High Dimensional Dimension Reduction with r
Response Variables

David J. Olive, Kasun G. Pathiranage, and Mohanned S. Alsaudi *
Southern Illinois University

April 2, 2026

Abstract

A common regression and classification technique computes linear combinations
W; = ‘yfac of the predictors = (1, ...,:L‘p)T fori =1,...,p where W1y, ..., W), are
ordered in some way. Then the response variables are regressed on W4, ..., Wy to
produce the k—component estimator for £ = 1, ..., M with M < p. Examples in-
clude envelopes, sufficient dimension reduction estimators, and variable selection
estimators with W; = x;;. Several methods (including principal component regres-
sion, partial least squares, forward selection, lasso, unilasso, and the elastic net)
can be used in high dimensions where n/p is small and n is the sample size. Exam-
ining some of the properties of k—component estimators is useful for unifying these
dimension reduction procedures. Some new ordering techniques to obtain the W;
are also given.

KEY WORDS: envelopes, marginal maximum likelihood estimator, PCA,
PLS, SDR, variable selection.

1 INTRODUCTION

Some important statistical methods include regression, multivariate statistics, and clas-
sification. These methods are useful for machine learning, an important part of artificial
intelligence.

High dimensional statistics are used when n < 5p where n is the sample size and p
is the number of variables. Such a model is overfitting: the model does not have enough
data to estimate p parameters accurately. Then n tends to be not large enough for
the classical statistical method to be useful. A less general definition of high dimensional
statistics is that p is large. Sometimes p > Jn with J > 10 is called ultrahigh dimensional
statistics.

*David J. Olive is Professor, School of Mathematical & Statistical Sciences, Southern Illinois Univer-
sity, Carbondale, IL 62901, USA.



In high dimensions, it is very difficult to estimate a p x 1 vector 6. This result is a
form of “the curse of dimensionality.” If a \/n consistent estimator of 8 is available, then

the squared norm
p

16— OI* = > " (6: — 6:)* o p/n. (1)
i=1
When p is fixed, p/n — 0 as n — oo and 0 is a consistent estimator of 6. In high
dimensions, often the estimator has not been shown to be consistent, except under very
strong regularity conditions.

Some notation for dimension reduction methods is needed. Let y = (Y1, ...,Y,)T be a
vector of r response variables and let & = (1, ..., z,)” be a vector of p predictor variables.
For example, predict Y7 = mussel muscle mass and Yo = mussel shell mass from z; =
height, ro = width, and x5 = length of the mussel shell. Then » =2 and p = 3.

Let G be an p x k matrix and let C = span(G) be the subspace of R? spanned by the
columns of G. Let I, be the p X p identity matrix. For a symmetric p x p matrix D, let
D > 0 and D > 0 denote that D is positive definite or positive semidefinite, respectively.
Then the projection onto C is P, = Pg = G(G"G)'G" provided G'G > 0. Let
Q. = Qg = I, — Py be the orthogonal projection.

Let £ be a subspace of RP. Let {7, ...,7,} be abasis for £, and let {7, ..., v,, Y441, -
v,} be a basis for R?. Then several dimension reduction methods involve estimating ¢
and 4; fori =1, ..., q. Let G = [,...7,] be the basis matrix for £. Let y Il x| Az indicate
that the response vector vy is independent of the predictors & given Azx. Then a subspace
L C RP that satisfies y 1L x| P, « is a dimension reduction subspace for the regression of
y on x. Thus the reduced predictors w = P,  hold all of the information that & has
about y. If the intersection of all dimension reduction subspaces is a dimension reduction
subspace, then that subspace is called the central subspace, denoted by Ly

For a predictor envelope £ = &g, suppose a) y L x| P, x, and b) Cov(P, z,Q, x) =
0. Notation: w = P, x is material for the regression of y on x while u = Q, =
is immaterial for the regression of y on . Then £ C RP reduces g if and only if
Cov(P, ,Q, x) = 0. Assume Lyjgz C span(Xg). The predictor envelope (subspace)
Ex for the regression of y on x is the intersection of all dimension reduction subspaces
that reduce Xz and contain Lq2z. Hence Lyjxz € Ex. The envelope subspace may be
larger than the central subspace, but tends to handle high predictor collinearity better
than sufficient dimension reduction (SDR) estimators of the central subspace. See Cook
and Forzani (2024).

Let the covariance matrix of  be Cov(z) = X = E[(z— FE(z))(x — E(x))’] and the
px1vector Cov(z,Y) = Xgy = E[(x—E(x))(Y-E(Y))] = (Cov(z1,Y), ..., Cov(z,, Y))T
= 1. Let Cov(x,y) = Xgy = E[(x— E(x))(y — E(y))"]. Let the sample covariance ma-
trix .

T
w— Z —Z)" .

1=

Sp=Sg=

[y

Let estimators

Say = Sy = cov(z,y) = —= > (@~ #)(y;~9)".



and
n

Say = > (@~ D)y, 7"
i=1

Let the population correlation py = pg,; ., = Cor(z;,z;) and the sample correlation
Tij = Ta;e; = cor(x;, ;). Let the population correlation matrices Cor(x) = pg = (pij)
and Cor(x,Y) = pgy = (Pary,--»pz,v)". Let the sample correlation matrices be
Ry = (riy) and rgy = (’f’m17y,...,’f’mp7y)T. Then ﬁ]g; and R are dispersion estimators,
and (Z, Xg) is an estimator of multivariate location and dispersion.

For partial least squares (PLS), PLS1 algorithms are for regression with a univariate
response Y, while PLS2 algorithms are for a multivariate response y, and are also PLS1
algorthms if » = 1. PLS, SDR, and envelopes algorithms produce estimated basis vectors
4, sequentially, using the response variables.

The NIPALS PLS algorithm uses 4, = 1st eigenvector of Swysgjy. For k < q,

the SIMPLS algorithm uses %, and “,,; = argmaz~err 7Tsmysgy7 subject to

')/TSQ;AZ = 0 and v7v = 1. See Cook and Forzani (2024) and Wold (1975).

Suppose the positive semidefinite dispersion matrix 3 has eigenvalue eigenvector pairs
(A1,dr), ..., (Ap,d,) where Ay > Ay > --- > \,. Let the eigenvalue eigenvector pairs of )
be (5\1, Ell), e (jxp, Elp) where \; > \p > -+ > jxp. These vectors are important quantities
for principal component analysis (PCA).

The marginal maximum likelihood estimator (MMLE) is due to Fan and Lv (2008)
and Fan and Song (2010). This estimator computes the marginal regression, such as the
binary logistic regression, of Y on z; resulting in the estimator (&; v, ﬁALM) forj=1,...,p.
Then BMMLE = (ﬁALM, ...,BPM)T. Let &; be the sample standard deviation of x; where
62 is the sample variance of z;. If the MMLE regresses Y on the predictors v; = x;/6;
standardized to have unit sample variances, then MMLE variable selection keeps the J
predictors corresponding to the largest | BZ| = | BZ m|. Hence Wi = x;, and Wy, ..., W), are
ordered by |G| > |8, = -+ > |ﬁAZp| Similar orderings could be produced using other
regression estimators, such as ridge regression applied to all of the predictors v;. Forward
selection also orders the predictors.

Principal components regression (PCR), PLS, SDR, envelopes, and several other di-
mension reduction methods use p linear combinations v7z, ..., 'ygar;. Let the jth column of
I,bec;=(0,...,0,1,0,...,0)" where the 1 isin the jth position. The ¢; form the standard
basis vectors for R? and chac = x;. For variable selection estimators, let W; = ﬁ/?w = 1y,
where 4, = ¢;;. For PCA regression, often v,(PCA) = d; and 4,(PCA) = d;, but other
orderings 4,(PCA) = Elij may work better.

A common regression and classification technique computes linear combinations W; =
'S/Z-Tac of the predictors for ¢« = 1,...,p, where Wy, ..., W, are ordered in some way. The
k-component estimator, e.g. the k-component PLS estimator or the k-component PCR
estimator, is obtained by regressing Y or y on Wi, ...,W; where often a constant or
constant vector is in the model. Let k = 1,..., M where M < p. The model selection
estimator chooses one of the k-component estimators, e.g. using cross validation, and

may be denoted by Bysprs oF Barspon-



Remark 1. The following results are useful for several regression and covariance
estimators. Let w; = A,x; for i« = 1,...,n where A, is a full rank k& X p matrix with
1<k<p.

a) Let X" be X or X. Then X}, = 4,55, AT, 3%, = A, %%, and Ywy = Ay

b) If A,, is a constant matrix, then 3qpy = AnEmAZ, Ywy = A Xy, and Bwy =

c) Let r > 1, and let z; = D,y,; where D,, is a full rank k x r matrix with 1 < k <.
Then 7., = E*wyDg If D, is a constant matrix, then Xz = EmyDg.

d) Let @ > 0 and b > 0. Then the sample correlation cor(z,y) = cor(ax,by) =
cor(—ax, —by) = —cor(—ax, by) = —cor(ax, —by).

Much of the literature uses multiple linear regression or multivariate linear regression
as the regression method. Let the multivariate linear regression model be y = a+B  x+e
where B = [3,8,---8,]. The ordinary least squares (OLS) estimator B = f];f]q;y
Let Az = w = (Wi, ..., Wi)T where A, is the matrix with ith row Al for i = 1,... k.
Let Dy, = [60102 - - - 0;]. Fit the working model

yzak+wa+6=ak+DZAkm+e

with BZ = bZAk Then the OLS estimator bk = f];}f]wy, and the k—component
estimator B, = AZbk = AZ(AkimAZ)_lAkﬁ]my by Remark 1. Here k = 1,..., M
where M < min(n — 2, p) needs to be small enough so that (Akﬁ]mAZ)_l exists. If ﬁ];

exists, then By, = PAT(i] )BOLS. Suppose k = p and both ﬁ]; and A;l exist. Then
k(&

AT ~ A AT PN
A (AXgA)) Ay =
. AT AT o=l a1 e ~ -1 .
Bp = Ap (Ap) Ew (Ap) Apzm/y = Ew Em/y = BOLS- (2)
Replace B by Bif r = 1 so Y is used instead of y. Thus for multiple linear regression

with OLS, let Y = a + 73 + e. Let the working model be Y = a;, + ng + e. Then
the OLS estimator 9k = f];;f]wy. By Remark 1, the k-component estimator

~ ~T A AT~ & ~T NS

Section 2 considers » = 1 with response variable Y, reviews variable selection, and
Theorem 5 generalizes Equation (2) to many other regression models. Section 3 general-
izes some of the Section 2 results to r > 1 response variables y. Section 4 considers the
OPLS estimator, and Section 5 gives some high dimensional tests.

2 Univariate Response Y

For r =1, let Y be a response variable for regression or classification. Important regres-
sion models include generalized linear models (GLMs), nonlinear regression, nonpara-
metric regression, and survival regression models. There are n cases (Y;, 1), and for
some important models, Y depends on @ through the sufficient predictor SP = o+ =’ 3.

4



Let the estimated sufficient predictor ESP = & + acTB where sometimes o = & = 0.
Some important classification models include binary regression, linear discriminant anal-
ysis, and quadratic discriminant analysis. A binary regression model is Y = Y|SP ~
binomial(1, p(SP)) where p(SP) = P(Y = 1|SP). There are many binary regression
models, including binary logistic regression, binary probit regression, and support vec-
tor machines (SVMs) (with Z; = 2Y; — 1). See Cook and Weisberg (1999), Nelder and
Wedderburn (1972), and James et al. (2021).
Let the multiple linear regression (MLR) model

YiZOé+a?i,1ﬁ1+---+Ii,pﬁp+€iZOé-l—wlrﬁ-l-é’i (3)

for i = 1, ..., n. In matrix form, this model is Y = X ¢ + e, where Y is an n x 1 vector of
dependent variables, X is an n x (p4 1) matrix of predictors, ¢ = (a, 37)  isa (p+1) x 1
vector of unknown coefficients, and e is an n x 1 vector of unknown errors. Assume that
the e; are independent and identically distributed (iid) with expected value F(e;) = 0
and variance V(e;) = o2, A multiple linear regression model with heterogeneity has the
zero mean e; independent with V' (e;) = o2.

Then the OLS estimators for model (3) are ;¢ = (XTX) ' XY, dorg =Y —

Bg s, and

Bovs = 53 Say = g Say = g 71
For a multiple linear regression model with iid cases, B, is a consistent estimator of
Bors = E}}Ewy under mild regularity conditions, while &g is a consistent estimator
of E(Y) = BorsE().

For a univariate response Y, span(A7}) and span(AZ) are the same for the SIMPLS,
NIPALS, and HPLS algorithms for & = 1,...,q. See Cook and Forzani (2024, p. 96).
HPLS uses v, = X4 'Sgy and 4; = S ' Sxy with 8 = X% = I,. Thus 4, =
Spy and W; = 'S/Z-Tac. There are regularity conditions for this result that have been
missed in the literature: if Xzy is an eigenvector of Xz, then span(A]) = span(A}) =
span(Xgpy) = span(BgyLg) for HPLS. The literature has noted that the HPLS W; can
have high multicollinearity.

The next result was given by Chun and Keles (2010) for » = 1, but the proof may
be new. So PLS is a model free way to get predictors W; = 4« that are fairly highly
correlated with the response variable Y, and the absolute correlations tend to decrease
quickly. Let V(X) be the sample variance of X.

Theorem 1. For r =1 and 1 < k < ¢, the SIMPLS algorithm maximizes

Qs(v"@) = V(v @)[cor(y 2, Y)]? (4)

AT
subject to 1Sz A, =0 and v7~ = 1.
Proof. By Remark 1, v7'Sgy = Snrgy = cov(yTx,Y), and

Y SeySL v = [cov(y Tz, Y)]? = [cor(yTx, V)2V (4 Tx)V(Y).

Since V(Y) is a constant with respect to -y, the result follows. [J



Given U; = 'S/jrar;, the model free variable importance criterion Qs(ﬁ/jrac) can be used
to order the U; in importance. Let W5, Wy, ..., W), be the variables U; ordered with respect
to a criterion @, corresponding to Q(1) > Q(2) > --- > Q(p). Then a @ scree plot is a
plot of i versus (i), and scree plot techniques can be used to choose the number ¢ of
variables to be used in the regression. For example, let

$4,Q0)
=S 00)

for k =1,...,p. Let D = smallest value of k such that Ry > ¢, e.g, ¢ = 0.975. Then use
k=g = min(D,n — 2,p). This technique can be much faster than using 5-fold cross
validation.

Another model free variable importance criterion is an MMLE criterion

Qu(3i ) = [cor(¥ @, Y))* =1}, (6)

Ifu; = Swl/ x; and n > 5p, then applymg SIMPLS to the (w;, Y;) minimizes [cor(¢) u,Y)?

if Sz is nonsingular. If ¢)Z- u = 4z are the linear combinations, then 47 = ¢)Z- S;;l/z.

(5)

T
PCA regression uses U; = d;x, and PCR is the special case for multiple linear

regression. Using Q(i) = A is a common, but rather poor, choice for PCA regression.
Olive (2025) suggested using Q(i) = r? and the Qs scree plot = SC scree plot.

To see why (6) is called an MMLE criterion, let v; = x;/6; be the standardized ;.
Then the MMLE for multiple linear regression uses the OLS regression of Y on v; to get

3] = leov(vi, Y)|/V(Y) =

|cov(:EAZ-,Y)| _ jeor(z:, ¥ {\/_ } |C01"($Z,Y)|.
V& V(Y) Ve V(Y) V(Y)

Thus the largest |3;| correspond to the largest [cor(z;, Y)]2. See Fan and Ly (2008), who
give some pros and cons of MMLE variable selection.
From canonical correlation analysis (CCA), if the (Y;, )7 are iid, then

Y Sy
J = maXCor('y xz,Y) = .
¥#0 440 VIV ) /A Sy

This optimization problem is equivalent to maximizing

V(Y)J? = max VTEwYEgYV
~+0 YT Xy

which has a maximum at v = 3 Zay = Bprs. See Mardia, Kent, and Bibby (1979,
pp. 168, 282). Hence PLS is a lot like CCA for (V;, 27')T but with more constraints, and
PLS can be computed in high dimensions. From the dimension reduction literature, if
Y depends on @ only through a + 8% «, then under the assumption of “linearly related

6



predictors,” BOLS estimates B, = ¢ for some constant ¢ which is often nonzero.
See, for example, Cook and Weisberg (1999, p. 432). Note that in high dimensions,
¥, = BOLS can be replaced by v, = B, where B is a high dimensional multiple linear
regression estimator, such as lasso.

A k—component estimator is selected using model selection, which will be variable
selection for the W, = 'S/Z-Tac. Hence the following review of low dimensional variable
selection is useful.

2.1 What Is Variable Selection Doing in Low Dimensions?

Variable selection is the search for a subset of predictor variables that can be deleted
without important loss of information if n/p is large, and the search for a useful subset
of predictors if n/p is not large. Model selection generates M models. Then a model is
selected from these M models. Variable selection is a special case of model selection.

Ridge regression, lasso, unilasso, and elastic net often fit the model on a grid a A;
values with 0 < A\ < Ay < -+ < Ap. See Hoerl and Kennard (1970), Tibshirani
(1996), Chatterjee, Hastie, and Tibshirani (2025), and Zou and Hastie (2005). The
model selection estimator uses A chosen from the grid. Several dimension reduction
methods, including PLS and PCR, performs the regression of Y on (W;, Wa, ..., Wy) and
a constant where W; = 4% for k = 1,..., M. Then the model selection estimator uses
k. Model selection and variable selection can also be used for classification models.

2.1.1 The Regularity Conditions for a Variable Selection Estimator to Esti-
mate 8 = 3, Are Strong.

Consider a regression model where the response variable Y depends on the predictors @
through SP = SP(F) = £T3. Such models include MLR, GLMs, and several survival
regression models. A model for variable selection can be described by

SP(F)=a'B = x5Bs + xpBp = z5Bs = SP(S) (7)
where = (x4, xL)7 is a p x 1 vector of predictors, xs is a ¢ x 1 vector, and xp is a
(p—q) x 1 vector. Given that &g isin the model, 35 = 0 and F denotes the subset of terms
that can be eliminated given that the subset S is in the model. In Equation (7), there is
a “true submodel” S where all of the elements of 3¢ are nonzero, but all of the elements
of B that are not elements of B3¢ are zero. The full model has SP = SP(F) = z' 3,
the submodel S has SP = SP(S) = 213, and SP(F) = SP(S). Note that 8 = 8.
Assume that S is unique. S = F is possible.
Since S is unknown, candidate subsets will be examined. Let x; be the vector of d;
terms from a candidate subset indexed by I, including a constant, and let xo be the
vector of the remaining predictors (out of the candidate submodel). Then

x' B =x18; + 5680
Suppose that S is a subset of I and that model (6) holds. Then
'8 =xiBs =58y + 1'?/55(1/5) + 260 =z B, (8)

7



where x;/¢ denotes the predictors in I that are not in S. Since this is true regardless
of the values of the predictors, B, = 0 and the sample correlation cor(xz?3,xz¥3;) =
cor(SP(F),SP(I)) = 1 for the population 8 and B, if S C I. If consistent estima-
tors for 3 and 61 are used, the full model is useful for prediction, and S C I, then
cor(ESP(F),ESP(I)) — 1 and cor(Y — ESP(F),Y — ESP(I)) — 1 as n — o0o0. See
Olive and Hawkins (2005).

Let I,,;, correspond to the set of predictors selected by a variable selection method
such as forward selection or lasso variable selection. If B ; is d; x 1, use zero padding to
form the px 1 vector 3 1,0 from B ; by adding Os corresponding to the omitted variables. For
example, if p = 4 and Blmm = (ﬁAl,ﬁAg)T, then the observed variable selection estimator
Bvs = Blmm,o = (Bl,O,Bg,O)T. As a statistic, Bvs = Blk,o with probabilities 7, =
P(Ipin = Ix) for k = 1,..., M where there are M subsets, e.g. M = 2P — 1. Note that
under model (7), B;o=B8=Brif S CI.

Assume p is fixed. Suppose model (7) holds, and that if S C I; where the dimension
of I; is d;, then \/H(Blj - By,) A Ng,;(0,V ;) where V; is the covariance matrix of the
asymptotic multivariate normal distribution. Then

V(B o —B) 2 Ny(0,V ) 9)

where V' ;o adds columns and rows of zeros corresponding to the x; not in ;, and V ;¢ is
singular unless I; corresponds to the full model. This large sample theory holds for many
models, including multiple linear regression fit by OLS, GLMs fit by maximum likelihood,
and Cox (1972) proportional hazards regression fit by maximum partial likelihood. See
Pelawa Watagoda and Olive (2021) and Rathnayake and Olive (2023) for references.
Remark 2. If Ay, Ay, ..., Ay are pairwise disjoint and if U¥_ | A; = S = the sample
space, then the collection of sets Ay, Ao, ..., Ay is a partition of S. Then the Law of Total
Probability states that if Ay, As, ..., Ay form a partition of S such that P(A4;) > 0 for

1=1,...,k, then
k

Z P(BNA;j) =Y P(B|A;)P(A;).

Let sets Agiq,..., Ay, satisty P(A4;) = 0 for i = k + 1,...,m. Define P(B|A,) = 0 if
P(A;) = 0. Then a Generalized Law of Total Probability is

m m

P(B) =3 P(BNAj) =Y P(BJ4)P(4)),

j=1 j=1

and will be used in the proof of Theorem 2.
Pétscher (1991) used the conditional distribution of By ¢|(Byg = Blk,o) to find the

distribution of w,, = \/H(BVS — ). Let BZ,O be a random vector from the conditional

N . - P P P P P ~C
distribution B, o|(Bys = By, o). Let wr, = V(B o—B8)(Bys = Br,.0) ~ V(B 0—B).
Denote Fz(t) = P(z1 < t1,...,2, < t,) by P(z < t). Then Potscher (1991) and Pelawa
Watagoda and Olive (2021) show the following result.



Theorem 2. Using the above notation,

Hence Bvs has a mixture distribution of the BZ@ with probabilities m,, and w, has a
mixture distribution of the wy, with probabilities 7.

Proof: Let W = Wyg = k if BVS = Blk,o where P(Wyg = k) = my, for k=1,..., J.
Then (Byg.,, Wysn) = (Byg, Wis) has a joint distribution where the sample size n is
usually suppressed. Note that Bvs = B Iy.0- Then by Remark 2,

Fuw, (t) = P[n'*(Bys — B) < t] =

P 1/2 5) < t|(3vs = B[k,o)]P(Bvs = B[k,o) =

M“

k=1
J ~ ~
ZP Y 51k 0 —B) < tl(Bys = By, 0)]Tkn
k=1
J
ZP V23]~ B) < e = Zkan Ton. O

=1

Under the assumptions of Theorem 3, note that \/n(Byg — B) is selecting from the
D

Upp, = \/H(sz,o — B) and asymptotically from the w; where u;, = \/H(Blﬁo -B) =
u; ~ N,(0,V,o) where the uj, correspond to the m;. See Equation (9). Charkhi and
Claeskens (2018) showed that w;, = \/H(BICJO - B) A w; it S C I; for the maximum
likelihood estimator (MLE) with AIC, and gave a forward selection example. They claim
that w; is a multivariate truncated normal distribution (where no truncation is possible)
that is symmetric about 0. Hence E(w;) = 0, and Cov(w,) = 3, exits. This claim does
not seem to be correct: the selection bias changes the distribution of the selected w;,
and u; to that of w;, and w; where some of the probabilities are increased and some are
decreased, but the probabilities are not driven to 0. The Rathnayake and Olive (2023)
Theorem 3 proves that w is a mixture distribution of the w; with probabilities ;.

Theorem 3. Assume P(S C L) — 1 as n — oo, and let Byg = Blk,o with
probabilities 7y, where my, — 7, as n — oo. Denote the positive 7 by ;. Assume

~C D
Wjn = \/ﬁ(/ﬁlj,(] — /6) — wj. Then

w, = Vi(Bys — B) > w (10)

where the cdf of w is Fa(t) = >, 7 Fw, (t).

Proof. Since w, has a mixture distribution of the wy, with probabilities 7, by
Theorem 2, the cdf of w, is Fw,(t) = > Tmlfw,,(t) — Fw(t) = >, miFw,(t) at
continuity points of the Fy,(t) as n — oco. O



Remark 3. a) The assumption that w, KA w; may not be mild.

b) If P(S C I;n) — 1 as n — oo, then Bvs is a y/n consistent estimator of 3 since
selecting from a finite number M of /n consistent estimators (even on a set that goes
to one in probability) results in a y/n consistent estimator by Pratt (1959).

¢) The assumption P(S C I,,;,) — 1 as n — oo holds for some criterion, such as AIC,
BIC, and the C, criterion for MLR. The assumption P(S C I[,,,) — 1 also holds for
consistent regularized estimators of 3 = 3. Thus the lasso variable selection and elastic
net variable selection estimators are /n consistent if lasso and elastic net are consistent
estimators of B,. Lasso is a consistent estimator if A is small enough. For MLR it is
known how small A needs to be, but not for other regression methods such as GLMs.

A second multiple linear regression model is
Y=x"B+e (11)

where z; = 1 and w9, ..., 7, are the nontrivial predictors. Hence 3; corresponds to the
constant « in the first MLR model (3). Let submodel I have a predictors, including a
constant. Then for a wide variety of iid error distributions, the Anova F' statistic for

submodel I satisfies F; 2 X/(p — a) where X ~ x2_,. Then the variable selection
criterion

SSE(I)
G =—rep
where MSE is the error mean square for the full model. See Mallows (1973) and Jones
(1946).

Example 1. This is an example where the 7y, — 7 as n — o0o. Assume S C [ where

I has a predictors, including a constant. Let F' denote the full model with p predictors
including a constant from model (11), and let S = I = I; be the model that deletes

predictor x; with a = p — 1. Then C,(I) Zox oy p — 2 where X ~ x2. Let F denote the
full model and consider all subsets variable selection with C),. Since only S and F' do not
underfit, only ¢ and 7p are positive. Since C,(F) = p, I = S is selected if C,(I) < p.
Hence 15 = P(x?+p—2 < p) = P(x? < 2) = 0.8427, and 7 = 1 — g = 0.1573.
This result also holds for backward elimination since the probability that x; will be
the first predictor deleted goes to 1 as n — oo because C,([;) = C,(S) is bounded
in probability while C,(I;) diverges as n — oo for j # i. For forward selection with
correlated predictors, expect that mg < P(x? < 2), and hence mp > 1 — P(x? < 2) with
s+ =1

For the R code below, 3 = (1,...,1,0,...,0)T is a p x 1 vector with k + 1 ones and
p — k — 1 zeroes. Hence k = p — 2 deletes the predictor x,. The function belimsim
generates 1000 data sets, performs backward elimination, and finds the proportion of
time the full model was selected, which was 0.158 ~ 0.1573.

+2a—n=(p—a)(fr—1)+a (12)

belimsim(n=100,p=5,k=3,nruns=1000)
$fullprop
[1] 0.158
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Remark 4. For k—component nonparametric or nonlinear regression, including gen-
eralized additive models (GAMs), of Y on W7, ..., W}, and possibly a constant, if n > 10p
and the full model using k = p is useful for prediction, then the model selection estimator
using k& = ¢ could be selected such that both cor(f/[q, Y/[p) and cor(ry,,77,) are very high.
The FF and RR plots are useful for checking model I;.

2.1.2 What Are k—Component Estimators Estimating?

For the k—component estimators, let W; = 'S/Z-Tar; for v = 1,...,p. For PLS, let 5, =
ﬁ];lﬁ]wy with ﬁ]g,; — %0, = I,. For PCA, let 4, = d; be orthogonal eigenvectors of 3.
The following new method is for any regression or classification method that depends
on x only through SP = o + B7@. Let the standardized predictors v; = x;/4; for
1 =1,...,p. Regress Y on the v; to obtain the parameter vector 0 where the regression
on the z; gives B Let W; = z;, correspond to predictors with the largest |9AZ| If more
than one 6; = 0, rank the corresponding predictors by [cor(x;, V)% Call the resulting
estimator the k—component SVM estimator, k—component lasso estimator, et cetera.

The above method is useful for doing ridge regression, lasso, or unilasso k—component
variable selection. The Meinshausen (2007) relaxed lasso estimator with Ay computes the
lasso estimator with 5\1, then lasso with Ay < 5\1 is applied to the a predictors with nonzero
31(5\1) If Ay = 0, then the estimator is often called the relaxed lasso estimator or the
variable selection lasso estimator since the estimator applies the regression method, such
as OLS or a GLM, to the a predictors. For the new method, the regression of Y on
Wy, ...,W, corresponds to the relaxed lasso estimator if lasso is the regression method
used. In low dimensions, if C, or AIC are used to select the model, then Theorem 3
proves that the k—component estimator is a y/n consistent estimator of 3.

Instead of using the response variable Y and the predictors Xj, ..., X, the regression
model or classification model can use Y and the predictors W7, ..., Wy. Denote this model
by I = {1,...,k}. Then the k-component estimator (dk,Bk) is obtained by fitting the
working model

WSP:ak+91W1+---+9ka:ak%—OZw

where 0;, = (01, ...,01)" and w = w;, = (Wy,...,Wp)T. Let ESP(k) = é& + BZJJ and
SP(k) = oy + Bra.
Then ESP(k) i SP(k) could happen in several ways. i) For the k-component

. . s P .
estimator, we could fix a basis v, ...,7,, assume 8;, — 6}, and assume the k X p matrix

A A o ot
App=A, = : il Ay = :
o o/

Then Ayz = w = (Wi, ..., Wy)", and ESP(w) = dy, -0, w = dy,+0, Ay = cu+ B2 =
ESP(z) with 8, = AZ@k Assume ), 2 ;.
ii) Assume that éjﬁ/j R 0;7;. For example, if 4, = 7; or 4; = —n),; is an orthonormal

eigenvector of some matrix and |6;]| il |0;| and 7, il n;, then the result holds.

11



iii) Assume that é — ay, and 25:1 0,4 i Z?Zl 6.

For example, fit a GLM, logistic regression, a support vector machine, multiple linear
regression, et cetera. The ; depend on the method used to fit the working model. (Also,
using 0y; instead of 6; is more accurate, but suppressing the subscript k is convenient.)
Parts e), ), and g) of Theorem 4 and part b) of Theorem 5 are new. The results are the
most useful if 74, ..., v, are linearly independent and if 4, ..., 4, are linearly independent.
The HPLS vectors are a Krylov sequence which tends to be linearly independent for small
enough k if ¥ gy is not an eigenvector of Xg. See Cook and Forzani (2024, pp. 16-17,
100).

Theorem 4. Consider the above notation. Assume ESP(k) il SP(k). For results
with B, g, assume X' exists.

~

a) ESP(k) = dy + Bra —Oék+(23 L0547 ).
b) S ()_O‘k‘l‘ﬁkm_ak“'(zg 19J73)
) B, = Zj 04 = A0,
) By = 29 1 9)'73 Agek
&) Biprs = (L5105 ) Say
f) Under 11d cases, BypLs = (Zk 0,350 Sy = (Zf L05%)Bors
g) If e - Vg and Sy - Vay, then /BkPLS - BrpLs = (25:1 ijjdc_l)VwY-
Proof. Fit WSP to get the ESP = dy, 4+ Wi 4 - + 0 Wy, = dp + 0,3 T + - +
ém{m =y + ng Equating terms gives the result. [J

o ~—1.~
When the cases are not iid, 8 = X, 3y may be estimating 8 = Bp1s # Xz Say-
When the errors e; are iid, a common assumption for OLS MLR theory is

wxtx) v (Voo Y Ly (Vrve)
V21 V22 = nEm /(TL — 1) V21 V22

Thus 2%1 i V22, ﬁ]m i V2_21, and ﬁ]my i V2_21/6 since B = ﬁ]élﬁ]my i ,6
The following theorem gives a result similar to Equation (2), and shows that for
low dimensions, if the p components W; are plugged into a model that uses maximum
likelihood estimation, such as a GLM, then the p-component estimator Bp = Bar; = BF,
the MLE. Hence cor(ESP(p), ESP(F)) = 1, and typically &, = ap, so ESP(p) =
ESP(F). Similar theory holds for other maximization or minimization problems, such
as quasi-likelihood and partial likelihood. The profile likelihood function L,(Bz|x) =
L(Bg,nlx) where L is the likelihood function of all of the parameters (Bz,n) and 7 is
the MLE of . As above, use 0 = B4 to denote the MLE with w instead of Bw
Theorem 5. Suppose the profile likelihood function L,(Bz|x) = [[;-, f(x:|Bx) =
[T, 9(zf B) depends on « and By only through ' B4. a) If the maximum likelihood

o

(o

N o AT A o
estimator is computed using w = A, instead of x, then B85 = A, 6 = B, provided that
N o o N oAd—]l. A
A, is nonsingular. b) Thus B4 = B,prs = ( ?:1 QjE?jE )Xy if thg PLS components
are used, and under iid cases, By = (3__, 0,5k ) Zxy = ( 1 0:%%)BoLs-

12



Proof. a)

n

L,(6lw) = [To(w!6) = [J a2 A"0) = [[ ol ")

i=1

AT A o
Since the second to last term is maximized by A 6 = 3, and the last term is maximized

by B* = Bw, it follows that Bar; — A9 = Bp, and 0 = (AT)‘lﬁw. Nonsingularity was
used so that B” varies through R” as B4 varies through R?.
b) Plug in By = B, = B,prs from Theorem 4 e). [J

2.1.3 “Everything Sensible Works” in Low Dimensions

For real data, an important question in variable selection is whether 3; = 0 is a reasonable
assumption. If X has full rank p + 1, then having (3; equal to zero for 20 decimal places
may not be reasonable. See, for example, Tukey (1991), Nester (1996), and Gelman and
Carlin (2017).

Variable selection when some of the 3; = 0 is interesting, but so is variable selection
when none of the 3; = 0, but some of the 3; are very small in magnitude but nonzero,
denoted by (; = 0*. Let I be the model that regresses Y on a constant and W1, ..., W
for k =1,...,M. Then the k—component model selection estimator becomes a variable
selection estimator with respect to @ = 8, and the W;. For the working model

WSP(Iy) = ap + 0:Wi + -+ + O Wi = ay, + 0, wy,.,
consider WSP(S)=WSP(l,) =WSP=WSP(l,) = WSP(F) =
ag+ O Wit + 0, W, + OWepr + -+ 0W, = ag+ Ohw;, =a, + 60w,  (13)

or

WSP=a,+0Wi+--+0,Ws+ (0)YWapr + -+ + (0)W,. (14)

Equation (13), which corresponds to Equation (7), is assumed in the envelopes and
SDR literature, with a sparsity assumption with respect to the W; and 6,. Then the
k—component parameter vectors 3, = B, = --- = B, a result that is analogous to
the variable selection result 3;, = Bp if S C I. Consider Equation (14), perhaps with
0* = 107% and corresponding observed |W;| < 10. Then I, = S = F = I, in Equation
(13), and the central subspace and the predictor envelope satisfy Lyz = E¢ = RP. Under
Equation (14), the 3, are different for k =1, ..., p.

If I is the model selected by the variable selection method, and P(S C I) — 1 as
n — oo, then the variable selection methods, including SDR and envelope estimators,
are asymptotically equivalent to the regression using the full model since S = F' is the
full model when none of the #; = 0 or none of the ; = 0.

Remark 5. The above result may seem nice, but in low dimensions, good variable
selection estimators do not select the full model with very high probability for moderate
n under Equation (14), or if SP(F) = o+ Bi, i, + - - + Biywi, + (0°)w,, + -+ -+ (0%) x5,
Instead, good variable selection methods divide the predictors W; or x; into wanted
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predictors that are kept in the model I and unwanted predictors O that are deleted out
of the model such that a) cor(ESP(I), ESP(F)) is high and
b) cor(Y — ESP(I),Y — ESP(F)) is high.

Using the results from Remark 5 a) and b), Olive and Hawkins (2005) suggested 6
plots to compare the submodel I with the full model F'. Let a plot of x versus y indicate
that y is on the vertical axis. Use the residual plot of ESP versus r for both models,
use the response plot of ESP versus Y for both models, make the EE plot of ESP(I)
versus ESP(F), and the VV plot of Y — ESP(I) versus Y — ESP(F). If the full model
is useful for prediction and if submodel I is good, then the plotted points tend to cluster
very tightly about the identity line (with unit slope and zero intercept) for the VV and
EE plots. Similar results often hold for an FF plot of the fitted values YI versus Yp and
an RR plot of the residuals r; versus rr. See Olive and Hawkins (2005).

For MLR, Remark 5 b) is the correlation of the residuals r; and r = rp from the
submodel and the full model, and Theorem 6 gives a lower bound on the correlation if
the C), criterion is used.

The “sensible” variable selection methods need to include the full model as one of
the models considered, and the full model needs to fit the data “well” (have a good
response plot or be useful for prediction). By Theorem 5, the 7, need to be linearly
independent and the 4, need to be linearly independent for models that use W; = 'S/Z-T:I;
so that B,(wp) = B,(xr) and B, (wr) = B,(xr) = Bp where wp = (Wh,...,W,)7,
xp = (21,...,2,)7, and B(z) means that ¥ was regressed on z. Then A, is nonsingular.
W; = x; corresponds to 4; = =, = ¢; where ¢; is the ith column of I,. A good variable
selection criterion needs to be used, such as AIC, BIC, k—fold cross validation, or C), for
MLR.

For MLR and W; = xz;, consider the Tibshirani (1996) lasso and Chatterjee, Hastie,
and Tibshirani (2025) unilasso variable selection estimators that select predictors ; and
a constant to be in the model. Fit OLS to that model, and use model I if C,(I) <
C,(F) = p+ 1. Otherwise use the full model F' with 8 = 8 = By.g. Many variants are
possible, including using k—component lasso or k—component unilasso. Other variable
selection criterion can be used for GLMs or the Cox proportional hazards model. The
following theorem appeared in Olive (2025) and applies to the W;. Olive and Hawkins
(2005) got the result for the z;.

Theorem 6. Assume X is full rank so that the OLS full model can be computed.
Let r be the residuals from the OLS full model and let r; be the residuals from OLS
submodel I that uses 3 ; with k predictors including a constant where 2 < k < p+ 1. If
Cy(I) < 2k, then the sample correlation

cor(r,ry) >1/1— Z%l (15)

Since the correlation gets arbitrarily close to 1 as n — oo, the model selection es-
timator and full OLS estimator are estimating the same population parameter 3, and
P(S C Iyn) — 1 as n — oco. This result holds if B, is a consistent estimator of 3:
heterogeneity is allowed and the cases do not need to be iid. OLS also gives consistent
estimators for AR(p) and AR(c0) time series, serially correlated errors, et cetera. Note
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that the rate at which P(S C I,,;,) — 1 is not exponentially fast, as is often claimed in
the literature.

For moderate sample size n, predictors x; or W; will often be omitted as long as
cor(ry,r) stays high, even if 3; # 0 or 6; # 0. The C, criterion selects wanted predictors
I to be in the model, and unwanted predictors O to be out of the model. Under Equation
(15), often B;, # Bp, but B[ is a good estimator of 3;, and model I fits the data well.
Very weak predictors often degrade the full model in that the model is improved when
these predictors are omitted. Note that the wanted and unwanted predictors are similar
to the material and immaterial predictors for envelopes estimators.

The PLS literature often assumes (al): Y|z = o + 2! B,prs + e for some k. If
Y|z = a+xT B+ e, then under mild regularity conditions, 3 = B, 5. Hence assumption
(al) forces Byprs = Borg- For k=1, (al) forces By = B1pLg = an eigenvector of the
covariance matrix Cov(x) = 3g.

Theorem 4 shows that B, g = (Z;?:l éjﬁ]jw_l)ﬁ]wy and Byprs = (Zle 0,25 ey
(under iid cases). This result suggests that the B,p.¢ are typically different for each
k=1,...p,but Byprs = B,prs for k< q<pif;=0for k+1 <7 <p.

Note that B8 € RP is a much weaker assumption than 8 € R™ where 1 < m <
p. Heuristically, the model selection result of Equation (15) implies that 8 € R™ is
approximately true in that 6; ~ 0 for £* +1 < j < p for some m = k* < p. Hence the
“unwanted” predictors W; are “weak” or “almost immaterial” for m +1 < 7 < p. On

the other hand, it is possible that cor(BZac, BTar;) is very high with ||3, — 8]/ large.

2.1.4 Variable Selection Summary

For part b) in the following remark, assume that model I is the model selected after
variable selection. Then fix I as n — oo. This result is useful for data splitting. (Model
Ipnin, that optimizes a variable selection criterion among models searched, has P(1,;, =
I) = Tgn. So condition on model I = I, selected. It is possible the P(I,;, = F) — 1
as n — 00.) In low dimensions, “good regression variable selection estimators” use the
full model, and include forward selection, lasso variable selection, k—component unilasso,
and k—component estimators with k—fold cross validation, AIC, BIC, or C,. Using the
full model insures that the collection of models considered includes a “good model.”
Remark 6. a) In low dimensions where the full model is “good”, good variable
selection estimators keep cor(ESP(I), ESP(F)) high and cor(Y —ESP(I),Y —ESP(F))
high, by keeping wanted predictors I in the model and omitting unwanted predictors O.
b) The estimator B[ estimates 3; where often B;, # B = Bp.
c¢) In high dimensions, variable selection is a search for a useful subset I of predictors.

3 r Response Variables Y7, ..., Y,

The following theorem is a generalization of Theorem 1 for » > 1. Thus PLS is a model
free way to get predictors Wi = 4! a that are fairly highly correlated with the response
variables Y7, ..., Y., and the absolute correlations tend to decrease quickly.
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Theorem 7. For 1 < k < ¢q, the SIMPLS algorithm maximizes

T

Qs(v'@) = V(v ) [cor(y"z, V)PV (V;) (16)

J=1

subject to ')/TSQ;AZ =0and 47y = 1.
Proof. By Remark 1,

’YTSwy = S')/Tac,y = (COV(’YTw> )/1)7 ) COV(’YTw> Y;“))>

and Qs(y"x) = " Swy Sy =

r T

> leov(y ®, Y5)]P = [cor(y &, V)PV (v @)V (Y;). O

J=1 J=1

Scaling the response variables to have the same sample variance is often a good idea.
Dividing each response variable by its standard deviation is common, and equivalent to
using z = [dz’ag(Sy)]_l/zy = (Zy,..., Z,)T. Then by Remark 1d), the SIMPLS criterion

1S
r r

Qz(v"z) =V(y'e) Y [cor(y 2, Z)? = V(v 2) ) [eor(y 2, V). (17)

J=1 J=1

Hence Qz (4] ) is a model free variable importance criterion for W; = 47 . Note that
V(yTx) = Cov(yTz,vTx) = v Cov(x)y.
The following, possibly new, model free variable importance criterion is an MMLE

criterion
I8

QuiF!®) = =3 leor(372, ¥, ) (18)

=1
Applying SIMPLS to (u, Zy, ..., Z,) minimizes »_"_, [cor(y"u, Yj)]? if u; = S;/zwi. If

~

¢; u = 4! x are the linear combinations, then 47 = &)iTS;;l/z.

Given U; = 'S/JTar;, the model free variable importance criterion Q(’S/JTJ;) can be used to
order the U; in importance, and scree plot techniques can be used to choose the number
g of variables to be used in the regression.

To see why (18) is called an MMLE criterion, let v; = z;/5; be the standardized
x;. Let T; = Y;/6y, be the standardized Y; such that V(TZ) = 1fori=1,..r.
Then the MMLE for the OLS multivariate linear regression of Ti,...,7T, on wv; uses
b; = (cov(v;, T}), cov(v;, Tb), ..., cov(v;, T,))T with

16i]|* = > feov(vi, Ty)* = ) _[cor(vs, )PV (v)V(Ty) = Y [cor(w, )],

j=1 j=1 Jj=1

Thus the v; with the largest ||b;||? have the largest > iy leor(wi, V7)1
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Note that the variable importance criterion (18) does not require p regressions to get
p values of ||b;||%. Criterion (17) can be used in high dimensions to obtain 4,. Criterion

~T
(18) can be used for PCA regression with U; = d; x.
A model free variable unimportance criterion is

Qu(¥; ) = max [cor(y; 2, Y))]* (19)

1,...,r

Delete variables W; = 'S/Z-Tac with the smallest values of Q. In particular, use W; =
c’'x = z; to delete predictor variables.

7

3.1 High Dimensional Multivariate Linear Regression

For the predictor and response variables (z1, ..., Zp, Y1, ..., Y;-), let the data matrix be

T T
11 T12 ... Tip Y1,1 Y1,2 Y1,r Ty Yy
T T
T21 T22 ... T2p Yz,1 Yz,z Yz,r Ty Y,
T T
Tpil Tp2 - Tnp Yni Yn2 ... Yo, T, Y,
Let the multivariate linear regression model be y = a + B'x + € where B =

(3,8, B,]. The OLS estimator B = ﬁ];ﬁ]wy minimizes the criterion Q(a, B) =
> ey Qilai, B;) = Z:=1[Z;L=1 r?(ai,ﬁi)] = Z:=1[Z;L=1(Yﬂ - Q= 5?wy)2] where (); is
the OLS criterion for the multiple linear regression of the single response variable Y;
on . Hence performing the OLS multivariate linear regression of y on W; = Bfw for
1 =1,...,7 does not change the OLS estimator.

To obtain the k—component estimator, let Ay = w = (Wi, ..., Wi)T where Ay is
the matrix with ith row 47 for i = 1,..., k. Let Dy = [0,0,---8;]. Fit the OLS working
model

y:ak—l—Dgw—l—e:ak—l—DgAkw—l—e

by Remark 1. Here k = 1,..., M and k = ¢ is of interest.
A common competitor is to fit the r univariate MLR’s Y; = o + n?w with a method,

. AT
such as lasso or model selection PLS, to get By = A, = [nyMy---7,] and
N A ~T A
Yy = ay + By = ap +w

where Agx = w = (Wi, ..., W,)T, Wi = 4@, and & = (Gy,...p )T
A new (high dimensional) method is to regress y on Ayx = w with OLS. So let
Dy = 1[60:105---6,], and fit the OLS working model

y:aH—l—Dﬁw—l—e:aH—l—DﬁAHw—l—e

to get DH = ﬁ];;ﬁ]wy, and BH = AJI;DH = AJI;(AHEA]@AJI;)_IAHE]@Z/ Note that the

~

7th column of By is Bj = > 0ym;. If ris too large, then randomly select K of the

17



Y;, update K of the n); by applying By on the K response variables. Then repeat many
times.

The new estimator By is useful if the 7); are not obtained from a working model
for an OLS multivariate linear regression, and if Dy is not close to the identity matrix
I,.. Univariate lasso estimators could be used to give a competitor for the glmnet lasso
estimator with “mgaussian.” See Qian et al. (2022).

For the k—component lasso estimator (with “mgaussian”), let the standardized pre-
dictors v; = x;/6; for i = 1,...,p. Apply lasso to the model y = a + BTv + €. Let
Bj correspond to the jth row of the lasso estimator B = Bj. Let W; = x;; correspond
to predictors with the largest ||b;|. If more than one b; = 0, rank the corresponding
predictors x; = ¢! x using Equation (18) with 4, = ¢;.

The k—component PCA estimator using Equation (18) can be used with r > 1 for
many regression and classification methods. Since the response variables are used to
select the PLS W;, the PLS W; should work better than the PCA W;.

3.1.1 Variable Selection with d Linear Combinations

Suppose the regression or classification model has d > 1 linear combinations. Denote
the jth linear combination by SP;(I) = «a; + Bjrar;] and ESP;(I) = &; + B;Far;] For
multivariate linear regression there are d = r linear combinations, one for each response
variable Y;. For linear discriminant analysis (LDA) there are d = r linear combinations,
one for each of the r groups. In low dimensions, Barker and Rayens (2003) proved that
PLS-LDA with p components and LDA using & = (11, ..., 7,)” give identical results when
Sz > 0. See Cook and Forzani, (2024, p. 207).

The variable selection model given by Equations (4) and (5) can be extended to d
linear combinations as follows. Let VSP(I) = (SPy(I),...,SPyI))T and VESP(I) =
(ESP(I),..., ESP,(I))T. Then a model for variable selection can be described by

VSP(F)=VSP(S)+ VSP(E)=VSP(S) (20)
where & = (x%, L))" is a p x 1 vector of predictors, xg is an dg x 1 vector, and xp is a
(p—ds) x 1 vector. Given that @g is in the model, 3,5 = 0 for j =1, ...,d, and E denotes
the subset of terms that can be eliminated given that the subset S is in the model.

Since S is unknown, candidate subsets will be examined. Let x; be the vector of d;
terms from a candidate subset indexed by I, including a constant, and let xo be the
vector of the remaining predictors (out of the candidate submodel). If S C I, then

VSP(F)=VSP(S) =VSP(I). (21)

Some notation is needed for sample quantities. Let Cor(z,y) be the population
correlation of random variables x and y, and let cor(z,y) = cor(x,y) be the sample
correlation computed from the data vectors @ and y. Let cor(ESP(I), ESP(F)) =
cor(v;(I),v;(F)), and let v(I) = (v1(I)T, vo(I)T, ..., vq(1)T)T. Let

VCor(VSP(I),VSP(F)) = (Cor(SPi(I), SP(F)), ..., Cor(SPy(I), SPyF)T,
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and
Veor(VESP(I),VESP(F)) = (cor(ESP,(I), ESP\(F)), ...,cor(ESPd(I),ESPd(F)))T =

(cor(or(1), 01(F)), ... cor(wa(T), va(F))".
If S C I, then VCor(VSP(I),VSP(F))=1=(1,...,1)T. Note that v;(I) =
(v + BiTacH, ey O+ BZ x,7)7 where the n cases are (x1,y;), ..., (T1, Y1)
In low dimensions, good variable selection estimators keep Vcor(VESP(I),VESP(F))
near 1 and cor(v(I),v(F)) high, by keeping wanted predictors I in the model and omit-

ting unwanted predictors O. The plotted points in a plot of v([) versus v(F") should
cluster tightly about the identity line. For the multivariate linear regression estimator,

v(l) = (YIT(I), cey YTT(I))T — vec(x? B;), which has the nr fitted values from model I
stacked into a vector.

Heuristically, if the full model is good in that it gives good predictions, then a sub-
model [ with Veor(VESP(I),VESP(F)) near 1 and cor(v(I),v(F)) high, gives good
predictions that are nearly identical to those of the full model. Thus “everything sensible
works for prediction.”

Let I; = {1,..., 5} so that w;, = (Wy, Wa, ..., W;)*. Then the k—component estimator
has VSP(Iy) and VESP(I). If the 4, come from PCA or if 4, = b; = the ith column of
I,, then the W; = AT can be ordered using, for example, the SIMPLS criterion Qz (%;).

Suppose that ¢ of the W; are selected. Then even in high dimensions, cor(v(I;), v(;))
and Veor(VESP(1;),VESP(l;)) can be computed for ¢ = 1, ..., J for some J. For SDR
and envelopes, would like the correlations to be high for j =q¢+1,.... J.

4 The OPLS Estimator

The OPLS estlmator is the PLS estimator from Section 2 with £ = 1. Then the ESP
= a1 + QEwYar; = GoprLs + 50PL51' where BOPLS = 03y Let NorLs = S y. Testing
: ABoprs = 0 versus Hy : ABpprg 7 0 is equivalent to testing Hy : An = 0 versus
H : An # 0 where A is a k X p constant matrix and n = Ygy.
For multiple linear regression, Cook, Helland, and Su (2013) and Basa et al. (2024)
showed that 6OPLS = QEq;y estimates 03y = Byprg Where

AT
0= —EgijwY and 0 = —Ewawy

P SR (22)
EgYEwEwY E’;YE@E@Y

for Ewy 7é 0. If Ewy = 0, then /BOPLS =0.

Next, some large sample theory is reviewed for 1y p; g = 32y and OPLS for the mul-
tiple linear regression model, including some high dimensional tests for low dimensional
quantities such as Hy : 3; = 0 or Hy : 3; — 3; = 0. These tests depended on iid cases,
but not on linearity or the constant variance assumption. Hence the tests are useful for
multiple linear regression with heterogeneity.

The following Olive and Zhang (2025) theorem gives the large sample theory for 17 =

(/jaf(ac, Y). Olive et al. (2025) gave alternative proofs. This theory needs n = nyprg =
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Yy to exist for n = f]q;y to be a consistent estimator of 1. Let x; = (z;1, . .. ,:Eip)T

and let w; and z; be defined below where
Cov(w;) = T = El(@: — ) (@i — i) (Vi — jiv)?)] — Sy Sy

Then the low order moments are needed for 3 ~ to be a consistent estimator of Xqyp.
Theorem 7. Assume the cases (z,Y;)" are iid. Assume E(z}; Y;™) exist for j =

1,...,pand k,m =0,1,2. Let pp = E(x) and puy = E(Y). Let w; = (@; — pge) (Y — py)
with sample mean w,,. Let n = Xz y. Then (a)

Vi@, — 1) % Ny(0,Zaw), Vali, —n) 2 Ny(0, Sw), (23)

and /n(i, — 1) = Ny(0, Saw).

(b) Let v; = (@ — &) (Y; — Y,). Then Sy = Sy 4+ Op(n/2). Hence Ty = Zp +
Op(n_l/z).
(c) Let A be a k x p full rank constant matrix with k& < p, assume Hy : ABpprg = 0 is

true, and assume 0 Lo # 0. Then

VI ABoprs — Borrs) = Ni(0,0% ASy A”). (24)

 For the following theorem, consider a subset of k distinct elements from > or from
3. Stack the elements into a vector, and let each vector have the same ordering. For
example, the largest subset of distinct elements corresponds to

’U€Ch(§~]) = (5’11, P ,5’1p, 5’22, ey 5’2p, P ,5’;,,_17;,,_1, 5’;,,_17;,,, 5'pp)T = [&jk]

For random variables 1, ..., z,, use notation such as 7; = the sample mean of the z;,
wj = E(z;), and o, = Cov(zj, x). Let

n

n vech(X) = n oji] = Z[(Izg —T5) (@i — Ti))-

i=1

For general vectors of elements, the ordering of the vectors will all be the same and be
denoted by vectors such as ¢ = [Gjx], € = [G;i], ¢ = [0ji], vi = [(zij — T;j) (v — Tx)], and
w; = [(zj—p;)(xig— ). Let w,, = Y., w;/n be the sample mean of the w;. Assuming
that Cov(w;) = X exists, then F(w;) = E(w,) = c.

The following Olive et al. (2025) theorem provides large sample theory for ¢ and ¢.
We use Cov(w;) = X4 to avoid confusion with the 3¢y used in Theorem 3. Note that
x; are dummy variables and could be replaced by w; = (Yi1,. .., Yim, Ti1, - . . ,:Eip)T to get
information about m response variables Y;,...,Y,,.

Theorem 8. Assume the cases @; are iid and that Cov(w;) = X 4 exists. Using the
above notation with ¢ a k x 1 vector,

(i) V(e —e) = Np(0,2 ).

(i) V(e - o) L2 N(0,2 ). ) )
(iii) g = X + Op(n~"?) and T g = Ty + Op(n~1/?).
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5 Large Sample Theory and Testing

Suppose the classification or regression model has a response variable Y that depends on
the predictors @ through SP = a + 8 . In low dimensions, important tests include a)
Hy : 5; = 0 (the Wald tests for MLR), b) Hy : 8 = 0 (the Anova F' test for MLR), and
c) Ho: (Biys- -, 8:,)" =0 (the partial F test for MLR).

This section will derive some high dimensional analogs of the above tests.

5.1 Testing Hy: 3=0

An Omnibus or Universal Test

This subsection follows Abid, Quaye, and Olive (2025) closely. Consider classification
and regression models where the response variable Y only depends on the p x 1 vector
of predictors ® = (z1,...,2,)T through the sufficient predictor SP = a + z73. Let the
covariance vector Cov(z,Y) = Xgy. Assume the cases (2!, Y;)? are iid random vectors
for : = 1,...,n. Then for many such regression models, 3 = 0 if and only if Xy =0
where 0 = (0, ...,0)7 is the p x 1 vector of zeroes.

The test of Hy : Xy = 0 versus H; : gy # 0 is equivalent to the high dimensional
one sample test Hy : u = 0 versus Hy : p # 0 applied to wy, ..., w, where w; =
(x; — pg)(Y; — py) and the expected values E(x) = pp and E(Y) = py. Since pg and
iy are unknown, the test of Hy : 3 = 0 versus H; : 3 # 0 is implemented by applying
the one sample test to v; = (x; —Z)(Y; = Y) fori=1,....n

Zhao et al. (2024) have an interesting result for the multiple linear regression model
(2). Assume that the cases (2!, Y;)? are iid with E(Y) = py, E(x) = pg and nonsingular
Cov(x) = Xg. Let B8 = Borg. Then testing Hy : B8 = B, versus Hy : B # B, is
equivalent to testing Hy : p = 0 versus Hy : p # 0 with p = E(w;) = Ex(8 — B)
where w; = (z; — prg)(Yi — ppy — (@ — pg)” By), and a one sample test can be applied
to v; = (x; — :L')(Y Y — (z; — ar:)TBO)

Abid, Quaye, and Olive (2025) used the above test for 3, = 0. The resulting test
can be used for many regression models, not just multiple linear regression. Suppose
Bp = D 'Yy where D is a p x p nonsingular matrix. Then B, = 0 if and only if
Sy = 0. Then D! = 01 for OPLS, D' = 3 for OLS, and D' = [diag(Zg)] ™
for the MMLE for multiple linear regression (MLR). By Theorem le), B,p.¢ = O if
Yzy = 0. Thus if the cases (x7,Y;)T are iid, then using B, = 0 gives tests for Hy : 3 = 0,
H(] : /BMMLE =0 (fOI‘ MLR) H(] : Emy = 0 H(] A/BOPLS = 0, and H(] : /BkPLS = 0.
For multiple linear regression with heterogeneity, B¢ is still a consistent estimator
of B = Bors = g Zxy. Hence the test can be used when the constant variance
assumption is violated.

Assume the cases (z7,Y;)T are iid. For a generalized linear model and several other
regression models that depend on the predictors = only through SP = o + '3, if
B = 0, then the Y; are iid and do not depend on @, and thus satisfy a multiple linear
regression model with B,,¢ = 0. Typically, if 8 # 0, then ¥y # 0. Also see Theorem
2 b). An exception is when there is a lot of symmetry which rarely occurs with real
data. For example, suppose Y = m(SP) + e where the iid errors e; ~ N(0,0%) are

21



independent of the predictors, SP ~ N(0,03), and the function m is symmetric about
0, e.g. m(SP) = (SP)% Then B,,5 =0 and Xgy =0 even if 3 # 0.

If By = 0, then w; = (z;—pg ) (Yi—py), and E(w;) = E(u;) = E[z;(Yi—py)] = Sy
Then apply a high dimensional one sample test on the v; = (x; — Z)(Y; — Y). Note that
the sample mean v = Sy

Suppose &y, ..., x, are iid random vectors with E(x) = p and covariance matrix
Cov(x) = X. Then the test Hy : p = 0 versus H; : p # 0 is equivalent to the test
Hoy: pTp =0 versus Hy : p“pu # 0. Let 8 = 3. A U-statistic for estimating p” g is

B 1 r nx'xT—tr(S)
T, =Tp(x) = =) ;a; x; = - (25)

where tr() is the trace function. See, for example, Abid, Quaye, and Olive (2025).

Let the variance V(W) = V(W;;) = V(xl'z;) = o}, for i # j. Let m = floor(n/2) =
|n/2] be the integer part of n/2. So floor(100/2) = floor(101/2) = 50. Let the iid random
variables W; = &L @o; fori =1,...,m. Hence Wy, Wy, ... W,,, = xTxy, x4, ..., 2L | Top.
Note that E(W;) = p"p and V(W;) = o,. Let SZ, be the sample variance of the W;:

m

R Z(Wi — W) (26)

Zhao et al. (2024, p. 2024) showed that o3, = tr(X?) + 2u’Spu.

The following Abid, Quaye, and Olive (2025) theorem derived the variance V(T},)
under simpler regularity conditions than those in the literature. The second formula in
Theorem b5a) was obtained by Chen and Qin (2010).

Theorem 9. Assume y, ..., , are iid, F(x;) = p, and the variance V(z!z;) = o3,
for i # j. Let W;; = &'z, for i # j. Let 0 = Cov(W;j, W;4) = p?Ep where j # d, i < j,
and ¢ < d. Then

207 4(n —2)60 2 4utSp
V(T,) =—" = tr(%? :
@) V(In) n(n—1)+n(n—1) n(n —1) r(E) + n
b) If Hy : pp = 0 is true, then # = 0 and
208,  2tr(¥%) 20} —46

Vo=V = o T a1~ amn=1)"

Let V(T,) and Vi(T,) be consistent estimators of V(T},) and Vi(T},), respectively.

Then Srivastava and Du (2008), Bai and Saranadasa (1996), Chen and Qin (2010), Li
(2023), and others proved that under mild regularity conditions when Hj is true,

T /A V(T,) = To/\/ Vo(T) 2 N(0, 1).

Under regularity conditions when Hy is true, Li (2023) proved that T}, /+/ Vo (T}) Z 4, as
p — oo for fixed n > 3 where k = 0.5n(n — 1) — 1.
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A consistent estimator of Vy(7,,) needs a consistent estimator of o}, = 0.5n(n — 1)
Vo(Ty). Let s2 = Vo(T,). Then one estimator is 0.5n(n — 1)s2 = S3, from Equation (8).
An estimator nearly the same as the one used by Li (2023) is

0.5n(n — 1)s2 = 64, = ﬁ Z Z(wlTacj —T,)* = ﬁ Z Z(W” — T,

i#] i#]

A New Competing Test

If the parametric distribution D is known, then the iid cases assumption can be
changed to independent cases. Assume Y;|x! B ~ D(7(a +x3),0). If 3 = 0, then the
iid Y; ~ D(7(«),0). Hence testing Hy : 8 = 0 vs. Hy : B # 0 is equivalent to testing
whether the Y; are a random sample from the D(7(«), 8) distribution. Such a test can
be done with the Kolmogorov-Smirnov test, the chi-square test, the Anderson-Darling
test, the Cramér-von Mises test, et cetera. For specific distributions, there are often
tests. For example, the Lilliefors test can be used to test if the Y; are iid from a N(u, o?)
distribution where i and o2 are unknown. See, for example, Kellison and London (2011,
pp. 455-465), Conover (1971, pp. 295-308), Zheng, Lai, and Gould (2023), and Zheng et
al. (2025).

This test has great level and extreme dimension reduction since the test does not
depend on the predictors &. The power can be sometimes be very poor if the cases are
iid. a) If the (Y;, 27)T are iid from a multivariate normal distribution, then the Y; are iid
N(py,0%) regardless of whether 3 = 0 or 3 # 0 for the multiple linear regression model
Y(a+x'B) ~ N(a+x'B,0?). b) If the (Y;, 1) are iid from some distribution where
the Y; € {0,1} are binary, then the Y; are iid bin(n = 1, py) regardless of whether 8 =0
or 3 # 0 for the binary regression model Y|(a + 2 B) ~ bin(n = 1, p(a + 7 B3)).

The test does not depend on @, and can thus be done after variable selection. Also,
all of the predictors can have outliers and missing values.

A Test for Binary Regression or Classification

Olive (2017, pp. 396-397) gave the result for a binary response variable Y € {0, 1}.

Theorem 10. Let m; = P(Y = j) for j = 0,1. Let p; = E(z|Y = j) for j = 0, 1.
Then a) Ewy = ﬁlﬁo(ﬂl — ﬁbo), and b) Ewy = 7T17T0([,l,1 — [,LO).

Proof. Let N; be the number of Ys that are equal to i for 1 = 0,1 with n = Ny + Ns.

Then 1
;= A Z L

b jy=i

for i = 0,1 while 7; = N;/n and 7 = 1 — 7. Hence f1; = F; is the sample mean of the
xy, corresponding to Y, = j for j = 0,1. Then
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1

1 N N . 92 A A
- (N1fay + Nofrg) 1 = T foy, — 7 fy — Tiftofsg =

n
(1 = 7)oy — Tiftoftg = M1fo(fy — fro)-

Thus Xgy = mmo(py — pg). O

This result means n = gy = mmo(p; — Ky) and ¢ = p; — py are quantities
of interest for binary regression. Note that & = (w1, ..., Wk, W1Wy, ..., W Wk, ..., Wp_1w;) T
could be used to include pairwise interactions of the w;.

Theorem 2b) suggests that typically the binary regression B = CSgy. If the cases
(Y;, 2T are iid, then Hy : B = 0 can be tested with the omnibus test for Hy : gy If the
cases within each group are iid, if the two groups are independent, and if Ny /(N;+ No) —
71, then ¥gy = mmo(p; — o) by Theorem 6b). Thus Hy : 8 = 0 can be tested with a
high dimensional two sample test for Hy : @, = p,,.

(N1fy)

5.2 OPLS: Testing Hy: 3, =0

For OPLS, testing Hy : 3; = 0 versus Hy4 : [3; # Ois equivalent to testing Hy : 7; = 0 or
Hy: Cov(x;,Y) = 0. Theorem 7 or Theorem 9 can be used.

5.3 OPLS: Testing Hy: B; = (3, .., 0;,)T =0

For OPLS, testing Hy : B; = 0 versus Hy : (3; # Ois equivalent to testing Hj :
[Cov(zi,,Y), ...,Cov(z;,, Y)]T = 0. Theorem 9 can be used, or Theorem 7 can be used if
n > Jk with J > 5 where sometimes J needs to be much larger than 5.

High Dimensional Tests

Some tests when n/p is not large are simple. Testing Hy : ABzp = 0 versus H; :
ABgR # 0 is equivalent to testing Hy : An = 0 versus Hy : An # 0 where Aisa k x p
constant matrix. Let Cov(n) = Xqp be the asymptotic covariance matrix of 7). In high
dimensions where n < 5p, we can’t get a good nonsingular estimator of Cov(n), but we
can get good nonsingular estimators of Cov((91, ..., f)?) with w = (241, ..., 7;)? where
n > Jk with J > 10. (Values of J much larger than 10 may be needed if some of the k
predictors are skewed or if a 7; in near 0 or 1.) Simply use the sample covariance matrix
with w replacing . Hence we can test hypotheses like Hy : 3; — 3; = 0. In particular,
testing Hy : 5; = 0 is equivalent to testing Hy : n; = 0.

Data splitting uses model selection (variable selection is a special case) to reduce
the high dimensional problem to a low dimensional problem. The above procedure also
reduces the high dimensional problem to a low dimensional problem.

6 Bigger Model

Often there is a smaller constrained model and a bigger model without the constraints.
Sometimes the bigger model greatly increases the applicability of the model.
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6.1 Everyone is Trying to Estimate 3, and Nearly Nothing
Works in High Dimensions

In high dimensions, it is very difficult to estimate a p x 1 vector 6. This result is a form
of “the curse of dimensionality.” If a y/n consistent estimator of 8 is available, then the

squared norm
p

16 =61 = (6 — 6:)° < p/n. (27)

=1

When p is fixed, p/n — 0 as n — oo and 0 is a consistent estimator of 6. In high
dimensions, often the estimator has not been shown to be consistent, except under very
strong regularity conditions.

Here 8 = 3 or 8 = ~ are possible. For example, the sample eigenvectors d; tend to
be poor estimators of the population eigenvectors d; of ¥z. An exception is when the
correlation Cor(x;,x;) = p for i # j where p is close to 1. See Jung and Marron (2009).

6.1.1 Bet on Sparsity Principle

The “don’t bet on sparsity principle” is S = F' because (3; = 0 is not reasonable for any 1.
Note that with » > 1 response variables, the sparsity assumption becomes much stronger
than with » = 1, since there is an r x (p — ¢) matrix of Os.

The “bet on sparsity principle” makes the following assumption. Let I be the model
selected, e.g., by lasso or elastic net.
a) S C 1.
b) B=0Br= 51,0-
¢) The number of variables a in I is small compared to n so that BI,O is a good estimator

of B;. Hence B[ is a good estimator of 3;.

A useful bigger model is B ; is a good estimator of 3;. This assumption can be checked
if n > Ja where J > 5. As always, sometimes J much larger than 5 is needed. The
bigger model greatly increases the applicability of lasso since assumptions a) and b) are
not needed. The response plot of ESP(I) versus Y is useful to check the model. See, for
example, Olive (2013). Note that data splitting is for model 3;, not for model 3; , = B.

The “variable selection principle” is that in low dimensions, sensible variable selec-
tion estimators keep the sample correlation cor(ESP(I), ESP(F)) high. This principle
corresponds to the bigger model, and can be checked.

Lasso selects no more than n predictors and a constant to be in the model. Lasso uses
agrid A\ < Ao < --- < A\jyy. When p is fixed, jqn/\/ﬁ L 7 does not do variable selection
well. For variable selection, want jxln/\/ﬁ — 00, but 5\1n/n — 0. See Fan and Li (2001).
Let A\; = 2n). Guan and Tibshirani (2020) (and likely glmnet) use A < Cn~'/* for some
large constant C'. Hence A\, = A\; o n3/ 4 and the consistency rate of the lasso algorithm
is as best n'/4, but variable selection lasso has the \/n rate (if the OLS full model is added
as one of the models considered).

Adding \g = C/n/log(n) or Ay = n%* to the grid does not seem to be a good
idea, because k—fold cross validation chooses Ay too often, and lasso with the modified
grid does not do variable selection well: lasso selects the full model too often compared
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to forward selection with C,. Heuristically, in low dimensions, lasso with Xy is y/n
consistent while lasso with )\ is n'/4 consistent, and k—fold cross validation prefers the
\/n consistent estimator. Using A\; makes the lasso variable selection estimator more like
forward selection with C), in low dimensions. Getting rid of weak (but population active)
predictors that degrade the performance of the full model is more important than having
\/n consistency or minimizing lasso without the \; constraint. Empirically, researchers
have decades of experience showing that sparse fitted models from variable selection
often work better than the full model. Variable selection is an important widely used
technique.

The unilasso estimator finds the marginal estimators (d;,7;) from regressing Y on
z;, like the MMLE. Then the leave one out estimators (&;", ;") are computed. Let
0 = (0p,01,...,0,)T. Fit lasso with an intercept, no standardization, and nonnegativity
constraints:

1< P . . P
min{— D=0 = (67 + 07 w0 + A ej} with 6; >0 Vj > 1.
A e j=1 j=1

Perform the minimization over a grid of  values and select \ using k—fold cross valida-
tion. Let [ = {4y, ..., ix} correspond to the k predictors with nonzero [3; where the unilasso

) . 5 . . 5 A . AT
estimator B3, = (B, ..., 8;)" and By = Bro = (B, ..., B,)". Then ESP(I) = a+ B,z =
~T ~ ~ ~ ~ ~ ~
Q + ,BUw = + Z?:l ﬁzl’z =& + Z;?:l ﬁijl’ij where ﬁz = Qlﬁl and & = 90 + Z?zl dﬁj. As
A decreases to zero, the limiting estimator is called the unireg estimator BUR, and still

has nonnegativity constraints.

The unilasso estimator has some interesting properties. Let ESP(F) = ap + B?w
for a full model that depends on x through SP = ar 4+ BLa. Such models include MLR,
the Nelder and Wedderburn (1972) GLMs, and the Cox (1972) proportional hazards
regression model. The predictors x; are replaced by W; = a;* + 7, 'a; for i = 1,...,p
in the lasso type criterion. The full model 3 often changes the sign of the marginal
estimator to get a better fit. The unilasso estimator does not allow sign changes from
the marginal model because of the nonnegativity constraints. Hence the unilasso Bj
may become 0 because of lasso type regularization or to avoid the sign change. Then the
unilasso k is often less than the lasso a = number of nonzero lasso coefficients. In general,
By # Bp, and unilasso does not satisfy the bet on sparsity principle for the population
model. Unilasso variable selection (where the full model is added as one of the models
considered) is useful in low dimensions by Subsection 2.3.3. In high dimensions, sparse
fitted models are useful if they can be checked or have a better value for k—fold cross
validation than competing models.

7 Outlier Resistance

To make outlier resistant analogs for many statistical techniques, including envelopes,
lasso, PCA, and PLS, suppose the cases are wr, ..., w,. Find the Euclidean distances D;
of the w; from the coordinatewise median of the n cases. Find the ng cases that satisfy
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D; < MED(Dx, ..., D,) + 5MAD(Dy, ..., D,,), and apply the statistical technique on the
ng cases. For variants, R code, and more explanation, see Olive (2025).

8 Examples

The following example demonstrates the Theorem 5 result that 3 MLE = Bm = Bp if Ap
is nonsingular.

Example 1. The species data is from Cook and Weisberg (1999, pp. 285-286)
and Johnson and Raven (1973). The response variable is the total number of species
recorded on each of 29 islands in the Galapagos Archipelago. Predictors include area of
island, areanear = the area of the closest island, the distance to the closest island, the
elevation, and endem = the number of endemic species (those that were not introduced
from elsewhere). The R output below used predictors log(endem) and log(areanear).
For both Poisson regression and negative binomial regression, HPLS Bp = Bw

source("http://parker.ad.siu.edu/0live/sldata.txt")
Y<-species[,1]
endem<-species[,2]
lnendem <- log(endem)
areanear <- species[,7]
lnareanear <- log(areanear)
#use HPLS for the p-component estimator
outl <- glm(Y~ log(endem)+log(areanear) ,family=poisson)
ESP1 <- predict(outl)
x <- cbind(lnendem,lnareanear)
covxy <- cov(x,Y)
gamlhat<- covxy
wl <- x%*%,covxy
gam2hat <- cov(x) %*% covxy
w2 <- xxY%gam2hat
out2 <- glm(Y wil+w2,family=poisson)
out2$coef #PR thetahat = (0.01421,-0.001482)"
(Intercept) wl w2
-0.044393306 0.014205369 -0.001481973
ESP2 <- predict(out2)
plot (ESP2,ESP1)
abline(0, 1)
AhatTrans <- cbind(gamlhat,gam2hat)
AhatTransY*%hout2$coef [c(2,3)]
[,1] #PR betahat_p
lnendem 1.32751783
Inareanear -0.02241533
outi$coef  #PR betahat = (1.3257,-0.02242)°
(Intercept) log(endem) log(areanear)
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-0.04439331 1.32751783 -0.02241533
#above was Poisson regression, now do negative binomial regression
library(MASS) #theta=37 needs to be specified
out3 <- glm(Y"log(endem)+log(areanear) ,family=negative.binomial (37))
ESP3 <- predict(out3)
outd <- glm(Y"wil+w2,family=negative.binomial(37))
ESP4 <- predict(out4)
plot (ESP4,ESP3)
abline(0, 1)
AhatTransY*%outd$coef [c(2,3)]

[,1] #NBR betahat_p

Inendem 1.32370941
Inareanear -0.02328905
out3$coef #NBR betahat = (1.3237,-0.2329)°
(Intercept) log(endem) log(areanear)

-0.02914982 1.32370941 -0.02328905

Example 2. The Hebbler (1847) data was collected from n = 26 districts in Prussia
in 1843. Let Y; = the number of women married to civilians in the district, Y5 = the
number of women married to husbands in the mailitary in the district with a constant
and predictors x; = the population of the district in 1843, xo = the number of married
ciilian men in the district, x3 = the number of married men in the military in the
district. Sometimes the person conducting the survey would not count a spouse if the
spouse was not at home. Hence Y; and x5 are highly correlated but not equal. Similarly,
Y5 and x3 are highly correlated but not equal. The predictor x; was highly correlated
with Y] and z5. For the multivariate OLS and lasso estimators,

R 0.00035 0.00005 R 0.00078 0.00001
Bors = | 0.9996 0.00047 |, Basso = | 0.9700  0.0056
0.0871  0.9509 0 0

PCR and PLS chose the p-component estimator, whether regressed on y or Y; and then
Y2, and were thus equivalent to multivariate OLS for this data set. Performing lasso on
Y; and then Y3, and then finding By gave

R 0.0018 0 K 0.0019 0+
Biusso = | 09618 0.0013 | , By = 0.9913 0.00017
0 0.9464 —0.1091 0.9501

Here b = 0+ indicates that [b] < 0.00001. Performing relaxed lasso on Y7 and then Yo,
and then finding By gave

R 0.00007 0 X 0.00007 0+
Bpgrr, = | 1.0006 0.00017 |,Bg = 1.0011  0.00013
0 0.9501 —0.0871 0.9464

The uniLasso estimator, applied to Y; and then Y5, worked well since each response
variable is best represented by a simple linear regression estimator. Forward selection,
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on Y; and then Y5, also worked well. This estimator would also be the relaxed unilLasso
estimator.

) 0 0 ) 0 0
B,=|09716 0 | ,Bps=|10010 0
0 0.9415 0 09585

Some R code is below.

x <- marryl[,-c(3,5)]
Y1 <- marryl[,3]
Y2 <- marry[,5]
y <- cbind(Y1,Y2)
mols <- lsfit(x,y)

Y1 Y2
Intercept 2.398139e+02 -1.682749e+01
pop 3.467458e-04 -5.368749e-05
mmen 9.995575e-01 4.662285e-04
mmilmen -8.713382e-02 9.508827e-01
library(glmnet)
outlasso <- cv.glmnet(x,y,family="mgaussian")
lam <- outlasso$lambda.min
lcoef <- predict(outlasso,type="coefficients",s=lam)

lcoef

$Y1

4 x 1 sparse Matrix of class "dgCMatrix"
5=1066.251

(Intercept) 2.800322e+03

pop 7.857383e-04

mmen 9.700227e-01

mmilmen

$Y2

4 x 1 sparse Matrix of class "dgCMatrix"
5=1066.251

(Intercept) 1.750867e+02

pop 1.081750e-05

mmen 5.560175e-03

mmilmen

outl <- cv.glmnet(x,Y1)

lam <- outl$lambda.min

lcoef <- predict(outl,type="coefficients",s=lam)

lcoef

4 x 1 sparse Matrix of class "dgCMatrix"
s=1170.189

(Intercept) 3.000397e+03

pop 1.800342e-03

mmen 9.618035e-01
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mmilmen

out2 <- cv.glmnet(x,Y2)

lam <- out2$lambda.min

lcoef <- predict(out2,type="coefficients",s=lam)
lcoef

pop .
mmen 1.315187e-04
mmilmen 9.463703e-01

wl <- x%*%c(1.800342¢-03,9.618035e-01,0)
w2 <- x%h*%c(0,1.315187e-04,9.463703e-01)
w<- cbind(wl,w2)

Dhat <- 1lsfit(w,y)$coef[-1,]

Y1 Y2
X1 1.0307024 4.222075e-05
X2 -0.1153572 1.003938e+00

etalhat <- c(1.800342e-03,9.618035e-01,0)
eta2hat <- ¢(0,1.315187e-04,9.463703e-01)
AhatTrans <- cbind(etalhat,eta2hat)
BhatH <- AhatTrans’*%Dhat
Y1 Y2
[1,] 0.001855617 7.601178e-08
[2,] 0.991318031 1.726447e-04
[3,] -0.109170643 9.500975e-01
#relaxed lasso
routl <- 1sfit(x[,-3],Y1)$coef
rout2 <- 1lsfit(x[,-1],Y2)$coef
routl
Intercept pop mmen
2.380912e+02 6.556895e-05 1.000603e+00
rout?2
Intercept mmen mmilmen
-1.950581e+01 1.731124e-04 9.500960e-01
wl <- x%*%c(6.556895e-05, 1.000603e+00,0)
w2 <- x%*%c(0,1.731124e-04, 9.500960e-01)
w<- cbind(wl,w2)
Dhat <- 1lsfit(w,y)$coef[-1,]
etalhat <- c(6.556895e-05, 1.000603e+00,0)
eta2hat <- ¢(0,1.315187e-04,9.463703e-01)
AhatTrans <- cbind(etalhat,eta2hat)
BhatH <- AhatTrans’*%Dhat
Y1 Y2
[1,] 6.560201e-05 -1.245153e-13
[2,] 1.001096e+00 1.315168e-04
[3,] -8.268911e-02 9.463704e-01
##unilasso
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library(unilasso)

outl<-cv.unilasso(x,Y1)

lam <- outl$lambda.min

lcoef <- predict(outl,type="coefficients",s=lam)
lcoef

4 x 1 sparse Matrix of class "dgCMatrix"

s=46983463
(Intercept) 3109.5982108
pop .
mmen 0.9715993
mmilmen

out2<-cv.unilasso(x,Y2)
lam <- out2$lambda.min
lcoef <- predict(out2,type="coefficients",s=lam)
lcoef

5=3278.221
(Intercept) 4.3077246
pop 0.0000000
mmen 0.0000000
mmilmen 0.9415391
#forward selection with Cp
library(leaps)
temp<-regsubsets(x,Y1,method="forward")
out<-summary (temp)
vars <- as.vector(1:3)
mincp <- out$which[out$cp==min(out$cp),]
vin <- vars[mincp[-1]]

vin

2

1sfit(x[,vin],Y1) $coef
Intercept X

241.544496 1.000967
temp<-regsubsets(x,Y2,method="forward")
out<-summary (temp)

vars <- as.vector(1:3)

mincp <- out$which[out$cp==min(out$cp),]
vin <- vars[mincp[-1]]

vin

3

1sfit(x[,vin],Y2)$coef
Intercept X

-9.0176168 0.9585048

##PLS

library(pls)

z <- as.data.frame(cbind(y,x))
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out <- plsr(y~pop+mmen+mmilmen,data=z,method="simpls",validation="CV")
bhat<- coef (out,intercept=TRUE)

bhat Y1 Y2 #same as OLS
(Intercept) 2.398139e+02 -1.682749e+01
pop 3.467459e-04 -5.368749e-05
mmen 9.995574e-01 4.662285e-04
mmilmen -8.713384e-02 9.508827e-01

out <- plsr(y~pop+mmen+mmilmen,data=z,method="simpls",scale=TRUE,validation="CV")
bhat<- coef (out,intercept=TRUE)

Y1 Y2 #this method did not work
(Intercept) 239.81391 -16.82749
pop 79.15141 -12.25520
mmen 40880.32880 19.06801
mmilmen -39.25344 428.36886

outl <- plsr(Y1~pop+mmen+mmilmen,data=z,method="simpls",validation="CV")
bhat<- coef (outl,intercept=TRUE)

bhat Y1 #same as OLS
(Intercept) 2.398139e+02
pop 3.467411e-04
mmen 9.995575e-01
mmilmen -8.713236e-02

out2 <- plsr(Y2 pop+mmen+mmilmen,data=z,method="simpls",validation="CV")
bhat<- coef (out2, intercept=TRUE)
bhat
Y2 #same as OLS
(Intercept) -1.682749e+01

pop -5.368749e-05
mmen 4.662285e-04
mmilmen 9.508827e-01 #below is the same for PLS and PCR

wl <- x%*%c(3.467411e-04, 9.995575e-01, -8.713236e-02)
w2 <- xh*%hc(-5.368749e-05, 4.662285e-04, 9.508827e-01)
w<- cbind(wl,w2)
Dhat <- 1lsfit(w,y)$coef[-1,]
etalhat <- c(3.467411e-04, 9.995575e-01, -8.713236e-02)
eta2hat <- c(-5.368749e-05, 4.662285e-04, 9.508827e-01)
AhatTrans <- cbind(etalhat,eta2hat)
BhatH <- AhatTrans’*%Dhat
BhatH #same as OLS
Y1 Y2
[1,] 0.0003467412 -5.368749e-05
[2,] 0.9995574755 4.662285e-04
[3,] -0.0871337489 9.508827e-01
##PCR
library(pls)
x <- marry[,-c(3,5)]
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Y1 <- marryl[,3]

Y2 <- marry[,5]

y <- cbind(Y1,Y2)

z <- as.data.frame(cbind(y,x))

out <- pcr(y~pop+mmen+mmilmen,data=z,validation="CV")
bhat<- coef (out,intercept=TRUE)

bhat  #same as OLS

Y1 Y2
(Intercept) 2.398139e+02 -1.682749e+01
pop 3.467458e-04 -5.368749e-05
mmen 9.995575e-01 4.662285e-04
mmilmen -8.713382e-02 9.508827e-01

outl <- pcr(Y1“pop+mmen+mmilmen,data=z,validation="CV")
bhat<- coef (outl,intercept=TRUE)
bhat  #same as OLS

Y1
(Intercept) 2.398139e+02
pop 3.467458e-04
mmen 9.995575e-01
mmilmen -8.713382e-02

out2 <- pcr(Y2 pop+mmen+mmilmen,data=z,validation="CV")
bhat<- coef (out2, intercept=TRUE)
bhat #same as OLS

Y2
(Intercept) -1.682749e+01
pop -5.368749e-05
mmen 4.662285e-04
mmilmen 9.508827e-01

9 CONCLUSIONS

A useful high dimensional technique is to use PCA for dimension reduction. Let Uy, ..., U,

be the PCA linear combinations (U; = Elfac) ordered with respect to the largest eigen-
values. Then use Uy, ..., U in the regression or classification model where k is chosen in
some manner. For example, use Equation (5) with Q(i) = A;. The problem with this idea
is that principal components are used to explain the structure of the dispersion matrix
of the data, not to be linear combinations of the data that are good for classification.
See, for example, Artigue and Smith (2019), Cook (2007, 2018), and Zhang and Chen
(2020). Cook and Forzani (2021) used the PLS components as predictors for nonlinear
regression.

From a model selection viewpoint, using Wi, ..., Wj should work much better than
using Uy, ..., Ug. Also, the PLS components W; should be used instead of the PCA W,
since the PLS components are chosen to be fairly highly correlated with y. One method
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to select k is to find D such that

D .
21 Q0 4 g7,

1 Q) —

Then use the k = min(D,n—2,p) W; as the variables. The @) scree plot can also be used.
For r = 1 with a univariate response variable Y, let Wy, ..., W, be ordered with respect
to the highest squared correlations 7’% > 7’% > s > 7’5 where the sample correlation
Qi) =1 =1y = cor(x;,Y). See Olive (2025).

Binary regression is closely related to two sample tests. Note that 1 = f; — f15
can use other multivariate location estimators than sample means. For example, sample
coordinatewise medians, sample coordinatewise trimmed means, and the Olive (2017b)
Tryvn estimator have large sample theory given by Rupasinghe Arachchige Don and
Olive (2019) and Rupasinghe Arachchige Don and Pelawa Watagoda (2018).

Some papers on binary regression include Cai, Guo, and Ma (2023), Candes and Sur
(2020), Mukherjee, Pillai, and Lin (2015), Sur and Candes (2019), Sur, Chen, and Candes
(2019), and Tang and Ye (2020). Empirically, often 8,5 ~ d By.s. Haggstrom (1983)
suggests that d is not far from 1/MSE for logistic regression.

These binary regression estimators also give new ways to compare multivariate loca-
tion estimators from two groups. The tests using k predictors can be performed. High
dimensional tests for means from two groups can also be used. The tests that make very
strong assumptions, such as multivariate normality or equal covariance matrices for the
two groups, should be avoided. See Feng and Sun (2015), Gregory et al. (2015), Hu and
Bai (2015), Rajapaksha and Olive (2024), and Xue and Yao (2020).

Yee (2015) considers many models with » > 1, and has R software. The OLS multi-
variate linear regression techniques are also useful for vector autoregressive VAR(p) time
series. See Samadi and Herath (2024) for references.

Software

The R software was used in the simulations. See R Core Team (2024). Programs
will be added to the Olive (2025) collections of R functions slpack.tzt, available from
(http://parker.ad.siu.edu/Olive/slpack.txt). Some R packages used include glmnet Fried-
man et al. (2015), unilasso Hastie, Tibshirani, and Chatterjee (2026), leaps Lumley
(2009), and pls Mevik et al. (2015).
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