x? < 2) = 0.8427, and 7 = 1 — g = 0.1573.
This result also holds for backward elimination since the probability that x; will be
the first predictor deleted goes to 1 as n — oo because C,([;) = C,(S) is bounded
in probability while C,(I;) diverges as n — oo for j # i. For forward selection with
correlated predictors, expect that 7g < P(x? < 2), and hence mp > 1 — P(x? < 2) with
s +mp = 1.

For the R code below, 8 = (1,...,1,0,...,0)T is a p x 1 vector with k + 1 ones and
p — k — 1 zeroes. Hence k = p — 2 deletes the predictor x,. The function belimsim
generates 1000 data sets, performs backward elimination, and finds the proportion of
time the full model was selected, which was 0.158 ~ 0.1573.

belimsim(n=100,p=5,k=3,nruns=1000)
$fullprop
[1] 0.158

Remark 4. For k-component nonparametric or nonlinear regression, including gen-
eralized additive models (GAMs), of Y on W1, ..., W}, and possibly a constant, if n > 10p
and the full model using k = p is useful for prediction, then the model selection estimator
using k = ¢ could be selected such that both cor(f/[ YIP) and cor(ry,,77,) are very high.
For GAMs and SVMs, keep cor(ESP(1;), ESP(I, )) high where SP=additive predictor
or the weighted sum of kernel functions.

2.1.2 What Are k-Component Estimators Estimating?

For the k-component estimators, let W; = 'S/Z-Tar; for « = 1,...,p. The following new
method is for any regression or classification method that depends on x only through
SP = a + BTx. Let the standardized predictors v; = x;/o; for i = 1,...,p. Regress
Y on the v; to obtain the parameter vector 0 where the regression on the T; gives 6
Let W; = x;; correspond to predictors with the largest |9 |. If more than one 0; = 0,
rank the correspondlng predictors by a criterion such as [cor(x;, Y)]?. Call the resulting
estimator the k-component SVM estimator, k-component lasso estimator, et cetera. The
thresholding estimator 7, = (A, ...,7,)7 has % = 6;I(|;] > 7), where the indicator
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I(16;] > 7) = 1if |6;| > 7 and the indicator is 0 otherwise, for some constant 7 > 0.
Thresholding variable selection uses the ¢ variables with nonzero 7;.

The above method is useful for doing ridge regression, lasso, or unilasso k-component
variable selection. For the new method, the regression of Y on Wi, ..., W; corresponds to
the relaxed method if j = a and to thresholding if j = ¢t. In low dimensions, if C, or AIC
are used to select the model, then Theorem 3 proves that the k-component estimator is
a y/n consistent estimator of 3.

Instead of using the response variable Y and the predictors zy, ..., z,, the regression
model or classification model can use Y and the predictors Wi, ..., Wy. Denote this model
by I = {1,...,k}. Then the k-component estimator (dk,Bk) is obtained by fitting the
working model

WSP:ak+91W1+---+9ka:ak%—OZw

where 0;, = (01, ...,01)" and w = w;, = (Wy,...,Wp)T. Let ESP(k) = é + BZJJ and
SP(k) =+ Brx
Then ESP(k) i SP(k) could happen in several ways. i) For the k-component

. . s P .
estimator, we could fix a basis vy, ...,7,, assume 6y — 6}, and assume the k x p matrix

1 ol
Ay, =A, = : i A, = :
A v

. T AT » AT

Then Akar; = w = (Wl, ceey Wk)T, and ESP(’LU) = dk+0kw = dk+0kAkac = olk+6k:1; =
o AT A

ESP(k) with 3, = A, 6.

ii) Assume that éjﬁ/j R 0;7;. For example, if 4, = 7; or 4; = —n),; is an orthonormal
eigenvector of some matrix and |6;] il 0| and 7, il n;, then the result holds.

iii) Assume that day LA oy and Z?Zl éjﬁ/ 5 Z?Zl 6.

For example, fit a GLM, logistic regression, a SVM, MLR, et cetera. The #; depend on
the method used to fit the working model. (Also, using 6y; instead of 6; is more accurate,
but suppressing the subscript k is convenient.) Parts e), ), and g) of Theorem 4 and
parts a) and b) of Theorem 5 may be new. The results are the most useful if ~,, ..., v,
are linearly independent and if 44, ..., 4, are linearly independent. The HPLS vectors are

a Krylov sequence which tends to be linearly independent for small enough £ if 3y is
not an eigenvector of Xg. See Cook and Forzani (2024, pp. 16-17, 100).

Theorem 4. Consider the above notation. Assume ESP(k) il SP(k). For results
with B, g, assume Ei. exists.

a)
) S

~

ESP(k) = ayg +6kw = ay, + (Z] 19J73)

P = au+ B =+ (E1, 0] |
) B =204, = A6y 4) B, = ZJ 10577; = ALBr. ) Brprs = (5050 ) Smy.
f) Under 11d cases, Brprs = (Z 0,50 Sxy = (Zk 0;%%)Bors-
g) It Sz & Vg and Bgy 5 Vay, then Biprs = Brprs = (Z?ﬂ 0,V \Way.

b

o

11



Proof. Fit WSP to get the ESP = Gy, + 0,Wy + -+ - + 0, W), = Gy + 03T + - +
~ AT
Qkﬁ/gw = &y + B, x. Equating terms gives the result. [J

~ ~—1 A
When the cases are not iid, 3 = X, Xy may be estimating 8 = Bors # Zg Dy
When the errors e; are iid, a common assumption for OLS MLR theory is

wWxTx) v | Yo Ve L ( Vi Vi ) |
V21 V22 = nEw /(TL — 1) V21 V22

~—1 ~ ~ o ~—1~
Thus 3, it Vo, g i Vs, and Xy il V53 since B =3, Xy il B.
For discriminant analysis classification, suppose there are two groups, indexed by

Y =0and Y = 1. Let (f1;,3;) be the estimator of multivariate location and dispersion

~

for the jth group, e.g. the sample mean and sample covariance matrix (f1;, ;) = (Z;, S;)

for j =0,1. Let 3 be a dispersion matrix such as the pooled covariance matrix estimator
Yoot Then the linear discriminant analysis (LDA) rule is allocate & to group 1 if

ESP(x) > 0 and to group 0 if ESP(x) < 0 where ESP(x) = Grpa + B:LFDAQ: where
Brpa = f]_l(ﬁl,l — [y) and Grppa = O.S(QOTf]_lﬂo — ﬂle]_lﬂl). Let the determinant
det(A) = |A|. The quadratic discriminant analysis (QDA) rule is allocate  to the
group with the largest value of

Q@) = —-log(|)]) — S(x — f))"S; (@ — f1y).

The distance discriminant (DD) rule allocates @ to the group with the smallest squared
Mahalanobis distance D% (fi;,%;) = (z — ﬂj)Tﬁl;l(w — ft;). The K-nearest neighbors
(KNN) method identifies the K cases in the training data that are closest to . Then
allocate @ to the group with the majority of the K cases. Let R(x) be the discriminant

analysis rule using = (21, ..., z,)7, and let R(k) be the discriminant analysis rule using

Agw = (Wi, .. W)t for k = 1,2,..., M where often M = p in low dimensions. It is
known that the R(x) and R(p) rules are equivalent for some PCA and PLS discriminant
analysis methods. See Cook and Forzani (2024, p. 207) and Brereton and Lloyd (2014)
for references.

The following theorem gives a result similar to Equation (2), and shows that for
low dimensions, if the p components W; are plugged into a model that uses maximum
likelihood estimation, such as a GLM, then the p-component estimator Bp = Bw = BF,
the MLE. Hence cor(ESP(p), ESP(F)) = 1, and typically &, = ap, so ESP(p) =
ESP(F). Similar theory holds for other maximization or minimization problems, such
as quasi-likelihood and partial likelihood. The profile likelihood function L,(Bz|x) =
L(Bx,n|x) where L is the likelihood function of all of the parameters (84, n) and 0 is
the MLE of n. As above, use 0 = Oy to denote the MLE with w instead of Bw- The
4, from PCA and NIPALS are orthonormal. For Theorem 5 with binary classification,
let ﬂj =x; and Y- f]pool. The estimator f]q; could be used instead of f]pool.

Theorem 5. Suppose the profile likelihood function L,(Bz|x) = [[;-, f(x:i|Bx) =
[T, 9(zf B) depends on @ and By only through ' B4. a) If the maximum likelihood

~ o AT A o
estimator is computed using w = A, instead of , then B85 = A 6 = B, provided that
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Ap is nonsingular. b) Thus Bar; = /B;DPLS = ( 1;.:1 éjﬁ]gl)f]q;y if the PLS components are
lise(%, andAuTnder iifi cases, BwA:A( 1 QfETJJac_l)EwY = ( A];:l 0,%2.)Bors- ¢) ;(w) =
Apzj(w)Ap and X0 (w) = Apzpool(w)lAp- d) p’j(w) = Apﬂj(w)-

e) Dg(f;(z), (@) = (@ - fr;(2))"%; (x)(x — fi;(x)) = Dy (f1;(w), Xj(w)) =

(w — ﬂj(w))Tﬁlj_ (w)(w — f1;(w)). Hence the DD(x) and DD(p) classification rules are
equivalent. f) The LDA(x) and LDA(p) classification rules are equivalent. g) If the 4,
are orthonormal, then the QDA (x) and QDA(p) classification rules are equivalent. h) If

the 4, are orthonormal, then the KNN(z) and KNN(p) classification rules are equivalent.
Proof. a)

L,(6lw) = [To(w!6) = [] g(al 4,0) = [ o=l 8"

AT A ”
Since the second to last term is maximized by A, 6 = B, and the last term is maximized

by B* = Bm, it follows that Bar; = A;F@ = Bp, and 0 = (AZ)‘lﬁw. Nonsingularity of Ap
was used so that 8% varies through R” as 84 varies through R”.
b) Plug in By = B, = B,prs from Theorem 4 e). »
c¢) Use Remark 1.  d) Use w = Ay, e) (w — fi;(w))"E; (w)(w — f;(w)) =
N R N A AT, o oa R R ~
[Ap(x — uj(w))]T[ApEyi(w)Ap] Ay (@ — fo(2))] = D (f; (), 3j(x)).
f) [5LDA(’LU)]T’LTU = [0 (W) (11 (w) — frg(w))]Tw =
~ A N N R R ~ N el R R N
[(ApXipoar () A, )_I(Ap(fh(w) — Bo(@)]T Ay = [(A,) 7,00 (@) (B () — fro(@))]" Ay
= (p () — (@) [ (®)]T = [BLpa(@)] 2. Similarly, dzpa(w) = drpa(x).
g) The result follows by an argument similar to e) if
~ ~ A ~T AT A ~ ~
|3 (w)] = [A4,%;(x) A, | = |A, Ay[|3;(x)| = |X; ()],

~T ~
which holds under orthonormality since then |A, A,| = |I,| = 1.

h) Let w; and w; be two cases. Then (w; —w;)T (w; —w;) = (wi—wj)TAZAp(wi—wj) =
(x; — x;)TI,(x; — x;). Hence the Euclidean distances are the same. [J

2.1.3 “Everything Sensible Works” in Low Dimensions

For real data, an important question in variable selection is whether 3; = 0 is a reasonable
assumption. If X has full rank p + 1, then having (3; equal to zero for 20 decimal places
may not be reasonable. See, for example, Tukey (1991), Nester (1996), and Gelman and
Carlin (2017).

Variable selection when some of the 3; = 0 is interesting, but so is variable selection
when none of the 3; = 0, but some of the 3; are very small in magnitude but nonzero,
denoted by 3; = 0*. Let I} be the model that regresses Y on Wy, ..., Wy for k =1,..., M.
Then the k-component model selection estimator becomes a variable selection estimator
with respect to 8 = 6, and the W;. For the working model

WSP(I,) = ay + 6Wy + - + Wy, = oy + Of wy,,,
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consider models WSP(S) =WSP(I,) = WSP=WSP(l,) = WSP(F) =
g+ O Wi+ o+ O W+ OWoiq + -+ 0W, = g + 0wy, =, + 0wy, (12)
or a model where none of the 6, = 0:
WSP =a,+6Wy+---+0,Wqg+ (0 )Wy +--- + (0°)W,. (13)

Equation (12), which corresponds to Equation (6), is assumed in the envelopes and
SDR literature, with a sparsity assumption with respect to the W; and 6,. Then the
k-component parameter vectors 8, = B8,,; = --- = 3,, a result that is analogous to
the variable selection result 3;, = Bp if S C I. Consider Equation (13), perhaps with
0* = 107% and corresponding observed |W;| < 10. Then I, = S = F = I, in Equation
(12), and the central subspace and the predictor envelope satisfy Lyz = & = R?. Under
Equation (13), the 3, are different for k =1, ..., p.

Consider Equation (13) where Bp = Bar; = BF If I is the model selected by the
variable selection method, and P(S C I) — 1 as n — oo, then the variable selection
methods, including SDR and envelope estimators, are asymptotically equivalent to the
regression using the full model since S = F is the full model when none of the 6; = 0 or
none of the 3; = 0.

Remark 5. The above result may seem nice, but in low dimensions, good variable
selection estimators do not select the full model with very high probability for moderate
n under Equation (13), or if SP(F) = o+ Bj, @i, + - - + Biywi, + (07) i, + -+ -+ (0%,
Instead, good variable selection methods divide the predictors W; or x; into wanted
predictors that are kept in the model I and unwanted predictors O that are deleted out
of the model such that a) cor(ESP(I), ESP(F)) is high and
b) cor(Y — ESP(I),Y — ESP(F)) is high.

Using the results from Remark 5 a) and b), Olive and Hawkins (2005) suggested 6
plots to compare the submodel I with the full model F'. Let a plot of x versus y indicate
that y is on the vertical axis. Use the residual plot of ESP versus r for both models,
use the response plot of ESP versus Y for both models, make the EE plot of ESP(I)
versus ESP(F), and the VV plot of Y — ESP(I) versus Y — ESP(F'). If the full model
is useful for prediction and if submodel I is good, then the plotted points tend to cluster
very tightly about the identity line (with unit slope and zero intercept) for the VV and
EE plots. Similar results often hold for an FF plot of the fitted values Y/[ versus Y/p and
an RR plot of the residuals r; versus rz. Use these plots to check Remark 4 models.

The “sensible” variable selection methods need to include the full model as one of
the models considered, and the full model needs to fit the data “well” (have a good
response plot or be useful for prediction). By Theorem 5, the 7, need to be linearly
independent and the 4, need to be linearly independent for models that use W; = 'S/JT:I;
so that Bp('wp) = B,(xr) and B,(wr) = B,(xr) = Bp where wp = (Wy,...,W,)7,
xp = (21,...,2,)7, and B(z) means that ¥ was regressed on z. Then A, is nonsingular.
W; = z;; corresponds to v; = 7, = ¢;; = 4;th column of I),. A good variable selection
criterion needs to be used, such as AIC, BIC, k—fold cross validation, or C,, for MLR. For
MLR, Remark 5 b) is the correlation of the residuals r; and r = rp from the submodel

14



and the full model, and Theorem 6 gives a lower bound on the correlation if the C),
criterion is used.

For MLR and W; = x;,, consider the Tibshirani (1996) lasso and Chatterjee, Hastie,
and Tibshirani (2025) unilasso variable selection estimators that select predictors a; and
a constant to be in the model. Fit OLS to that model, and use model I if C,(I) <
Cy(F) = p+ 1. Otherwise use the full model F' with 8, = 8 = B,.s. Many variants
are possible, including using k-component lasso or k-component unilasso. Other variable
selection criterion can be used for GLMs or the Cox proportional hazards model. The
following theorem appeared in Olive (2025) and applies to the W;. Olive and Hawkins
(2005) got the result for the z;.

Theorem 6. Assume X is full rank so that the OLS full model can be computed.
Let r be the residuals from the OLS full model and let r; be the residuals from OLS
submodel I that uses 3 ; with k predictors including a constant where 2 < k < p+ 1. If
Cy(I) < 2k, then the sample correlation

cor(ryrr) >4/1———. (14)

Since the correlation gets arbitrarily close to 1 as n — oo, the model selection es-
timator and full OLS estimator are estimating the same population parameter 3, and
P(S C ILyin) — 1 as n — oo. This result holds if BOLS is a consistent estimator of 3:
heterogeneity is allowed and the cases do not need to be iid. OLS also gives consistent
estimators for AR(p) and AR(oco) time series, serially correlated errors, et cetera. Note
that the rate at which P(S C I,,;,) — 1 is not exponentially fast.

For moderate sample size n, predictors x; or W; will often be omitted as long as
cor(rr,r) stays high, even if 3; # 0 or 6; # 0. The C, criterion selects wanted predictors
I to be in the model, and unwanted predictors O to be out of the model. Under Equation
(13), often B;, # Bp, but B[ is a good estimator of 3;, and model I fits the data well.
Very weak predictors often degrade the full model in that the model is improved when
these predictors are omitted. Note that the wanted and unwanted predictors are similar
to the material and immaterial predictors for envelopes estimators.

The PLS literature often assumes (al): Y|z = o + ! B,p.s + € for some k. If
Y|z = a+x?B+e, then under mild regularity conditions, 8 = B,.¢. Hence assumption
(al) forces Byprs = Bors- For k = 1, (al) forces Xgpy and By = Biprs to be
eigenvectors of the covariance matrix Cov(x) = Xg.

Theorem 4 shows that 8,p; g = (Z?Zl éjﬁljw_l)ﬁ]wy and Byprs = (Z?:l 0,25 S wy
(under iid cases). This result suggests that the B,p.¢ are typically different for each
k=1,...p,but Byprs = B,prs for k< qg<pif6; =0for k+1 < j <p. Note that the
assumption of B3 being in the span of m population basis vectors becomes stronger as m
decreases where 1 < m < p.

2.1.4 Variable Selection Summary

For part b) in the following remark, assume that model I is the model selected after
variable selection. Then fix I as n — oo. This result is useful for data splitting. In low
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dimensions, “good regression variable selection estimators” use the full model, and in-
clude forward selection, lasso variable selection, k-component unilasso, and k-component
estimators with k-fold cross validation, AIC, BIC, or C,. Using the full model insures
that the collection of models considered includes a “good model.”

Remark 6. a) In low dimensions where the full model is “good”, good variable se-
lection estimators keep cor(ESP(I), ESP(F)) high and cor(Y — ESP(I),Y — ESP(F))
high, by keeping wanted predictors I in the model and omitting unwanted predictors O.
b) The estimator B[ estimates 3; where often 3;, # B8 = Bp.
c¢) In high dimensions, variable selection is a search for a useful subset I of predictors.
d) The k-component regression is a sequential variable selection procedure. An alterna-
tive method is to apply alternative variable selection methods on the W;, for example
lasso. See, for example, Song and Zou (2026). This technique ignores the ordering of the
variables.

3 The OPLS Estimator

The OPLSTestlmator is the PLS estimator from Section 2 with £ = 1. Then the ESP
= a1 + 0¥ vx = doprs + /BOPLSw where Boprs = 08xy. Let oprg = By Testing
: ABoprs = 0 versus Hy : ABpprg 7 0 can be done by testing Hy : An = 0 versus
H : An # 0 where A is a k X p constant matrix and n = Ygy.
For multiple linear regression, Cook, Helland, and Su (2013) and Basa et al. (2024)
showed that 6OPLS = QEq;y estimates 03y = Byprg Where

DI 3 R DIy
et 3 Gt and 0 = XY oY LY (15)

for Xpy # 0. If Xy = 0, then Byp g = 0. Remark 1 can be used to prove (15).

Next, some large sample theory is reviewed for 1y p; g = 32y and OPLS for the mul-
tiple linear regression model, including some high dimensional tests for low dimensional
quantities such as Hy : 3; = 0 or Hy : 3; — 3; = 0. These tests depended on iid cases,
but not on linearity or the constant variance assumption. Hence the tests are useful for
multiple linear regression with heterogeneity.

The following Olive and Zhang (2025) theorem gives the large sample theory for 17 =
(/jaf(ac, Y). Olive et al. (2026) gave alternative proofs. This theory needs n = nyprg =
Yy to exist for n = f]q;y to be a consistent estimator of . Let x; = (71, . .. ,:Eip)T
and let w; be defined below where

Cov(w;) = B = El(x; — pg) (i — p)” (Vi — pov)?)] — Sy By

Then the low order moments are needed for 3 ~ to be a consistent estimator of Xqyp.

Theorem 7. Assume the cases (z,Y;)" are iid. Assume E(z}; Y;™) exist for j =

1,...,pand k,m =0,1,2. Let pp = E(x) and puy = E(Y). Let w; = (@; — pg) (Y — py)
with sample mean w,,. Let n = Xgy. Then a)

V@, — 1) 2 Ny(0, Saw), Valf, —n) 2 Ny(0, Sw), (16)
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and \/n(#, —n) 2 Ny(0, ).

b) Let v; = (x; — ®,)(Y; — Y,). Then Sw = 3o + Op(n~'/?). Hence Sw = Yo +
Op(n_l/z).

c) Let A be a k x p full rank constant matrix with k£ < p, assume Hy : ABpprg = 0 is
true, and assume 0 iy # 0. Then

VI ABoprs — Borrs) = Ni(0,0% ASy A”). (17)

For the following theorem, consider a subset of & distinct elements from > =34 or
from ¥z. Stack the elements into a vector, and let each vector have the same ordering.
For example, the largest subset of distinct elements corresponds to

’U€Ch(§~]) = (5’11, P ,5’1p, 5’22, ey 5’2p, P ,5’;,,_17;,,_1, 5’;,,_17;,,, 5'pp)T = [&jk]

For random variables 1, ..., z,, use notation such as 7; = the sample mean of the z;,
wj = E(z;), and o, = Cov(zj, x). Let

n

n vech(X) = [n Gk = Z[(Izg —T5)(Tik — Ti))-

i=1

For general vectors of elements, the ordering of the vectors will all be the same and be
denoted by vectors such as ¢ = [Gx], € = [G;i], ¢ = [0ji], vi = [(zij — T;j) (v — Tk)], and
w; = [(xi—pg) (xik— )] Let w, = >, w;/n be the sample mean of the w;. Assuming
that Cov(w;) = X exists, then F(w;) = E(w,) = c.

The following Olive et al. (2026) theorem provides large sample theory for ¢ and ¢.
We use Cov(w;) = X4 to avoid confusion with the 3¢y used in Theorem 7. Note that
x; are dummy variables and could be replaced by u; = (Y1, ..., Y, xa, . .. ,:Eip)T to get
information about r response variables Y7, ... Y.

Theorem 8. Assume the cases @; are iid and that Cov(w;) = X 4 exists. Using the
above notation with ¢ a k x 1 vector,

(i) V(e —c) = Ni(0,3g).

(if) v/n(é - ) L2 N(0,2 ). ) )
(ili) B g = B + Op(n™/?) and X g = By + Op(n=/2).

4 Large Sample Theory and Testing

Suppose the classification or regression model has a response variable Y that depends on
the predictors & through SP = a+ 37 2. This section will derive some high dimensional
analogs of the following tests. In low dimensions, important tests include a) Hy : 3; = 0
(the Wald tests for MLR), b) Hy : 8 = 0 (the Anova F test for MLR), and ¢) Hy :
(Biys - - 3i,)T = 0 (the partial F' test for MLR).
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4.1 Testing Hy: 3=0

An Omnibus or Universal Test

This subsection follows Abid, Quaye, and Olive (2025) closely. Consider classification
and regression models where the response variable Y only depends on the p x 1 vector
of predictors & = (1, ...,7,)7 through the sufficient predictor SP = a+ x”B. Assume
the cases (I, Y;)T are 11d random vectors for ¢ = 1,...,n. Then for many such regression
models, B = 0 if and only if gy = 0 where 0 = (0, ...,0)T is the p x 1 vector of zeroes.
By Theorem 5b), this result holds for B4 = B,p,5 provided that Xgy is not in the null
space of the matrix Z?Zl QJE?;I. Suppose 3, = D™ '¥gy where D is a p x p nonsingular
matrix. Then B, = 0 if and only if Zgy = 0. Then D' = ¢I, for OPLS, D' = ¥/
for OLS, and D' = [diag(Xg)]~* for the MMLE for multiple linear regression.

Zhao et al. (2024) have an interesting result for the multiple linear regression model
(1). Assume that the cases (2!, Y;)? are iid with E(Y) = py, E(x) = pg and nonsingular
Cov(x) = X¥g. Let B = Bprg- Then testing Hy : 3 = 3, versus H, : 3 # 3, can be
done by testing Hy : p = 0 versus H; : p # 0 with p = E(w;) = Xx(8 — B,) where
w; = (x; — pg)(Yi — py — (@ — pg)"By), and a one sample test can be applied to
v, = (2 —Z)(Yi - Y — (zi — m)Tﬁo)

Abid, Quaye, and Olive (2025) used the above test for B, = 0. If 3 = 0, then the
Y; are iid and do not depend on @, and thus satisfy a multiple linear regression model
with Bprs = 0. Then p = E(w;) = Xy, and a high dimensional one sample test is
applied to v; = (x; — &)(Y; — Y). Note that the sample mean T = gy This test of
Hy : Xgy = 0 versus Hy : Ygy # 0 is also a test of Hy : 3 = 0 versus H; : B # 0.
For multiple linear regression with heterogeneity, BOLS is still a consistent estimator
of B = Bors = Xz Xxy. Hence the test can be used when the constant variance
assumption is violated.

Suppose @i, ..., x, are iid random vectors with E(x) = p and covariance matrix
Cov(x ) 3. Then the test Hy : p =0 versus Hy : p # 0 can be done Wlth the test
Ho:pTp =0 versus Hy : pTp #0. Let S =3. A U- statlstlc for estimating p? p is

T, =T, (x) Z.’I; x; =

Z#J

nxEl T — tr(S)
n

(18)

where tr() is the trace function. See, for example, Abid, Quaye, and Olive (2025).

Let the variance V(W) = V(W;;) = V(xl'z;) = o, for i # j. Let m = floor(n/2) =
|n/2] be the integer part of n/2. So floor(100/2) = floor(101/2) = 50. Let the iid random
variables W; = &L @o; fori =1,...,m. Hence Wy, Wy, ... W,,, = ®Txy, x4, ..., 2L | Top.
Note that E(W;) = p"p and V(W;) = o,. Let SZ, be the sample variance of the W;:

m

S2, = . > (W =W (19)

=1

Zhao et al. (2024, p. 2024) showed that o3, = tr(X?) + 2u’Spu.

The following Abid, Quaye, and Olive (2025) theorem derived the variance V(T},)
under simpler regularity conditions than those in the literature. The second formula in
Theorem 9a) was obtained by Chen and Qin (2010).
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Theorem 9. Assume y, ..., x, are iid, F(x;) = p, and the variance V(z!z;) = o3,
for i # j. Let W;; = &'z, for i # j. Let 0 = Cov(W;j, W;4) = p?Ep where j # d, i < j,
and 7 < d. Then

203 4(n —2)6 2 4ptSp
V(T,) = —% = tr(%? :
a) V(In) n(n—1)+n(n—1) n(n —1) r(E) + n
b) If Hy : pp = 0 is true, then # = 0 and
208,  2tr(¥%) 20} —46

Vo=V = o T a1~ am=1)"

Let V(T,) and V,(T,) be consistent estimators of V(T,) and V,(T}), respectively.
Then Srivastava and Du (2008), Bai and Saranadasa (1996), Chen and Qin (2010), Li
(2023), and others proved that under mild regularity conditions when Hj is true,

T/ V(Ty) = To/\/Vo(T,) 2 N(0,1).

Under regularity conditions when Hy is true, Li (2023) proved that T}, /+/ Vo(T},) Z 4, as
p — oo for fixed n > 3 where k = 0.5n(n — 1) — 1.

A consistent estimator of V5(T},) needs a consistent estimator of o3, = 0.5n(n — 1)
Vo(T}). Let s2 = Vo(T,). Then one estimator is 0.5n(n — 1)s2 = 52, from Equation (19).
An estimator nearly the same as the one used by Li (2023) is

0.5n(n —1)s2 = 63, = ﬁ YD (afw - T,)° = ﬁ DY (Wi~ T

i i

A New Competing Test

If the parametric distribution D is known, then the iid cases assumption can be
changed to independent cases. Assume Y;|z! B ~ D(7(a +x13),0). If 3 = 0, then the
iid Y; ~ D(7(a),0). Hence testing Hy : 3 = 0 vs. H; : 3 # 0 can be done by testing
whether the Y; are a random sample from the D(7(«), 8) distribution. Such a test can
be done with the Kolmogorov-Smirnov test, the chi-square test, the Anderson-Darling
test, the Cramér-von Mises test, et cetera. For specific distributions, there are often
tests. For example, the Lilliefors test can be used to test if the Y; are iid from a N(u,o?)
distribution where i and o2 are unknown. See, for example, Kellison and London (2011,
pp. 455-465), Conover (1971, pp. 295-308), Zheng, Lai, and Gould (2023), and Zheng et
al. (2025).

This test has great level and extreme dimension reduction since the test does not
depend on the predictors . Hence the test can be done after variable selection. Also,
all of the predictors can have outliers and missing values. The power can sometimes
be very poor if the cases are iid. a) If the (Y;, £)7 are iid from a multivariate normal
distribution, then the Y; are iid N(uy,o%) regardless of whether 3 = 0 or B # 0 for
the multiple linear regression model Y|(a+ x”3) ~ N(a + ' 3,0%). b) If the (V;, =l)T
are iid from some distribution where the Y; € {0,1} are binary, then the Y; are iid
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bin(n = 1, py) regardless of whether 8 = 0 or 8 # 0 for the binary regression model
Y(a+x'B) ~ bin(n =1, p(a +x'B)).

A Test for Binary Regression or Classification

For a binary response variable Y € {0,1} and iid cases (!, Y;)?, the x; come from
a mixture distribution with cumulative distribution function (cdf) Fg(t) = moFx,(t) +
mFx, (t) where m; € (0,1) and Fig,(t) is the cdf of a;|Y = ¢ or when x; is from group ¢
for i = 0, 1. Let N; be the number of Ys that are equal to ¢ for i = 0,1 with n = Ny + Nj.
Then N;/n L= P(Y =) for i = 0,1 when the cases are iid. Let @; be the sample
mean of the cases with Y =i for i = 0,1. Olive (2017a, pp. 396-397), for example, gave
a) and b) from the following result. Also see Bing and Wegkamp (2023).

Theorem 10. Let p; = E(z|Y = j) for j = 0,1. Then a) Sy = %%(51 — ).
b) If the cases are iid, then Sev LA Ygpy = mmo(p; — Kp)- ¢) Suppose there is a

random sample of N; cases from each group where the two samples are independent and

= 6,0
NZ/TL £> QZ with 91 =1- 90 € (0, 1) Then Ewy i wa = 9190([1,1 — [,I,O) = 7T17T0 Ewy.
1710

Proof. a) Note that

for i =0,1 while 7; = N;/nand 1y =1 — 19 = Y. Hence [; = x; is the sample mean of
the @) corresponding to Y, = j for j = 0,1. Then

n

- 1 — 1
Eacyz—zwiyi—fyz— Z%’(U*‘ ij(o) —T M=
n i=1 n JjY;=1 J:Y;=0

1 . 1 . A A o A
(N1fay) — =(Nify + Nofrg)ty = Tyfay — 75 foy — Tiftofbg =

(1 = 7)oy — Taftoftg = T1fo(fy — fro)-
b) Thus Xzy = mmo(py — pg). ¢) Algebra gives this result. [

This result means n = Xgpy = mmo(p, — ) and ¢ = p, — py are quantities of
interest for binary regression. Note that * = (wl,...,wk,wlwg,...,wlwk,...,wk_lwk)T
could be used to include pairwise interactions of the w;. Theorem 5b) suggests that often
the binary regression B = C3gpy. If the cases (Y;, 21)T are iid, then Hy : 3 = 0 can be
tested with the omnibus test for Hy : 3y = 0 or with a high dimensional two sample
test for Hy : i, = pg. If the cases within each group are iid, then B, 4 = X7 (1, — 1) =
Y'Yy /(m1m). Hence a high dimensional two sample test for Hy : p; = pa can also
be used to test Hy : B;p4 = 0.

Theorem 10 also suggests that the omnibus test for Hy : X2y = 0 can be used as a
high dimensional two sample test for Hy : o, = p, versus Hy : py # po where Y; = 1 if
x; is from population 1 and Y; = 0 if @; is from population 2. The cases (x;, Y;) can be

iid, or the cases from population j can be iid for 7 =1, 2.
Let w = w(k) = (Wy,...,Wi)T. Let (k) denote that the estimator was computed

using w. Bing and Wegkamp (2023) use iid cases and B(k) = 7%17?053;3(&1 — ) =

n m
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Bops(w,Y) by Theorem 10, where B(k) is found from the OLS regression of Y on w(k),
and a(k) = —0.5[f, + o) B(k) + [1 — (o, — f1g)T B (k)] log(71 /70). The W; were found
using PCA. Using (5) to order the W; or using PLS W; may greatly improve this method.
For binary classification with Fisher’s discriminant analysis (FDA) and ¢ > 0 which
is constant with respect to ~,
max v e — FA’IO)A(FA’Il - ﬂo)T’)’
v+0 vy

I8y = Bppa = X l(ﬁ’q — ) = Brpa, and O;FDA = —0.5(py + o) " Brpa = Gwpa.
Classify @ in group 1 if ESP(x) = appa + BFDAw > 0, and classify @ in group 0 if
ESP(x) < 0. Hence FDA and LDA are equivalent for binary classification. See, for
example, Andalib and Baek (2026) and Mardia, Kent, and Bibby (1979, pp. 319-320).
Using Theorem 10 with fi;, = &; and ¢ = [N;Ny/(n(n — 1))]? shows that binary FDA =
binary LDA is equivalent to finding

- AT
TSy S
max ¥ Sy wY’Y.

720 ATy

If 3 = I, then classify « in group 1 if —0.5(Z; — &0 )" (F1 + &0 ) + (1 — To) & > 0 which
is equivalent to the DD rule: classify @ in group 1 if |[Z; — z|* — ||To — z||* < 0, and to
using the one component PLS classification. See Brereton and Lloyd (2014).

4.2 OPLS: Testing Hy: 3, =0

For OPLS, testing Hy : 3; = 0 versus H4 : 3; # 0 can be done by testing Hy : 7; = 0 or
Hy: Cov(x;,Y) = 0. Theorem 7 or Theorem 9 can be used.

4.3 OPLS: Testing Hy: B; = (Bi,,....5;,)T =0

For OPLS, testing Hy : B; = 0 versus Hy : B; # 0 can be done by testing Hy :
[Cov(zi,,Y), ...,Cov(z;,, Y)]T = 0. Theorem 9 can be used, or Theorem 7 can be used if
n > Jk with J > 5 where sometimes J needs to be much larger than 5.

High Dimensional Tests

Some tests when n/p is not large are simple. Testing Hy : ABzr = 0 versus Hj :
ABgR # 0 can be done by testing Hy : An = 0 versus Hy : An # 0 where Aisa k x p
constant matrix. Let Cov(n) = Xqp be the asymptotic covariance matrix of 7. In high
dimensions where n < 5p, we can’t get a good nonsingular estimator of Cov(n), but we
can get good nonsingular estimators of Cov((91, ..., f)?) with w = (21, ..., 2;)? where
n > Jk with J > 10. (Values of J much larger than 10 may be needed if some of the k
predictors are skewed or if a 7; in near 0 or 1.) Simply use the sample covariance matrix
with w replacing . Hence we can test hypotheses like Hy : 3; — 3; = 0. In particular,
testing Hy : 3; = 0 can be done by testing Hy : n; = 0.

Data splitting uses model selection (variable selection is a special case) to reduce
the high dimensional problem to a low dimensional problem. The above procedure also
reduces the high dimensional problem to a low dimensional problem.
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5 Bigger Model

Often there is a smaller constrained model and a bigger model without the constraints.
Sometimes the bigger model greatly increases the applicability of the model.

5.1 Everyone is Trying to Estimate 3, and Nearly Nothing
Works in High Dimensions

In high dimensions, it is very difficult to estimate a p x 1 vector 6. This result is a form
of “the curse of dimensionality.” If a y/n consistent estimator of 8 is available, then the

squared norm
p

16 =67 =) (6 —6:)° o p/n. (20)

i=1

When p is fixed, p/n — 0 as n — oo and 0 is a consistent estimator of 6. In high
dimensions, often the estimator has not been shown to be consistent, except under very
strong regularity conditions.

Here 8 = 3 or 8 = ~ are possible. For example, the sample eigenvectors d; tend to
be poor estimators of the population eigenvectors d; of ¥2. An exception is when the
correlation Cor(x;,x;) = p for i # j where p is close to 1. See Jung and Marron (2009).

Often it is useful to eliminate weak predictors before finding the 4,. A possible
exception is when the predictor variables come in G groups where n > 10G, say, and
the predictors in each group are highly correlated. This scenario often happens for
chemometrics data and when Y and the z; are time series. Then W = 4”@ is roughly
approximated by (c1Ty1, ..., cGTwe)’ where Ty, is a weighted average of the predictors
in the jth group. Then W may outperform selecting one predictor from each of the GG
groups.

5.1.1 Bet on Sparsity Principle

The “don’t bet on sparsity principle” is S = F’ because (3; = 0 is not reasonable for any 1.
Note that with » > 1 response variables, the sparsity assumption becomes much stronger
than with » = 1, since there is an 7 x (p — ¢) matrix of Os.

The “bet on sparsity principle” makes the following assumption. Let I be the model
selected, e.g., by lasso or elastic net.
a) S C 1.
b) B =pBp = 51,0-
¢) The number of variables a in I is small compared to n so that Bl,o is a good estimator

of B;. Hence B[ is a good estimator of 3;.

A useful bigger model is B ; is a good estimator of 3;. This assumption can be checked
if n > Ja where J > 5. As always, sometimes J much larger than 5 is needed. The
bigger model greatly increases the applicability of lasso since assumptions a) and b) are
not needed. The response plot of ESP(I) versus Y is useful to check the model. See, for
example, Olive (2013). Note that data splitting is for model B;, not for model B3; , = Bp.
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The “variable selection principle” is that in low dimensions, sensible variable selec-
tion estimators keep the sample correlation cor(ESP(I), ESP(F)) high. This principle
corresponds to the bigger model, and can be checked.

Remark 7. Thresholding variable selection and relaxed lasso often work better than
lasso. See Biilmann and van de Geer (2011) and Hastie, Tibshirani, and Tibshirani
(2020). Lasso selects no more than n predictors and a constant to be in the model. Let
A1 be the smallest value of the grid used to compute lasso. Let S\M be the grid value
chosen for lasso. For variable selection, want S\M/\/ﬁ — 00, but S\M/n — 0. See Fan
and Li (2001). For a y/n consistent estimator in low dimensions, want 5\1n/\/ﬁ — 0.
Let A\; = 2n\. Guan and Tibshirani (2020) use A < Cn~/* for some large constant C.
If \y o< n®/%, then the consistency rate of the lasso algorithm is at best n'/%. Relaxed
lasso and k-component lasso are y/n consistent for fixed p. These results raise several
questions. i) Would using A\; = n'/* improve k-component lasso? ii) Instead of using
lasso to regress Y on the standardized predictors v;, would the k-component regression
be improved by using an alternative regression method such as ridge regression?

The unilasso estimator finds the marginal estimators (d;,7;) from regressing Y on
7;, like the MMLE. Then the leave one out estimators (&;", ;") are computed. Let
0 = (0y,01,...,0,)T. Fit lasso with an intercept, no standardization, and nonnegativity
constraints:

1 & L . . P
min{g D=0 (67 + 07 wi)0 + A ej} with 6; > 0 Vj > 1.
j=1

0 i=1 j=1

Perform the minimization over a grid of A values and select A using k—fold cross valida-
tion. Let [ = {41, ..., 4x} correspond to the k predictors with nonzero BZ where the unilasso
estimator BI = (Bil, ...,Bik)T and BU = BI,O = (Bl, ...,Bp)T. Then ESP(I) = d—l—B?wl =
o+ ng =a+>"r Bizi = & + Zle Bijzij where f3; = élﬁl and & = 0, + 2?21 djéj.

The unilasso estimator has some interesting properties. Let ESP(F) = ap + B?w
for a full model that depends on « through SP = ap +6£:I;. Such models include MLR,
the Nelder and Wedderburn (1972) GLMSs, and the Cox (1972) proportional hazards
regression model. The predictors x; are replaced by W; = &; " +1); ‘x; for i = 1,..., pin the
lasso type criterion. The full model B often changes the sign of the marginal estimator
to get a better fit. The unilasso estimator does not allow sign changes from the marginal
model because of the nonnegativity constraints. Hence the unilasso Bj may become 0
because of lasso type regularization or to avoid the sign change. Then the unilasso £ is
often less than the lasso a = number of nonzero lasso coefficients. In general, B, # B,
and unilasso does not satisfy the bet on sparsity principle for the population model. The
k-component unilasso estimator is y/n consistent in low dimensions by Subsection 2.3.3.
In high dimensions, sparse fitted models are useful if they can be checked or have a better
value for k—fold cross validation than competing models.
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6 Example and Simulation

The following example demonstrates the Theorem 5 result that 3,,; 5 = By = Bp if A,
is nonsingular.

Example 2. The species data is from Cook and Weisberg (1999, pp. 285-286)
and Johnson and Raven (1973). The response variable is the total number of species
recorded on each of 29 islands in the Galdpagos Archipelago. Predictors include area of
island, areanear = the area of the closest island, the distance to the closest island, the
elevation, and endem = the number of endemic species (those that were not introduced
from elsewhere). Let the full model use predictors log(endem) and log(areanear). Then
for both Poisson regression and negative binomial regression, HPLS 8, = B. Some R
code for this result is given in Alsaudi (2027).

Two Sample Tests

The simulation used four distribution types where ; = Ay, + 01 and x3 = Asy,
where y, and y, had the same distribution, with F(x;) = 1 and E(x2) = 0. Type 1 used
y ~ N,(0,I), type 2 used a mixture distribution y ~ 0.6V,,(0, I) + 0.4N,(0,25I), type
3 for a multivariate t4 distribution, and type 4 for a multivariate lognormal distribution
where y = (y1,...,yp) with w; = exp(Z) where Z ~ N(0,1) and y; = w; — E(w;)
where F(w;) = exp(0.5). The covariance matrix type depended on the matrix A. For
the covariance types, Cov(x1) = I,Cov(xz) = o?Cov(x) for covtyp=1. Cov(x;) =
diag(1,2,...,p), Cov(xz) = o*Cov(x) for covtyp=2. Cov(x;) = I,Cov(xs) = o3diag
(1,2,...,p) for covtyp=3.

Table 1: two sample tests: level for o = 0, power for 6 > 0, 0 =1

Li omn BS CLX CLZ CQ SD  SKK
0.047 0.052 0.000 0.520 0.600 0.056 0.000 0.407
50,100,100 0.605 0.611 0.000 0.985 1 0.620 0.886 1
100,50,100 0.054 0.065 0.042 0.073 0.05 0.061 0.045 0.062

(n1>n2>p) )
( ) )
(s (110
(100,50,100) (4,1,0.2) 0.604 0.628 0.505 0.503 0.955 0.614 0.756 0.953
( ) )
( ) )
( ) )
) )

50,100,100

100,50,100 0.056 0.065 0.061 0.056 0.066 0.061 0.049 0.037
100,50,100 0.577 0.596 0.582 0.881 0.996 0.580 0.998 0.996
100,50,100 0.056 0.067 0.930 0.035 0.057 0.058 0.911 0+
100,50,100 0.110 0.123 0.964 0.102 0.208 0.112 0.980 0.003

We used the Tsagris and Papadakis (2024) package highd2means to simulate high
dimensional two sample tests due to Bai and Saranadasa (1996), Cai, Liu, and Xia
(2014), Chen and Qin (2010), Chen, Li, and Zhong (2014), Srivastava and Du (2008),
and Srivastava, Katayama, and Kano (2013). The Li (2023) test and the omnibus test
were also used. Table 1 shows the probability of rejecting Hy = power. When 6 = 0,
Hy was true. With 5000 runs and 0 = 0, want the observed power = observed level
< 0.07 and preferably between 0.04 and 0.06. Of the eight tests considered, only the Li
(2023) test, omnibus test, and the Chen and Qin (CQ) test controlled the observed level
adequately: the other five tests could have observed level > 0.4 for at least one data
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configuration. Hence these tests are not recommended although these tests sometimes
had both good level and power.

7 CONCLUSIONS

1) Variable selection estimators can be cast as k-component estimators by taking
W; = x;; with 4; = v; = ¢;;. These estimators are \/n consistent in low dimensions
by Theorem 3. These results make thresholding variable selection, relaxed lasso, and
unilasso easier to understand.

2) The relationship between FDA and SIMPLS for classification makes both of these
methods easier to understand.

3) Using the omnibus test, the hypothesis Hy : 8 = 0 can be tested in high dimensions
for many regression and classification methods. The OPLS estimator has more useful
high dimensional tests. In low dimensions, the response plot of ESP versus Y for the
OPLS estimator tends to be linear when the response plot for the OLS estimator is linear,
even when heterogeneity is present.

4) The high dimensional two sample test that uses the omnibus test is easier to
understand than most competing tests, and simulated well.

5) PCA is often used for dimension reduction with W; = U; = Elfac ordered with
respect to the largest eigenvalues. See, for example, Artigue and Smith (2019), Cook
(2007, 2018), and Zhang and Chen (2020). When there is one response variable Y, using
Equation (5) to find the W; works better. Using PLS components W; should work better
than using PCA components W; since the PLS components are chosen to be fairly highly
correlated with Y. Cook and Forzani (2021) used the PLS components as predictors for
nonlinear regression.

6) Hybrid estimators are needed. a) One type of hybrid dimension reduction esti-
mators delete predictors x; as a first step. This technique will not always work. (For
example, if x; = U—+e; where the errors e; are very small, then the z; are highly correlated
and the linear combination ﬁ/lTar; ~ U. Then using all of the predictors might perform bet-
ter than deleting many of the weakest predictors.) b) A second type of hybrid estimators
computes several estimators, e.g. lasso, PLS, and PCR, and uses a criterion such as
5-fold cross validation to choose from the estimators.

Software

The R software was used in the simulations. See R Core Team (2024). Programs are
in the collection of R functions slpack.tzt, available from (http://parker.ad.siu.edu/Olive/
slpack.txt). The function hdhot2sim5 was used to make Table 1. The function hdomni
does the omnibus test. The function hdonesamp does the one sample test used by the
above two programs. Some R packages used include glmnet Friedman et al. (2015),
unilasso Hastie, Tibshirani, and Chatterjee (2026), and pls Mevik et al. (2015).
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