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Abstract

A common regression and classification technique computes linear combinations

Wi = γ̂T
i x of the predictors x = (x1, ..., xp)

T for i = 1, ..., p where W1, ..., Wp are
ordered in some way. Then the response variables are regressed on W1, ..., Wk to

produce the k−component estimator for k = 1, ..., M with M ≤ p. Examples in-
clude envelopes, sufficient dimension reduction estimators, and variable selection
estimators with Wi = xij . Several methods (including principal component regres-

sion, partial least squares, forward selection, lasso, unilasso, and the elastic net)
can be used in high dimensions where n/p is small and n is the sample size. Exam-

ining some of the properties of k−component estimators is useful for unifying these
dimension reduction procedures. Some new ordering techniques to obtain the Wi

are also given.

KEY WORDS: envelopes, marginal maximum likelihood estimator, PCA,

PLS, SDR, variable selection.

1 INTRODUCTION

Some important statistical methods include regression, multivariate statistics, and clas-
sification. These methods are useful for machine learning, an important part of artificial
intelligence.

High dimensional statistics are used when n < 5p where n is the sample size and p
is the number of variables. Such a model is overfitting: the model does not have enough
data to estimate p parameters accurately. Then n tends to be not large enough for
the classical statistical method to be useful. A less general definition of high dimensional
statistics is that p is large. Sometimes p > Jn with J ≥ 10 is called ultrahigh dimensional
statistics.

∗David J. Olive is Professor, School of Mathematical & Statistical Sciences, Southern Illinois Univer-
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In high dimensions, it is very difficult to estimate a p × 1 vector θ. This result is a
form of “the curse of dimensionality.” If a

√
n consistent estimator of θ is available, then

the squared norm

‖θ̂ − θ‖2 =

p∑

i=1

(θ̂i − θi)
2 ∝ p/n. (1)

When p is fixed, p/n → 0 as n → ∞ and θ̂ is a consistent estimator of θ. In high
dimensions, often the estimator has not been shown to be consistent, except under very
strong regularity conditions.

Some notation for dimension reduction methods is needed. Let y = (Y1, ..., Yr)
T be a

vector of r response variables and let x = (x1, ..., xp)
T be a vector of p predictor variables.

For example, predict Y1 = mussel muscle mass and Y2 = mussel shell mass from x1 =
height, x2 = width, and x3 = length of the mussel shell. Then r = 2 and p = 3.

Let G be an p× k matrix and let C = span(G) be the subspace of R
p spanned by the

columns of G. Let Ip be the p× p identity matrix. For a symmetric p× p matrix D, let
D > 0 and D ≥ 0 denote that D is positive definite or positive semidefinite, respectively.
Then the projection onto C is P k = PG = G(GTG)−1GT provided GT G > 0. Let
Qk = QG = Ip −P k be the orthogonal projection.

Let L be a subspace of R
p. Let {γ1, ..., γq} be a basis for L, and let {γ1, ..., γq, γq+1, ...,

γp} be a basis for R
p. Then several dimension reduction methods involve estimating q

and γ̂ i for i = 1, ..., q. Let G = [γ1...γq] be the basis matrix for L. Let y x|Ax indicate
that the response vector y is independent of the predictors x given Ax. Then a subspace
L ⊆ R

p that satisfies y x|P q x is a dimension reduction subspace for the regression of
y on x. Thus the reduced predictors w = P q x hold all of the information that x has
about y. If the intersection of all dimension reduction subspaces is a dimension reduction
subspace, then that subspace is called the central subspace, denoted by Ly|x.

For a predictor envelope L = Ex, suppose a) y x|P q x, and b) Cov(P q x, Qq x) =
0. Notation: w = P q x is material for the regression of y on x while u = Qq x

is immaterial for the regression of y on x. Then L ⊆ R
p reduces Σx if and only if

Cov(P q x, Qq x) = 0. Assume Ly|x ⊆ span(Σx). The predictor envelope (subspace)
Ex for the regression of y on x is the intersection of all dimension reduction subspaces
that reduce Σx and contain Ly|x. Hence Ly|x ⊆ Ex. The envelope subspace may be
larger than the central subspace, but tends to handle high predictor collinearity better
than sufficient dimension reduction (SDR) estimators of the central subspace. See Cook
and Forzani (2024).

Let the covariance matrix of x be Cov(x) = Σx = E[(x−E(x))(x−E(x))T ] and the
p×1 vector Cov(x, Y ) = ΣxY = E[(x−E(x))(Y −E(Y ))] = (Cov(x1, Y ), ..., Cov(xp, Y ))T

= η. Let Cov(x, y) = Σxy = E[(x−E(x))(y−E(y))T ]. Let the sample covariance ma-
trix

Σ̂x = Sx =
1

n − 1

n∑

i=1

(xi − x)(xi − x)T .

Let estimators

Σ̂xy = Sxy = cov(x, y) =
1

n − 1

n∑

i=1

(xi − x)(yi − y)T ,
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and

Σ̃xy =
1

n

n∑

i=1

(xi − x)(yi − y)T .

Let the population correlation ρij = ρxi,xj
= Cor(xi, xj) and the sample correlation

rij = rxi,xj
= cor(xi, xj). Let the population correlation matrices Cor(x) = ρx = (ρij)

and Cor(x, Y ) = ρxY = (ρx1,Y , ..., ρxp,Y )T . Let the sample correlation matrices be

Rx = (rij) and rxY = (rx1,Y , ..., rxp,Y )T . Then Σ̂x and R are dispersion estimators,

and (x, Σ̂x) is an estimator of multivariate location and dispersion.
For partial least squares (PLS), PLS1 algorithms are for regression with a univariate

response Y , while PLS2 algorithms are for a multivariate response y, and are also PLS1
algorthms if r = 1. PLS, SDR, and envelopes algorithms produce estimated basis vectors
γ̂ i sequentially, using the response variables.

The NIPALS PLS algorithm uses γ̂1 = 1st eigenvector of SxyST
xy . For k < q,

the SIMPLS algorithm uses γ̂1 and γ̂k+1 = argmaxγ∈Rp γTSxyST
xyγ subject to

γTSxÂ
T

k = 0 and γT γ = 1. See Cook and Forzani (2024) and Wold (1975).
Suppose the positive semidefinite dispersion matrix Σ has eigenvalue eigenvector pairs

(λ1, d1), ..., (λp, dp) where λ1 ≥ λ2 ≥ · · · ≥ λp. Let the eigenvalue eigenvector pairs of Σ̂

be (λ̂1, d̂1), ..., (λ̂p, d̂p) where λ̂1 ≥ λ̂2 ≥ · · · ≥ λ̂p. These vectors are important quantities
for principal component analysis (PCA).

The marginal maximum likelihood estimator (MMLE) is due to Fan and Lv (2008)
and Fan and Song (2010). This estimator computes the marginal regression, such as the
binary logistic regression, of Y on xj resulting in the estimator (α̂j,M , β̂j,M) for j = 1, ..., p.

Then β̂MMLE = (β̂1,M , ..., β̂p,M)T . Let σ̂i be the sample standard deviation of xi where
σ̂2

i is the sample variance of xi. If the MMLE regresses Y on the predictors vi = xi/σ̂i

standardized to have unit sample variances, then MMLE variable selection keeps the J
predictors corresponding to the largest |β̂i| = |β̂i,M |. Hence Wi = xij and W1, ..., Wp are

ordered by |β̂i1| ≥ |β̂i2| ≥ · · · ≥ |β̂ip|. Similar orderings could be produced using other
regression estimators, such as ridge regression applied to all of the predictors vi. Forward
selection also orders the predictors.

Principal components regression (PCR), PLS, SDR, envelopes, and several other di-
mension reduction methods use p linear combinations γT

1 x, ..., γT
p x. Let the jth column of

Ip be cj = (0, ..., 0, 1, 0, ..., 0)T where the 1 is in the jth position. The cj form the standard
basis vectors for R

p and cT
j x = xj. For variable selection estimators, let Wi = γ̂

T
i x = xij

where γ̂ i = cij . For PCA regression, often γi(PCA) = di and γ̂ i(PCA) = d̂i, but other

orderings γ̂i(PCA) = d̂ij may work better.
A common regression and classification technique computes linear combinations Wi =

γ̂T
i x of the predictors for i = 1, ..., p, where W1, ..., Wp are ordered in some way. The

k-component estimator, e.g. the k-component PLS estimator or the k-component PCR
estimator, is obtained by regressing Y or y on W1, ..., Wk where often a constant or
constant vector is in the model. Let k = 1, ..., M where M ≤ p. The model selection
estimator chooses one of the k-component estimators, e.g. using cross validation, and
may be denoted by β̂MSPLS or β̂MSPCR.
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Remark 1. The following results are useful for several regression and covariance
estimators. Let wi = Anxi for i = 1, ..., n where An is a full rank k × p matrix with
1 ≤ k ≤ p.

a) Let Σ∗ be Σ̂ or Σ̃. Then Σ∗
w = AnΣ

∗
xAT

n , Σ∗
wY = AnΣ

∗
xY , and Σ∗

wy = AnΣ
∗
xy.

b) If An is a constant matrix, then Σw = AnΣxAT
n , ΣwY = AnΣxY , and Σwy =

AnΣxy.
c) Let r > 1, and let zi = Dnyi where Dn is a full rank k× r matrix with 1 ≤ k ≤ r.

Then Σ∗
xz = Σ∗

xyDT
n . If Dn is a constant matrix, then Σxz = ΣxyDT

n .
d) Let a > 0 and b > 0. Then the sample correlation cor(x, y) = cor(ax, by) =

cor(−ax,−by) = −cor(−ax, by) = −cor(ax,−by).
Much of the literature uses multiple linear regression or multivariate linear regression

as the regression method. Let the multivariate linear regression model be y = α+BT x+ε

where B = [β1β2 · · ·βr]. The ordinary least squares (OLS) estimator B̂ = Σ̂
−1

x Σ̂xy.

Let Âkx = w = (W1, ..., Wk)
T where Âk is the matrix with ith row γ̂T

i for i = 1, ..., k.
Let Dk = [θ1θ2 · · · θk]. Fit the working model

y = αk + DT
k w + ε = αk + DT

k Âkx + ε

with B̂
T

k = D̂
T

k Âk. Then the OLS estimator D̂k = Σ̂
−1

wΣ̂wy, and the k−component

estimator B̂k = Â
T

k D̂k = Â
T

k (ÂkΣ̂xÂ
T

k )−1ÂkΣ̂xy by Remark 1. Here k = 1, ..., M

where M ≤ min(n− 2, p) needs to be small enough so that (ÂkΣ̂xÂ
T

k )−1 exists. If Σ̂
−1

x

exists, then B̂k = P ˆA
T

k (
ˆΣx)

B̂OLS. Suppose k = p and both Σ̂
−1

x and Â
−1

p exist. Then

Â
T

p (ÂpΣ̂xÂ
T

p )−1ÂpΣ̂x,y =

B̂p = Â
T

p (Â
T

p )−1Σ̂
−1

x (Âp)
−1ÂpΣ̂x,y = Σ̂

−1

x Σ̂x,y = B̂OLS. (2)

Replace B by β if r = 1 so Y is used instead of y. Thus for multiple linear regression
with OLS, let Y = α + xT β + e. Let the working model be Y = αk + θT

k w + e. Then

the OLS estimator θ̂k = Σ̂
−1

wΣ̂wY . By Remark 1, the k-component estimator

β̂k = Â
T

k θ̂k = Â
T

k (ÂkΣ̂xÂ
T

k )−1ÂkΣ̂x,Y .

Section 2 considers r = 1 with response variable Y , reviews variable selection, and
Theorem 5 generalizes Equation (2) to many other regression models. Section 3 general-
izes some of the Section 2 results to r > 1 response variables y. Section 4 considers the
OPLS estimator, and Section 5 gives some high dimensional tests.

2 Univariate Response Y

For r = 1, let Y be a response variable for regression or classification. Important regres-
sion models include generalized linear models (GLMs), nonlinear regression, nonpara-
metric regression, and survival regression models. There are n cases (Yi, x

T
i )T , and for

some important models, Y depends on x through the sufficient predictor SP = α+xT β.
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Let the estimated sufficient predictor ESP = α̂ + xT β̂ where sometimes α = α̂ = 0.
Some important classification models include binary regression, linear discriminant anal-
ysis, and quadratic discriminant analysis. A binary regression model is Y = Y |SP ∼
binomial(1, ρ(SP)) where ρ(SP ) = P (Y = 1|SP ). There are many binary regression
models, including binary logistic regression, binary probit regression, and support vec-
tor machines (SVMs) (with Zi = 2Yi − 1). See Cook and Weisberg (1999), Nelder and
Wedderburn (1972), and James et al. (2021).

Let the multiple linear regression (MLR) model

Yi = α + xi,1β1 + · · · + xi,pβp + ei = α + xT
i β + ei (3)

for i = 1, ..., n. In matrix form, this model is Y = Xφ+e, where Y is an n× 1 vector of
dependent variables, X is an n×(p+1) matrix of predictors, φ = (α, βT )T is a (p+1)×1
vector of unknown coefficients, and e is an n× 1 vector of unknown errors. Assume that
the ei are independent and identically distributed (iid) with expected value E(ei) = 0
and variance V (ei) = σ2. A multiple linear regression model with heterogeneity has the
zero mean ei independent with V (ei) = σ2

i .
Then the OLS estimators for model (3) are φ̂OLS = (XT X)−1XTY , α̂OLS = Y −

β̂
T

OLSx, and

β̂OLS = Σ̃
−1

x Σ̃xY = Σ̂
−1

x Σ̂xY = Σ̂
−1

x η̂.

For a multiple linear regression model with iid cases, β̂OLS is a consistent estimator of
βOLS = Σ−1

x ΣxY under mild regularity conditions, while α̂OLS is a consistent estimator
of E(Y ) − βT

OLSE(x).

For a univariate response Y , span(AT
k ) and span(Â

T

k ) are the same for the SIMPLS,
NIPALS, and HPLS algorithms for k = 1, ..., q. See Cook and Forzani (2024, p. 96).
HPLS uses γi = Σi−1

x ΣxY and γ̂i = Si−1
x SxY with S0

x = Σ0
x = Ip. Thus γ̂1 =

SxY and Wi = γ̂T
i x. There are regularity conditions for this result that have been

missed in the literature: if ΣxY is an eigenvector of Σx, then span(AT
p ) = span(AT

k ) =
span(ΣxY ) = span(βOLS) for HPLS. The literature has noted that the HPLS Wi can
have high multicollinearity.

The next result was given by Chun and Keleş (2010) for r = 1, but the proof may
be new. So PLS is a model free way to get predictors Wi = γ̂T

i x that are fairly highly
correlated with the response variable Y , and the absolute correlations tend to decrease
quickly. Let V̂ (X) be the sample variance of X.

Theorem 1. For r = 1 and 1 < k < q, the SIMPLS algorithm maximizes

QS(γTx) = V̂ (γTx)[cor(γT x, Y )]2 (4)

subject to γTSxÂ
T

k = 0 and γTγ = 1.
Proof. By Remark 1, γT SxY = SγT x,Y = cov(γT x, Y ), and

γT SxY ST
xY γ = [cov(γT x, Y )]2 = [cor(γTx, Y )]2V̂ (γT x)V̂ (Y ).

Since V̂ (Y ) is a constant with respect to γ, the result follows. �
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Given Uj = γ̂T
j x, the model free variable importance criterion QS(γ̂T

j x) can be used
to order the Uj in importance. Let W1, W2, ..., Wp be the variables Uj ordered with respect
to a criterion Q, corresponding to Q(1) ≥ Q(2) ≥ · · · ≥ Q(p). Then a Q scree plot is a
plot of i versus Q(i), and scree plot techniques can be used to choose the number q̂ of
variables to be used in the regression. For example, let

Rk =

∑k
i=1 Q(i)∑p
i=1 Q(i)

(5)

for k = 1, ..., p. Let D = smallest value of k such that Rk ≥ c, e.g, c = 0.975. Then use
k̂ = q̂ = min(D, n − 2, p). This technique can be much faster than using 5-fold cross
validation.

Another model free variable importance criterion is an MMLE criterion

QM(γ̂T
i x) = [cor(γ̂T

i x, Y )]2 = r2
i . (6)

If ui = S
−1/2
x xi and n ≥ 5p, then applying SIMPLS to the (ui, Yi) minimizes [cor(φT u, Y )]2

if Sx is nonsingular. If φ̂
T

i u = γ̂T
i x are the linear combinations, then γ̂T

i = φ̂
T

i S
−1/2
x .

PCA regression uses Uj = d̂
T

j x, and PCR is the special case for multiple linear

regression. Using Q(i) = λ̂i is a common, but rather poor, choice for PCA regression.
Olive (2025) suggested using Q(i) = r2

i and the QM scree plot = SC scree plot.
To see why (6) is called an MMLE criterion, let vi = xi/σ̂i be the standardized xi.

Then the MMLE for multiple linear regression uses the OLS regression of Y on vi to get
|β̂i| = |cov(vi, Y )|/V̂ (Y ) =

|cov(xi, Y )|√
σ̂i V̂ (Y )

=

|cor(xi, Y )|
[√

σ̂i

√
V̂ (Y )

]

√
σ̂i V̂ (Y )

=
|cor(xi, Y )|√

V̂ (Y )
.

Thus the largest |β̂i| correspond to the largest [cor(xi, Y )]2. See Fan and Lv (2008), who
give some pros and cons of MMLE variable selection.

From canonical correlation analysis (CCA), if the (Yi, x
T
i )T are iid, then

J = max
γ 6=0

Cor(γT x, Y ) = max
γ 6=0

γT ΣxY√
V (Y )

√
γTΣxγ

.

This optimization problem is equivalent to maximizing

V (Y )J2 = max
γ 6=0

γT ΣxY ΣT
xY γ

γT Σxγ

which has a maximum at γ = Σ−1
x ΣxY = βOLS. See Mardia, Kent, and Bibby (1979,

pp. 168, 282). Hence PLS is a lot like CCA for (Yi, x
T
i )T but with more constraints, and

PLS can be computed in high dimensions. From the dimension reduction literature, if
Y depends on x only through α + βT x, then under the assumption of “linearly related
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predictors,” β̂OLS estimates βOLS = cβ for some constant c which is often nonzero.
See, for example, Cook and Weisberg (1999, p. 432). Note that in high dimensions,
γ̂1 = β̂OLS can be replaced by γ̂1 = β̂, where β̂ is a high dimensional multiple linear
regression estimator, such as lasso.

A k−component estimator is selected using model selection, which will be variable
selection for the Wi = γ̂T

i x. Hence the following review of low dimensional variable
selection is useful.

2.1 What Is Variable Selection Doing in Low Dimensions?

Variable selection is the search for a subset of predictor variables that can be deleted
without important loss of information if n/p is large, and the search for a useful subset
of predictors if n/p is not large. Model selection generates M models. Then a model is
selected from these M models. Variable selection is a special case of model selection.

Ridge regression, lasso, unilasso, and elastic net often fit the model on a grid a λi

values with 0 ≤ λ1 < λ2 < · · · < λM . See Hoerl and Kennard (1970), Tibshirani
(1996), Chatterjee, Hastie, and Tibshirani (2025), and Zou and Hastie (2005). The
model selection estimator uses λ̂ chosen from the grid. Several dimension reduction
methods, including PLS and PCR, performs the regression of Y on (W1, W2, ..., Wk) and
a constant where Wi = γ̂T x for k = 1, ..., M . Then the model selection estimator uses
k̂. Model selection and variable selection can also be used for classification models.

2.1.1 The Regularity Conditions for a Variable Selection Estimator to Esti-

mate β = βF Are Strong.

Consider a regression model where the response variable Y depends on the predictors x

through SP = SP (F ) = xTβ. Such models include MLR, GLMs, and several survival
regression models. A model for variable selection can be described by

SP (F ) = xT β = xT
SβS + xT

EβE = xT
SβS = SP (S) (7)

where x = (xT
S , xT

E)T is a p × 1 vector of predictors, xS is a q × 1 vector, and xE is a
(p−q)×1 vector. Given that xS is in the model, βE = 0 and E denotes the subset of terms
that can be eliminated given that the subset S is in the model. In Equation (7), there is
a “true submodel” S where all of the elements of βS are nonzero, but all of the elements
of β that are not elements of βS are zero. The full model has SP = SP (F ) = xT β,
the submodel S has SP = SP (S) = xT

SβS, and SP (F ) = SP (S). Note that β = βF .
Assume that S is unique. S = F is possible.

Since S is unknown, candidate subsets will be examined. Let xI be the vector of dI

terms from a candidate subset indexed by I , including a constant, and let xO be the
vector of the remaining predictors (out of the candidate submodel). Then

xT β = xT
I βI + xT

OβO.

Suppose that S is a subset of I and that model (6) holds. Then

xTβ = xT
SβS = xT

SβS + xT
I/Sβ(I/S) + xT

O0 = xT
I βI (8)
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where xI/S denotes the predictors in I that are not in S. Since this is true regardless
of the values of the predictors, βO = 0 and the sample correlation cor(xTβ, xT

I βI) =
cor(SP (F ), SP (I)) = 1 for the population β and βI if S ⊆ I . If consistent estima-
tors for β̂ and β̂I are used, the full model is useful for prediction, and S ⊆ I , then
cor(ESP (F ), ESP (I)) → 1 and cor(Y − ESP (F ), Y − ESP (I)) → 1 as n → ∞. See
Olive and Hawkins (2005).

Let Imin correspond to the set of predictors selected by a variable selection method
such as forward selection or lasso variable selection. If β̂I is dI × 1, use zero padding to
form the p×1 vector β̂I,0 from β̂I by adding 0s corresponding to the omitted variables. For

example, if p = 4 and β̂Imin
= (β̂1, β̂3)

T , then the observed variable selection estimator

β̂V S = β̂Imin,0 = (β̂1, 0, β̂3, 0)
T . As a statistic, β̂V S = β̂Ik,0 with probabilities πkn =

P (Imin = Ik) for k = 1, ..., M where there are M subsets, e.g. M = 2p − 1. Note that
under model (7), βI,0 = β = βF if S ⊆ I .

Assume p is fixed. Suppose model (7) holds, and that if S ⊆ Ij where the dimension

of Ij is dj, then
√

n(β̂Ij
− βIj

)
D→ Ndj

(0, V j) where V j is the covariance matrix of the
asymptotic multivariate normal distribution. Then

√
n(β̂Ij ,0 − β)

D→ Np(0, V j,0) (9)

where V j,0 adds columns and rows of zeros corresponding to the xi not in Ij, and V j,0 is
singular unless Ij corresponds to the full model. This large sample theory holds for many
models, including multiple linear regression fit by OLS, GLMs fit by maximum likelihood,
and Cox (1972) proportional hazards regression fit by maximum partial likelihood. See
Pelawa Watagoda and Olive (2021) and Rathnayake and Olive (2023) for references.

Remark 2. If A1, A2, ..., Ak are pairwise disjoint and if ∪k
i=1Ai = S = the sample

space, then the collection of sets A1, A2, ..., Ak is a partition of S. Then the Law of Total

Probability states that if A1, A2, ..., Ak form a partition of S such that P (Ai) > 0 for
i = 1, ..., k, then

P (B) =
k∑

j=1

P (B ∩ Aj) =
k∑

j=1

P (B|Aj)P (Aj).

Let sets Ak+1, ..., Am satisfy P (Ai) = 0 for i = k + 1, ..., m. Define P (B|Aj) = 0 if
P (Aj) = 0. Then a Generalized Law of Total Probability is

P (B) =
m∑

j=1

P (B ∩ Aj) =
m∑

j=1

P (B|Aj)P (Aj),

and will be used in the proof of Theorem 2.

Pötscher (1991) used the conditional distribution of β̂V S|(β̂V S = β̂Ik ,0) to find the

distribution of wn =
√

n(β̂V S − β). Let β̂
C

Ik ,0 be a random vector from the conditional

distribution β̂Ik,0|(β̂V S = β̂Ik ,0). Let wkn =
√

n(β̂Ik,0−β)|(β̂V S = β̂Ik,0) ∼
√

n(β̂
C

Ik,0−β).
Denote Fz(t) = P (z1 ≤ t1, ..., zp ≤ tp) by P (z ≤ t). Then Pötscher (1991) and Pelawa
Watagoda and Olive (2021) show the following result.
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Theorem 2. Using the above notation,

Fwn
(t) = P [n1/2(β̂V S − β) ≤ t] =

J∑

k=1

Fwkn
(t)πkn.

Hence β̂V S has a mixture distribution of the β̂
C

Ik,0 with probabilities πkn, and wn has a
mixture distribution of the wkn with probabilities πkn.

Proof: Let W = WV S = k if β̂V S = β̂Ik ,0 where P (WV S = k) = πkn for k = 1, ..., J.

Then (β̂V S:n, WV S:n) = (β̂V S, WV S) has a joint distribution where the sample size n is
usually suppressed. Note that β̂V S = β̂IW ,0. Then by Remark 2,

Fwn
(t) = P [n1/2(β̂V S − β) ≤ t] =

J∑

k=1

P [n1/2(β̂V S − β) ≤ t|(β̂V S = β̂Ik ,0)]P (β̂V S = β̂Ik ,0) =

J∑

k=1

P [n1/2(β̂Ik,0 − β) ≤ t|(β̂V S = β̂Ik ,0)]πkn

=
J∑

k=1

P [n1/2(β̂
C

Ik ,0 − β) ≤ t]πkn =
J∑

k=1

Fwkn
(t)πkn. �

Under the assumptions of Theorem 3, note that
√

n(β̂V S − β) is selecting from the

ukn =
√

n(β̂Ik ,0 − β) and asymptotically from the uj where ujn =
√

n(β̂Ij ,0 − β)
D→

uj ∼ Np(0, V j,0) where the ujn correspond to the πj. See Equation (9). Charkhi and

Claeskens (2018) showed that wjn =
√

n(β̂
C

Ij ,0 − β)
D→ wj if S ⊆ Ij for the maximum

likelihood estimator (MLE) with AIC, and gave a forward selection example. They claim
that wj is a multivariate truncated normal distribution (where no truncation is possible)
that is symmetric about 0. Hence E(wj) = 0, and Cov(wj) = Σj exits. This claim does
not seem to be correct: the selection bias changes the distribution of the selected ujn

and uj to that of wjn and wj where some of the probabilities are increased and some are
decreased, but the probabilities are not driven to 0. The Rathnayake and Olive (2023)
Theorem 3 proves that w is a mixture distribution of the wj with probabilities πj.

Theorem 3. Assume P (S ⊆ Imin) → 1 as n → ∞, and let β̂V S = β̂Ik,0 with
probabilities πkn where πkn → πk as n → ∞. Denote the positive πk by πj. Assume

wjn =
√

n(β̂
C

Ij ,0 − β)
D→ wj. Then

wn =
√

n(β̂V S − β)
D→ w (10)

where the cdf of w is Fw(t) =
∑

j πjFwj
(t).

Proof. Since wn has a mixture distribution of the wkn with probabilities πkn by
Theorem 2, the cdf of wn is Fwn

(t) =
∑

k πknFwkn
(t) → Fw(t) =

∑
j πjFwj

(t) at
continuity points of the Fwj

(t) as n → ∞. �

9



Remark 3. a) The assumption that wjn
D→ wj may not be mild.

b) If P (S ⊆ Imin) → 1 as n → ∞, then β̂V S is a
√

n consistent estimator of β since
selecting from a finite number M of

√
n consistent estimators (even on a set that goes

to one in probability) results in a
√

n consistent estimator by Pratt (1959).
c) The assumption P (S ⊆ Imin) → 1 as n → ∞ holds for some criterion, such as AIC,
BIC, and the Cp criterion for MLR. The assumption P (S ⊆ Imin) → 1 also holds for
consistent regularized estimators of β = βF . Thus the lasso variable selection and elastic
net variable selection estimators are

√
n consistent if lasso and elastic net are consistent

estimators of βF . Lasso is a consistent estimator if λ̂ is small enough. For MLR it is
known how small λ̂ needs to be, but not for other regression methods such as GLMs.

A second multiple linear regression model is

Y = xTβ + e (11)

where x1 = 1 and x2, ..., xp are the nontrivial predictors. Hence β1 corresponds to the
constant α in the first MLR model (3). Let submodel I have a predictors, including a
constant. Then for a wide variety of iid error distributions, the Anova F statistic for

submodel I satisfies FI
D→ X/(p − a) where X ∼ χ2

p−a. Then the variable selection
criterion

Cp(I) =
SSE(I)

MSE
+ 2a − n = (p − a)(FI − 1) + a (12)

where MSE is the error mean square for the full model. See Mallows (1973) and Jones
(1946).

Example 1. This is an example where the πkn → πk as n → ∞. Assume S ⊆ I where
I has a predictors, including a constant. Let F denote the full model with p predictors
including a constant from model (11), and let S = I = Ii be the model that deletes

predictor xi with a = p − 1. Then Cp(I)
D→ X + p − 2 where X ∼ χ2

1. Let F denote the
full model and consider all subsets variable selection with Cp. Since only S and F do not
underfit, only πS and πF are positive. Since Cp(F ) = p, I = S is selected if Cp(I) < p.
Hence πS = P (χ2

1 + p − 2 < p) = P (χ2
1 < 2) = 0.8427, and πF = 1 − πS = 0.1573.

This result also holds for backward elimination since the probability that xi will be
the first predictor deleted goes to 1 as n → ∞ because Cp(Ii) = Cp(S) is bounded
in probability while Cp(Ij) diverges as n → ∞ for j 6= i. For forward selection with
correlated predictors, expect that πS < P (χ2

1 < 2), and hence πF > 1 − P (χ2
1 < 2) with

πS + πF = 1
For the R code below, β = (1, ..., 1, 0, ..., 0)T is a p × 1 vector with k + 1 ones and

p − k − 1 zeroes. Hence k = p − 2 deletes the predictor xp. The function belimsim

generates 1000 data sets, performs backward elimination, and finds the proportion of
time the full model was selected, which was 0.158 ≈ 0.1573.

belimsim(n=100,p=5,k=3,nruns=1000)

$fullprop

[1] 0.158

10



Remark 4. For k−component nonparametric or nonlinear regression, including gen-
eralized additive models (GAMs), of Y on W1, ..., Wk and possibly a constant, if n ≥ 10p
and the full model using k = p is useful for prediction, then the model selection estimator
using k = q̂ could be selected such that both cor(ŶIq̂

, ŶIp) and cor(rIq̂
, rIp) are very high.

The FF and RR plots are useful for checking model Iq̂.

2.1.2 What Are k−Component Estimators Estimating?

For the k−component estimators, let Wi = γ̂
T
i x for i = 1, ..., p. For PLS, let γ̂ i =

Σ̂
i−1

x Σ̂xY with Σ̂
0

x = Σ0
x = Ip. For PCA, let γ̂i = d̂i be orthogonal eigenvectors of Σ̂x.

The following new method is for any regression or classification method that depends
on x only through SP = α + βTx. Let the standardized predictors vi = xi/σ̂i for
i = 1, ..., p. Regress Y on the vi to obtain the parameter vector θ̂ where the regression
on the xi gives β̂. Let Wi = xij correspond to predictors with the largest |θ̂i|. If more

than one θ̂i = 0, rank the corresponding predictors by [cor(xi, Y )]2. Call the resulting
estimator the k−component SVM estimator, k−component lasso estimator, et cetera.

The above method is useful for doing ridge regression, lasso, or unilasso k−component
variable selection. The Meinshausen (2007) relaxed lasso estimator with λ2 computes the
lasso estimator with λ̂1, then lasso with λ2 < λ̂1 is applied to the a predictors with nonzero
β̂i(λ̂1). If λ2 = 0, then the estimator is often called the relaxed lasso estimator or the
variable selection lasso estimator since the estimator applies the regression method, such
as OLS or a GLM, to the a predictors. For the new method, the regression of Y on
W1, ..., Wa corresponds to the relaxed lasso estimator if lasso is the regression method
used. In low dimensions, if Cp or AIC are used to select the model, then Theorem 3
proves that the k−component estimator is a

√
n consistent estimator of βF .

Instead of using the response variable Y and the predictors X1, ..., Xp, the regression
model or classification model can use Y and the predictors W1, ..., Wk. Denote this model
by Ik = {1, ..., k}. Then the k-component estimator (α̂k, β̂k) is obtained by fitting the
working model

WSP = αk + θ1W1 + · · · + θkWk = αk + θT
k w

where θk = (θ1, ..., θk)
T and w = wIk

= (W1, ..., Wk)
T . Let ESP (k) = α̂k + β̂

T

k x and
SP (k) = αk + βT

k x.

Then ESP (k)
P→ SP (k) could happen in several ways. i) For the k-component

estimator, we could fix a basis γ1, ..., γp, assume θ̂k
P→ θk, and assume the k × p matrix

Âk,n = Âk =




γ̂
T
1
...

γ̂T
k


 P→ Ak =




γT
1
...

γT
k


 .

Then Âkx = w = (W1, ..., Wk)
T , and ESP (w) = α̂k+θ̂

T

k w = α̂k+θ̂
T

k Âkx = α̂k+β̂
T

k x =

ESP (x) with β̂k = Â
T

k θ̂k. Assume θ̂k
P→ θk.

ii) Assume that θ̂jγ̂j
P→ θjγj . For example, if γ̂j = η̂j or γ̂j = −η̂j is an orthonormal

eigenvector of some matrix and |θ̂j| P→ |θj| and η̂j
P→ ηj, then the result holds.
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iii) Assume that α̂k
P→ αk and

∑k
j=1 θ̂jγ̂

P→∑k
j=1 θjγ.

For example, fit a GLM, logistic regression, a support vector machine, multiple linear
regression, et cetera. The θi depend on the method used to fit the working model. (Also,
using θki instead of θi is more accurate, but suppressing the subscript k is convenient.)
Parts e), f), and g) of Theorem 4 and part b) of Theorem 5 are new. The results are the
most useful if γ1, ..., γk are linearly independent and if γ̂1, ..., γ̂k are linearly independent.
The HPLS vectors are a Krylov sequence which tends to be linearly independent for small
enough k if ΣxY is not an eigenvector of Σx. See Cook and Forzani (2024, pp. 16-17,
100).

Theorem 4. Consider the above notation. Assume ESP (k)
P→ SP (k). For results

with βOLS, assume Σ−1
x exists.

a) ESP (k) = α̂k + β̂
T

k x = α̂k + (
∑k

j=1 θ̂jγ̂
T
j )x.

b) SP (k) = αk + βT
k x = αk + (

∑k
j=1 θjγ

T
j )x.

c) β̂k =
∑k

j=1 θ̂jγ̂j = Â
T

k θ̂k.

d) βk =
∑k

j=1 θjγj = AT
k θk.

e) β̂kPLS = (
∑k

j=1 θ̂jΣ̂
j−1

x )Σ̂xY

f) Under iid cases, βkPLS = (
∑k

j=1 θjΣ
j−1
x )ΣxY = (

∑k
j=1 θjΣ

j
x)βOLS.

g) If Σ̂x
P→ V x and Σ̂xY

P→ V xY , then β̂kPLS
P→ βkPLS = (

∑k
j=1 θjV

j−1
x )V xY .

Proof. Fit WSP to get the ESP = α̂k + θ̂1W1 + · · · + θ̂kWk = α̂k + θ̂1γ̂
T
1 x + · · · +

θ̂kγ̂
T
k x = α̂k + β̂

T

k x. Equating terms gives the result. �

When the cases are not iid, β̂ = Σ̂
−1

x Σ̂xY may be estimating β = βOLS 6= Σ−1
x ΣxY .

When the errors ei are iid, a common assumption for OLS MLR theory is

n(XTX)−1 = V̂ =

(
V̂ 11 V̂ 12

V̂ 21 V̂ 22 = nΣ̂
−1

x /(n − 1)

)
P→ V =

(
V 11 V 12

V 21 V 22

)
.

Thus Σ̂
−1

x
P→ V 22, Σ̂x

P→ V −1
22 , and Σ̂xY

P→ V −1
22 β since β̂ = Σ̂

−1

x Σ̂xY
P→ β.

The following theorem gives a result similar to Equation (2), and shows that for
low dimensions, if the p components Wi are plugged into a model that uses maximum
likelihood estimation, such as a GLM, then the p-component estimator β̂p = β̂x = β̂F ,
the MLE. Hence cor(ESP (p), ESP (F )) = 1, and typically α̂p = α̂F , so ESP (p) =
ESP (F ). Similar theory holds for other maximization or minimization problems, such
as quasi-likelihood and partial likelihood. The profile likelihood function Lp(βx|x) =
L(βx, η̂|x) where L is the likelihood function of all of the parameters (βx, η) and η̂ is
the MLE of η. As above, use θ̂ = θ̂w to denote the MLE with w instead of β̂w.

Theorem 5. Suppose the profile likelihood function Lp(βx|x) =
∏n

i=1 f(xi|βx) =∏n
i=1 g(xT

i βx) depends on x and βx only through xTβx. a) If the maximum likelihood

estimator is computed using w = Âpx instead of x, then β̂x = Â
T

p θ̂ = β̂p provided that

Âp is nonsingular. b) Thus β̂x = β̂pPLS = (
∑p

j=1 θ̂jΣ̂
j−1

x )Σ̂xY if the PLS components

are used, and under iid cases, βx = (
∑p

j=1 θjΣ
j−1
x )ΣxY = (

∑p
j=1 θjΣ

j
x)βOLS.
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Proof. a)

Lp(θ|w) =
n∏

i=1

g(wT
i θ) =

n∏

i=1

g(xT
i Â

T
θ) =

n∏

i=1

g(xT
i β∗).

Since the second to last term is maximized by Â
T
θ̂ = β̂p and the last term is maximized

by β∗ = β̂x, it follows that β̂x = Â
T
θ̂ = β̂p, and θ̂ = (Â

T
)−1β̂x. Nonsingularity was

used so that β∗ varies through R
p as βx varies through R

p.
b) Plug in β̂x = β̂p = β̂pPLS from Theorem 4 e). �

2.1.3 “Everything Sensible Works” in Low Dimensions

For real data, an important question in variable selection is whether βi = 0 is a reasonable
assumption. If X has full rank p + 1, then having βi equal to zero for 20 decimal places
may not be reasonable. See, for example, Tukey (1991), Nester (1996), and Gelman and
Carlin (2017).

Variable selection when some of the βi = 0 is interesting, but so is variable selection
when none of the βi = 0, but some of the βi are very small in magnitude but nonzero,
denoted by βi = 0∗. Let Ik be the model that regresses Y on a constant and W1, ..., Wk

for k = 1, ..., M . Then the k−component model selection estimator becomes a variable
selection estimator with respect to θ = θp and the Wi. For the working model

WSP (Ik) = αk + θ1W1 + · · · + θkWk = αk + θT
k wIk

,

consider WSP (S) = WSP (Iq) = WSP = WSP (Ip) = WSP (F ) =

αq + θ1W1 + · · · + θqWq + 0Wq+1 + · · · + 0Wp = αq + θT
q wIq = αp + θT

p wIp , (13)

or
WSP = αp + θ1W1 + · · · + θdWd + (0∗)Wd+1 + · · · + (0∗)Wp. (14)

Equation (13), which corresponds to Equation (7), is assumed in the envelopes and
SDR literature, with a sparsity assumption with respect to the Wi and θp. Then the
k−component parameter vectors βq = βq+1 = · · · = βp, a result that is analogous to
the variable selection result βI,0 = βF if S ⊆ I . Consider Equation (14), perhaps with
0∗ = 10−6 and corresponding observed |Wj | ≤ 10. Then Iq = S = F = Ip in Equation
(13), and the central subspace and the predictor envelope satisfy Ly|x = Ex = R

p. Under
Equation (14), the βk are different for k = 1, ..., p.

If I is the model selected by the variable selection method, and P (S ⊆ I) → 1 as
n → ∞, then the variable selection methods, including SDR and envelope estimators,
are asymptotically equivalent to the regression using the full model since S = F is the
full model when none of the θi = 0 or none of the βi = 0.

Remark 5. The above result may seem nice, but in low dimensions, good variable
selection estimators do not select the full model with very high probability for moderate
n under Equation (14), or if SP (F ) = α +βi1xi1 + · · ·+ βidxid + (0∗)xid+1

+ · · ·+ (0∗)xip.
Instead, good variable selection methods divide the predictors Wi or xi into wanted
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predictors that are kept in the model I and unwanted predictors O that are deleted out
of the model such that a) cor(ESP (I), ESP (F )) is high and
b) cor(Y −ESP (I), Y − ESP (F )) is high.

Using the results from Remark 5 a) and b), Olive and Hawkins (2005) suggested 6
plots to compare the submodel I with the full model F . Let a plot of x versus y indicate
that y is on the vertical axis. Use the residual plot of ESP versus r for both models,
use the response plot of ESP versus Y for both models, make the EE plot of ESP (I)
versus ESP (F ), and the VV plot of Y −ESP (I) versus Y −ESP (F ). If the full model
is useful for prediction and if submodel I is good, then the plotted points tend to cluster
very tightly about the identity line (with unit slope and zero intercept) for the VV and
EE plots. Similar results often hold for an FF plot of the fitted values ŶI versus ŶF and
an RR plot of the residuals rI versus rF . See Olive and Hawkins (2005).

For MLR, Remark 5 b) is the correlation of the residuals rI and r = rF from the
submodel and the full model, and Theorem 6 gives a lower bound on the correlation if
the Cp criterion is used.

The “sensible” variable selection methods need to include the full model as one of
the models considered, and the full model needs to fit the data “well” (have a good
response plot or be useful for prediction). By Theorem 5, the γi need to be linearly
independent and the γ̂i need to be linearly independent for models that use Wi = γ̂T

i x

so that β̂p(wF ) = β̂p(xF ) and βp(wF ) = βp(xF ) = βF where wF = (W1, ..., Wp)
T ,

xF = (x1, ..., xp)
T , and β(z) means that Y was regressed on z. Then Âp is nonsingular.

Wi = xi corresponds to γ̂ i = γi = ci where ci is the ith column of Ip. A good variable
selection criterion needs to be used, such as AIC, BIC, k−fold cross validation, or Cp for
MLR.

For MLR and Wi = xi, consider the Tibshirani (1996) lasso and Chatterjee, Hastie,
and Tibshirani (2025) unilasso variable selection estimators that select predictors xI and
a constant to be in the model. Fit OLS to that model, and use model I if Cp(I) ≤
Cp(F ) = p+1. Otherwise use the full model F with βF = β = βOLS. Many variants are
possible, including using k−component lasso or k−component unilasso. Other variable
selection criterion can be used for GLMs or the Cox proportional hazards model. The
following theorem appeared in Olive (2025) and applies to the Wi. Olive and Hawkins
(2005) got the result for the xi.

Theorem 6. Assume X is full rank so that the OLS full model can be computed.
Let r be the residuals from the OLS full model and let rI be the residuals from OLS
submodel I that uses β̂I with k predictors including a constant where 2 ≤ k ≤ p + 1. If
Cp(I) ≤ 2k, then the sample correlation

cor(r, rI) ≥
√

1 − p + 1

n
. (15)

Since the correlation gets arbitrarily close to 1 as n → ∞, the model selection es-
timator and full OLS estimator are estimating the same population parameter β, and
P (S ⊆ Imin) → 1 as n → ∞. This result holds if β̂OLS is a consistent estimator of β:
heterogeneity is allowed and the cases do not need to be iid. OLS also gives consistent
estimators for AR(p) and AR(∞) time series, serially correlated errors, et cetera. Note
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that the rate at which P (S ⊆ Imin) → 1 is not exponentially fast, as is often claimed in
the literature.

For moderate sample size n, predictors xj or Wj will often be omitted as long as
cor(rI , r) stays high, even if βj 6= 0 or θj 6= 0. The Cp criterion selects wanted predictors
I to be in the model, and unwanted predictors O to be out of the model. Under Equation
(15), often βI,0 6= βF , but β̂I is a good estimator of βI , and model I fits the data well.
Very weak predictors often degrade the full model in that the model is improved when
these predictors are omitted. Note that the wanted and unwanted predictors are similar
to the material and immaterial predictors for envelopes estimators.

The PLS literature often assumes (a1): Y |x = α + xT βkPLS + e for some k. If
Y |x = α+xT β+e, then under mild regularity conditions, β = βOLS . Hence assumption
(a1) forces βkPLS = βOLS. For k = 1, (a1) forces βOLS = β1PLS = an eigenvector of the
covariance matrix Cov(x) = Σx.

Theorem 4 shows that β̂kPLS = (
∑k

j=1 θ̂jΣ̂
j−1

x )Σ̂xY and βkPLS = (
∑k

j=1 θjΣ
j−1
x )ΣxY

(under iid cases). This result suggests that the βkPLS are typically different for each
k = 1, ..., p, but βkPLS = βqPLS for k ≤ q ≤ p if θj = 0 for k + 1 ≤ j ≤ p.

Note that β ∈ R
p is a much weaker assumption than β ∈ R

m where 1 ≤ m <
p. Heuristically, the model selection result of Equation (15) implies that β ∈ R

m is
approximately true in that θj ≈ 0 for k∗ + 1 ≤ j ≤ p for some m = k∗ < p. Hence the
“unwanted” predictors Wj are “weak” or “almost immaterial” for m + 1 ≤ j ≤ p. On

the other hand, it is possible that cor(β̂
T

k x, β̂
T
x) is very high with ‖β̂k − β̂‖ large.

2.1.4 Variable Selection Summary

For part b) in the following remark, assume that model I is the model selected after
variable selection. Then fix I as n → ∞. This result is useful for data splitting. (Model
Imin, that optimizes a variable selection criterion among models searched, has P (Imin =
Ik) = πkn. So condition on model I = Ik selected. It is possible the P (Imin = F ) → 1
as n → ∞.) In low dimensions, “good regression variable selection estimators” use the
full model, and include forward selection, lasso variable selection, k−component unilasso,
and k−component estimators with k−fold cross validation, AIC, BIC, or Cp. Using the
full model insures that the collection of models considered includes a “good model.”

Remark 6. a) In low dimensions where the full model is “good”, good variable
selection estimators keep cor(ESP (I), ESP (F )) high and cor(Y −ESP (I), Y −ESP (F ))
high, by keeping wanted predictors I in the model and omitting unwanted predictors O.
b) The estimator β̂I estimates βI where often βI,0 6= β = βF .
c) In high dimensions, variable selection is a search for a useful subset I of predictors.

3 r Response Variables Y1, ..., Yr

The following theorem is a generalization of Theorem 1 for r > 1. Thus PLS is a model
free way to get predictors Wi = γ̂T

i x that are fairly highly correlated with the response
variables Y1, ..., Yr, and the absolute correlations tend to decrease quickly.
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Theorem 7. For 1 < k < q, the SIMPLS algorithm maximizes

QS(γT x) = V̂ (γTx)
r∑

j=1

[cor(γTx, Yj)]
2V̂ (Yj) (16)

subject to γTSxÂ
T

k = 0 and γTγ = 1.
Proof. By Remark 1,

γT Sxy = SγT x,y = (cov(γT x, Y1), ..., cov(γ
Tx, Yr)),

and QS(γT x) = γTSxyST
xyγ =

r∑

j=1

[cov(γT x, Yj)]
2 =

r∑

j=1

[cor(γTx, Yj)]
2V̂ (γTx)V̂ (Yj). �

Scaling the response variables to have the same sample variance is often a good idea.
Dividing each response variable by its standard deviation is common, and equivalent to
using z = [diag(Sy)]−1/2y = (Z1, ..., Zr)

T . Then by Remark 1d), the SIMPLS criterion
is

Qz(γT x) = V̂ (γT x)

r∑

j=1

[cor(γTx, Zj)]
2 = V̂ (γT x)

r∑

j=1

[cor(γT x, Yj)]
2. (17)

Hence Qz(γ̂T
i x) is a model free variable importance criterion for Wi = γ̂T

i x. Note that
V (γTx) = Cov(γT x, γT x) = γTCov(x)γ.

The following, possibly new, model free variable importance criterion is an MMLE
criterion

QM(γ̂T
i x) =

1

r

r∑

j=1

[cor(γ̂T
i x, Yj)]

2. (18)

Applying SIMPLS to (u, Z1, ..., Zr) minimizes
∑r

j=1[cor(γ
T u, Yj)]

2 if ui = S
−1/2
x xi. If

φ̂
T

i u = γ̂T
i x are the linear combinations, then γ̂T

i = φ̂
T

i S
−1/2
x .

Given Uj = γ̂T
j x, the model free variable importance criterion Q(γ̂T

j x) can be used to
order the Uj in importance, and scree plot techniques can be used to choose the number
q̂ of variables to be used in the regression.

To see why (18) is called an MMLE criterion, let vi = xi/σ̂i be the standardized
xi. Let Ti = Yi/σ̂Yi

be the standardized Yi such that V̂ (Ti) = 1 for i = 1, ..., r.
Then the MMLE for the OLS multivariate linear regression of T1, ..., Tr on vi uses
b̂i = (cov(vi, T1), cov(vi, T2), ..., cov(vi, Tr))

T with

‖b̂i‖2 =
r∑

j=1

[cov(vi, Tj)]
2 =

r∑

j=1

[cor(vi, Tj)]
2V̂ (vi)V̂ (Tj) =

r∑

j=1

[cor(xi, Yj)]
2.

Thus the vi with the largest ‖b̂i‖2 have the largest
∑r

j=1[cor(xi, Yj)]
2.
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Note that the variable importance criterion (18) does not require p regressions to get
p values of ‖b̂i‖2. Criterion (17) can be used in high dimensions to obtain γ̂ i. Criterion

(18) can be used for PCA regression with Uj = d̂
T

j x.
A model free variable unimportance criterion is

QU(γ̂T
i x) = max

i=1,...,r
[cor(γ̂T

i x, Yj)]
2. (19)

Delete variables Wi = γ̂T
i x with the smallest values of QU . In particular, use Wi =

cT
i x = xi to delete predictor variables.

3.1 High Dimensional Multivariate Linear Regression

For the predictor and response variables (x1, ..., xp, Y1, ..., Yr), let the data matrix be




x1,1 x1,2 . . . x1,p Y1,1 Y1,2 . . . Y1,r

x2,1 x2,2 . . . x2,p Y2,1 Y2,2 . . . Y2,r
...

...
. . .

...
...

...
. . .

...
xn,1 xn,2 . . . xn,p Yn,1 Yn,2 . . . Yn,r


 =




xT
1 yT

1

xT
2 yT

2
...

xT
n yT

n


 .

Let the multivariate linear regression model be y = α + BT x + ε where B =

[β1β2 · · ·βr]. The OLS estimator B̂ = Σ̂
−1

x Σ̂xy minimizes the criterion Q(α, B) =∑r
i=1 Qi(αi, βi) =

∑r
i=1[
∑n

j=1 r2
j (αi, βi)] =

∑r
i=1[
∑n

j=1(Yji − αi − βT
i xj)

2] where Qi is
the OLS criterion for the multiple linear regression of the single response variable Yi

on x. Hence performing the OLS multivariate linear regression of y on Wi = β̂
T

i x for
i = 1, ..., r does not change the OLS estimator.

To obtain the k−component estimator, let Âkx = w = (W1, ..., Wk)
T where Âk is

the matrix with ith row γ̂T
i for i = 1, ..., k. Let Dk = [θ1θ2 · · ·θk]. Fit the OLS working

model
y = αk + DT

k w + ε = αk + DT
k Âkx + ε

with B̂
T

k = D̂
T

k Âk. Then D̂k = Σ̂
−1

wΣ̂wy, and B̂k = Â
T

k D̂k = Â
T

k (ÂkΣ̂xÂ
T

k )−1ÂkΣ̂xy
by Remark 1. Here k = 1, ..., M and k = q̂ is of interest.

A common competitor is to fit the r univariate MLR’s Yj = αj +ηT
j x with a method,

such as lasso or model selection PLS, to get B̂U = Â
T

H = [η̂1η̂2 · · · η̂r] and

ŷU = α̂U + B̂
T

Ux = α̂U + w

where ÂHx = w = (W1, ..., Wr)
T , Wi = η̂T

i x, and α̂U = (α̂1, ..., α̂r)
T .

A new (high dimensional) method is to regress y on ÂHx = w with OLS. So let
DH = [θ1θ2 · · ·θr], and fit the OLS working model

y = αH + DT
Hw + ε = αH + DT

HÂHx + ε

to get D̂H = Σ̂
−1

wΣ̂wy, and B̂H = Â
T

HD̂H = Â
T

H(ÂHΣ̂xÂ
T

H)−1ÂHΣ̂xy. Note that the

jth column of B̂H is β̂j =
∑r

i=1 θ̂ijη̂i. If r is too large, then randomly select K of the
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Yi, update K of the η̂i by applying B̂H on the K response variables. Then repeat many
times.

The new estimator B̂H is useful if the η̂i are not obtained from a working model
for an OLS multivariate linear regression, and if D̂H is not close to the identity matrix
Ir. Univariate lasso estimators could be used to give a competitor for the glmnet lasso
estimator with “mgaussian.” See Qian et al. (2022).

For the k−component lasso estimator (with “mgaussian”), let the standardized pre-
dictors vi = xi/σ̂i for i = 1, ..., p. Apply lasso to the model y = α + BT v + ε. Let
b̂j correspond to the jth row of the lasso estimator B̂ = B̂L. Let Wi = xij correspond

to predictors with the largest ‖b̂i‖. If more than one b̂i = 0, rank the corresponding
predictors xi = cT

i x using Equation (18) with γ̂i = ci.
The k−component PCA estimator using Equation (18) can be used with r > 1 for

many regression and classification methods. Since the response variables are used to
select the PLS Wi, the PLS Wi should work better than the PCA Wi.

3.1.1 Variable Selection with d Linear Combinations

Suppose the regression or classification model has d ≥ 1 linear combinations. Denote

the jth linear combination by SPj(I) = αj + βT
j xI and ESPj(I) = α̂j + β̂

T

j xI . For
multivariate linear regression there are d = r linear combinations, one for each response
variable Yj. For linear discriminant analysis (LDA) there are d = r linear combinations,
one for each of the r groups. In low dimensions, Barker and Rayens (2003) proved that
PLS-LDA with p components and LDA using x = (x1, ..., xp)

T give identical results when
Sx > 0. See Cook and Forzani, (2024, p. 207).

The variable selection model given by Equations (4) and (5) can be extended to d
linear combinations as follows. Let V SP (I) = (SP1(I), ..., SPd(I))T and V ESP (I) =
(ESP1(I), ..., ESPd(I))T . Then a model for variable selection can be described by

V SP (F ) = V SP (S) + V SP (E) = V SP (S) (20)

where x = (xT
S , xT

E)T is a p × 1 vector of predictors, xS is an dS × 1 vector, and xE is a
(p−dS)×1 vector. Given that xS is in the model, βjE = 0 for j = 1, ..., d, and E denotes
the subset of terms that can be eliminated given that the subset S is in the model.

Since S is unknown, candidate subsets will be examined. Let xI be the vector of dI

terms from a candidate subset indexed by I , including a constant, and let xO be the
vector of the remaining predictors (out of the candidate submodel). If S ⊆ I , then

V SP (F ) = V SP (S) = V SP (I). (21)

Some notation is needed for sample quantities. Let Cor(x, y) be the population
correlation of random variables x and y, and let cor(x, y) = cor(x, y) be the sample
correlation computed from the data vectors x and y. Let cor(ESPi(I), ESPi(F )) =
cor(vi(I), vi(F )), and let v(I) = (v1(I)T , v2(I)T , ..., vd(I)T )T . Let

V Cor(V SP (I), V SP (F )) = (Cor(SP1(I), SP1(F )), ..., Cor(SPd(I), SPd(F )))T ,
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and

V cor(V ESP (I), V ESP (F )) = (cor(ESP1(I), ESP1(F )), ..., cor(ESPd(I), ESPd(F )))T =

(cor(v1(I), v1(F )), ..., cor(vd(I), vd(F )))T .

If S ⊆ I , then V Cor(V SP (I), V SP (F )) = 1 = (1, ..., 1)T . Note that vi(I) =

(α̂i + β̂
T

i x1I , ..., α̂i + β̂
T

i xnI)
T where the n cases are (x1, y1), ..., (x1, y1).

In low dimensions, good variable selection estimators keep V cor(V ESP (I), V ESP (F ))
near 1 and cor(v(I), v(F )) high, by keeping wanted predictors I in the model and omit-
ting unwanted predictors O. The plotted points in a plot of v(I) versus v(F ) should
cluster tightly about the identity line. For the multivariate linear regression estimator,

v(I) = (Ŷ
T

1 (I), ..., Ŷ
T

r (I))T = vec(xT
I B̂I), which has the nr fitted values from model I

stacked into a vector.
Heuristically, if the full model is good in that it gives good predictions, then a sub-

model I with V cor(V ESP (I), V ESP (F )) near 1 and cor(v(I), v(F )) high, gives good
predictions that are nearly identical to those of the full model. Thus “everything sensible
works for prediction.”

Let Ij = {1, ..., j} so that wIj
= (W1, W2, ..., Wj)

T . Then the k−component estimator
has V SP (Ik) and V ESP (Ik). If the γ̂i come from PCA or if γ̂i = bi = the ith column of
Ip, then the Wi = γ̂

T
i x can be ordered using, for example, the SIMPLS criterion Qz(γ̂i).

Suppose that q̂ of the Wi are selected. Then even in high dimensions, cor(v(Ij), v(Iq̂))
and V cor(V ESP (Ij), V ESP (Iq̂)) can be computed for i = 1, ..., J for some J . For SDR
and envelopes, would like the correlations to be high for j = q + 1, ..., J .

4 The OPLS Estimator

The OPLS estimator is the PLS estimator from Section 2 with k = 1. Then the ESP
= α̂1 + θ̂Σ̂

T

xY x = α̂OPLS + β̂
T

OPLSx where β̂OPLS = θ̂Σ̂xY . Let η̂OPLS = Σ̂xY . Testing
H0 : AβOPLS = 0 versus H1 : AβOPLS 6= 0 is equivalent to testing H0 : Aη = 0 versus
H1 : Aη 6= 0 where A is a k × p constant matrix and η = ΣxY .

For multiple linear regression, Cook, Helland, and Su (2013) and Basa et al. (2024)
showed that β̂OPLS = θ̂Σ̂xY estimates θΣxY = βOPLS where

θ =
ΣT

xY ΣxY

ΣT
xY ΣxΣxY

and θ̂ =
Σ̂

T

xYΣ̂xY

Σ̂
T

xYΣ̂xΣ̂xY

(22)

for ΣxY 6= 0. If ΣxY = 0, then βOPLS = 0.
Next, some large sample theory is reviewed for η̂OPLS = Σ̂xY and OPLS for the mul-

tiple linear regression model, including some high dimensional tests for low dimensional
quantities such as H0 : βi = 0 or H0 : βi − βj = 0. These tests depended on iid cases,
but not on linearity or the constant variance assumption. Hence the tests are useful for
multiple linear regression with heterogeneity.

The following Olive and Zhang (2025) theorem gives the large sample theory for η̂ =

Ĉov(x, Y ). Olive et al. (2025) gave alternative proofs. This theory needs η = ηOPLS =
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Σx,Y to exist for η̂ = Σ̂x,Y to be a consistent estimator of η. Let xi = (xi1, . . . , xip)
T

and let wi and zi be defined below where

Cov(wi) = Σw = E[(xi − µx)(xi − µx)T (Yi − µY )2)] − ΣxY ΣT
xY .

Then the low order moments are needed for Σ̂z to be a consistent estimator of Σw.
Theorem 7. Assume the cases (xT

i , Yi)
T are iid. Assume E(xk

ij Y m
i ) exist for j =

1, . . . , p and k, m = 0, 1, 2. Let µx = E(x) and µY = E(Y ). Let wi = (xi−µx)(Yi−µY )
with sample mean wn. Let η = Σx,Y . Then (a)

√
n(wn − η)

D→ Np(0,Σw),
√

n(η̂n − η)
D→ Np(0,Σw), (23)

and
√

n(η̃n − η)
D→ Np(0,Σw).

(b) Let vi = (xi − xn)(Yi − Y n). Then Σ̂w = Σ̂v + OP (n−1/2). Hence Σ̃w = Σ̃v +
OP (n−1/2).
(c) Let A be a k × p full rank constant matrix with k ≤ p, assume H0 : AβOPLS = 0 is

true, and assume θ̂
P→ θ 6= 0. Then

√
nA(β̂OPLS − βOPLS)

D→ Nk(0, θ2AΣwAT ). (24)

For the following theorem, consider a subset of k distinct elements from Σ̃ or from
Σ̂. Stack the elements into a vector, and let each vector have the same ordering. For
example, the largest subset of distinct elements corresponds to

vech(Σ̃) = (σ̃11, . . . , σ̃1p, σ̃22, . . . , σ̃2p, . . . , σ̃p−1,p−1, σ̃p−1,p, σ̃pp)
T = [σ̃jk].

For random variables x1, . . . , xp, use notation such as xj = the sample mean of the xj,
µj = E(xj), and σjk = Cov(xj, xk). Let

n vech(Σ̃) = [n σ̃jk] =
n∑

i=1

[(xij − xj)(xik − xk)].

For general vectors of elements, the ordering of the vectors will all be the same and be
denoted by vectors such as ĉ = [σ̂jk], c̃ = [σ̃jk], c = [σjk], vi = [(xij − xj)(xik − xk)], and
wi = [(xij−µj)(xik−µk)]. Let wn =

∑n
i=1 wi/n be the sample mean of the wi. Assuming

that Cov(wi) = Σw exists, then E(wi) = E(wn) = c.
The following Olive et al. (2025) theorem provides large sample theory for ĉ and c̃.

We use Cov(wi) = Σd to avoid confusion with the Σw used in Theorem 3. Note that
xi are dummy variables and could be replaced by ui = (Yi1, . . . , Yim, xi1, . . . , xip)

T to get
information about m response variables Y1, . . . , Ym.

Theorem 8. Assume the cases xi are iid and that Cov(wi) = Σd exists. Using the
above notation with c a k × 1 vector,

(i)
√

n(c̃ − c)
D→ Nk(0,Σd).

(ii)
√

n(ĉ − c)
D→ Nk(0,Σd).

(iii) Σ̂d = Σ̂v + OP (n−1/2) and Σ̃d = Σ̃v + OP (n−1/2).
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5 Large Sample Theory and Testing

Suppose the classification or regression model has a response variable Y that depends on
the predictors x through SP = α + βT x. In low dimensions, important tests include a)
H0 : βi = 0 (the Wald tests for MLR), b) H0 : β = 0 (the Anova F test for MLR), and
c) H0 : (βi1, . . . , βik)

T = 0 (the partial F test for MLR).
This section will derive some high dimensional analogs of the above tests.

5.1 Testing H0 : β = 0

An Omnibus or Universal Test

This subsection follows Abid, Quaye, and Olive (2025) closely. Consider classification
and regression models where the response variable Y only depends on the p × 1 vector
of predictors x = (x1, ..., xp)

T through the sufficient predictor SP = α + xTβ. Let the
covariance vector Cov(x, Y ) = ΣxY . Assume the cases (xT

i , Yi)
T are iid random vectors

for i = 1, ..., n. Then for many such regression models, β = 0 if and only if ΣxY = 0

where 0 = (0, ..., 0)T is the p × 1 vector of zeroes.
The test of H0 : ΣxY = 0 versus H1 : ΣxY 6= 0 is equivalent to the high dimensional

one sample test H0 : µ = 0 versus HA : µ 6= 0 applied to w1, ..., wn where wi =
(xi −µx)(Yi − µY ) and the expected values E(x) = µx and E(Y ) = µY . Since µx and
µY are unknown, the test of H0 : β = 0 versus H1 : β 6= 0 is implemented by applying
the one sample test to vi = (xi − x)(Yi − Y ) for i = 1, ..., n.

Zhao et al. (2024) have an interesting result for the multiple linear regression model
(2). Assume that the cases (xT

i , Yi)
T are iid with E(Y ) = µY , E(x) = µx and nonsingular

Cov(x) = Σx. Let β = βOLS . Then testing H0 : β = β0 versus H1 : β 6= β0 is
equivalent to testing H0 : µ = 0 versus H1 : µ 6= 0 with µ = E(wi) = Σx(β − β0)
where wi = (xi − µx)(Yi − µY − (xi − µx)T β0), and a one sample test can be applied
to vi = (xi − x)(Yi − Y − (xi − x)Tβ0).

Abid, Quaye, and Olive (2025) used the above test for β0 = 0. The resulting test
can be used for many regression models, not just multiple linear regression. Suppose
βD = D−1ΣxY where D is a p × p nonsingular matrix. Then βD = 0 if and only if
ΣxY = 0. Then D−1 = θI for OPLS, D−1 = Σ−1

x for OLS, and D−1 = [diag(Σx)]−1

for the MMLE for multiple linear regression (MLR). By Theorem 1e), βkPLS = 0 if
ΣxY = 0. Thus if the cases (xT

i , Yi)
T are iid, then using β0 = 0 gives tests for H0 : β = 0,

H0 : βMMLE = 0 (for MLR), H0 : ΣxY = 0, H0 : βOPLS = 0, and H0 : βkPLS = 0.
For multiple linear regression with heterogeneity, β̂OLS is still a consistent estimator
of β = βOLS = Σ−1

x ΣxY . Hence the test can be used when the constant variance
assumption is violated.

Assume the cases (xT
i , Yi)

T are iid. For a generalized linear model and several other
regression models that depend on the predictors x only through SP = α + xT β, if
β = 0, then the Yi are iid and do not depend on x, and thus satisfy a multiple linear
regression model with βOLS = 0. Typically, if β 6= 0, then ΣxY 6= 0. Also see Theorem
2 b). An exception is when there is a lot of symmetry which rarely occurs with real
data. For example, suppose Y = m(SP ) + e where the iid errors ei ∼ N(0, σ2

1) are
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independent of the predictors, SP ∼ N(0, σ2
2), and the function m is symmetric about

0, e.g. m(SP ) = (SP )2. Then βOLS = 0 and ΣxY = 0 even if β 6= 0.
If β0 = 0, then wi = (xi−µx)(Yi−µY ), and E(wi) = E(ui) = E[xi(Yi−µY )] = ΣxY .

Then apply a high dimensional one sample test on the vi = (xi −x)(Yi − Y ). Note that
the sample mean v = Σ̃xY .

Suppose x1, ..., xn are iid random vectors with E(x) = µ and covariance matrix
Cov(x) = Σ. Then the test H0 : µ = 0 versus H1 : µ 6= 0 is equivalent to the test
H0 : µTµ = 0 versus H1 : µT µ 6= 0. Let S = Σ̂. A U-statistic for estimating µTµ is

Tn = Tn(x) =
1

n(n − 1)

∑

i6=j

xT
i xj =

nxT x − tr(S)

n
(25)

where tr() is the trace function. See, for example, Abid, Quaye, and Olive (2025).
Let the variance V (W ) = V (Wij) = V (xT

i xj) = σ2
W for i 6= j. Let m = floor(n/2) =

bn/2c be the integer part of n/2. So floor(100/2) = floor(101/2) = 50. Let the iid random
variables Wi = xT

2i−1x2i for i = 1, ..., m. Hence W1, W2, ..., Wm = xT
1 x2, x

T
3 x4, ..., x

T
2m−1x2m.

Note that E(Wi) = µTµ and V (Wi) = σ2
W . Let S2

W be the sample variance of the Wi:

S2
W =

1

m − 1

m∑

i=1

(Wi − W )2. (26)

Zhao et al. (2024, p. 2024) showed that σ2
W = tr(Σ2) + 2µTΣµ.

The following Abid, Quaye, and Olive (2025) theorem derived the variance V (Tn)
under simpler regularity conditions than those in the literature. The second formula in
Theorem 5a) was obtained by Chen and Qin (2010).

Theorem 9. Assume x1, ..., xn are iid, E(xi) = µ, and the variance V (xT
i xj) = σ2

W

for i 6= j. Let Wij = xT
i xj for i 6= j. Let θ = Cov(Wij, Wid) = µTΣµ where j 6= d, i < j,

and i < d. Then

a) V (Tn) =
2σ2

W

n(n − 1)
+

4(n − 2)θ

n(n − 1)
=

2

n(n − 1)
tr(Σ2) +

4µTΣµ

n
.

b) If H0 : µ = 0 is true, then θ = 0 and

V0 = V (Tn) =
2σ2

W

n(n − 1)
=

2tr(Σ2)

n(n − 1)
=

2σ2
W − 4θ

n(n − 1)
.

Let V̂ (Tn) and V̂0(Tn) be consistent estimators of V (Tn) and V0(Tn), respectively.
Then Srivastava and Du (2008), Bai and Saranadasa (1996), Chen and Qin (2010), Li
(2023), and others proved that under mild regularity conditions when H0 is true,

Tn/

√
V̂ (Tn) = Tn/

√
V̂0(Tn)

D→ N(0, 1).

Under regularity conditions when H0 is true, Li (2023) proved that Tn/
√

V̂0(Tn)
D→ tk as

p → ∞ for fixed n ≥ 3 where k = 0.5n(n − 1) − 1.
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A consistent estimator of V0(Tn) needs a consistent estimator of σ2
W = 0.5n(n − 1)

V0(Tn). Let s2
n = V̂0(Tn). Then one estimator is 0.5n(n − 1)s2

n = S2
W from Equation (8).

An estimator nearly the same as the one used by Li (2023) is

0.5n(n − 1)s2
n = σ̂2

W =
1

n(n − 1)

∑∑

i6=j

(xT
i xj − Tn)

2 =
1

n(n − 1)

∑∑

i6=j

(Wij − Tn)
2.

A New Competing Test

If the parametric distribution D is known, then the iid cases assumption can be
changed to independent cases. Assume Yi|xT

i β ∼ D(τ (α + xT
i β), θ). If β = 0, then the

iid Yi ∼ D(τ (α), θ). Hence testing H0 : β = 0 vs. H1 : β 6= 0 is equivalent to testing
whether the Yi are a random sample from the D(τ (α), θ) distribution. Such a test can
be done with the Kolmogorov-Smirnov test, the chi-square test, the Anderson-Darling
test, the Cramér-von Mises test, et cetera. For specific distributions, there are often
tests. For example, the Lilliefors test can be used to test if the Yi are iid from a N(µ, σ2)
distribution where µ and σ2 are unknown. See, for example, Kellison and London (2011,
pp. 455-465), Conover (1971, pp. 295-308), Zheng, Lai, and Gould (2023), and Zheng et
al. (2025).

This test has great level and extreme dimension reduction since the test does not
depend on the predictors x. The power can be sometimes be very poor if the cases are
iid. a) If the (Yi, x

T
i )T are iid from a multivariate normal distribution, then the Yi are iid

N(µY , σ2
Y ) regardless of whether β = 0 or β 6= 0 for the multiple linear regression model

Y |(α +xT β) ∼ N(α +xTβ, σ2). b) If the (Yi, x
T
i )T are iid from some distribution where

the Yi ∈ {0, 1} are binary, then the Yi are iid bin(n = 1, ρY ) regardless of whether β = 0

or β 6= 0 for the binary regression model Y |(α + xT β) ∼ bin(n = 1, ρ(α + xTβ)).
The test does not depend on x, and can thus be done after variable selection. Also,

all of the predictors can have outliers and missing values.
A Test for Binary Regression or Classification

Olive (2017, pp. 396-397) gave the result for a binary response variable Y ∈ {0, 1}.
Theorem 10. Let πj = P (Y = j) for j = 0, 1. Let µj = E(x|Y = j) for j = 0, 1.

Then a) Σ̃xY = π̂1π̂0(µ̂1 − µ̂0), and b) Σx,Y = π1π0(µ1 −µ0).
Proof. Let Ni be the number of Ys that are equal to i for i = 0, 1 with n = N1 +N2.

Then

µ̂i =
1

Ni

∑

j:Yj=i

xj

for i = 0, 1 while π̂i = Ni/n and π̂1 = 1 − π̂0. Hence µ̂i = xi is the sample mean of the
xk corresponding to Yk = j for j = 0, 1. Then

Σ̃xY =
1

n

n∑

i=1

xiYi − x Y .

Thus Σ̃xY =
1

n


 ∑

j:Yj=1

xj(1) +
∑

j:Yj=0

xj(0)


 − x π̂1 =
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1

n
(N1µ̂1) −

1

n
(N1µ̂1 + N0µ̂0)π̂1 = π̂1µ̂1 − π̂2

1µ̂1 − π̂1π̂0µ̂0 =

π̂1(1 − π̂1)µ̂1 − π̂1π̂0µ̂0 = π̂1π̂0(µ̂1 − µ̂0).

Thus Σx,Y = π1π0(µ1 − µ0). �

This result means η = Σx,Y = π1π0(µ1 − µ0) and φ = µ1 − µ0 are quantities
of interest for binary regression. Note that x = (w1, ..., wk, w1w2, ..., w1wk, ..., wk−1wk)

T

could be used to include pairwise interactions of the wi.
Theorem 2b) suggests that typically the binary regression β̂ = ĈΣ̂xY . If the cases

(Yi, x
T
i )T are iid, then H0 : β = 0 can be tested with the omnibus test for H0 : ΣxY . If the

cases within each group are iid, if the two groups are independent, and if N1/(N1+N2) →
π1, then Σx,Y = π1π0(µ1 − µ0) by Theorem 6b). Thus H0 : β = 0 can be tested with a
high dimensional two sample test for H0 : µ1 = µ0.

5.2 OPLS: Testing H0 : βi = 0

For OPLS, testing H0 : βi = 0 versus HA : βi 6= 0is equivalent to testing H0 : ηi = 0 or
H0 : Cov(xi, Y ) = 0. Theorem 7 or Theorem 9 can be used.

5.3 OPLS: Testing H0 : βI = (βi1, ..., βik )
T = 0

For OPLS, testing H0 : βI = 0 versus HA : βI 6= 0is equivalent to testing H0 :
[Cov(xi1, Y ), ..., Cov(xik, Y )]T = 0. Theorem 9 can be used, or Theorem 7 can be used if
n ≥ Jk with J ≥ 5 where sometimes J needs to be much larger than 5.

High Dimensional Tests

Some tests when n/p is not large are simple. Testing H0 : AβBR = 0 versus H1 :
AβBR 6= 0 is equivalent to testing H0 : Aη = 0 versus H1 : Aη 6= 0 where A is a k × p
constant matrix. Let Cov(η̂) = Σw be the asymptotic covariance matrix of η̂. In high
dimensions where n < 5p, we can’t get a good nonsingular estimator of Cov(η̂), but we
can get good nonsingular estimators of Cov((η̂i1, ..., η̂ik)

T ) with u = (xi1, ..., xik)
T where

n ≥ Jk with J ≥ 10. (Values of J much larger than 10 may be needed if some of the k
predictors are skewed or if a πi in near 0 or 1.) Simply use the sample covariance matrix
with u replacing x. Hence we can test hypotheses like H0 : βi − βj = 0. In particular,
testing H0 : βi = 0 is equivalent to testing H0 : ηi = 0.

Data splitting uses model selection (variable selection is a special case) to reduce
the high dimensional problem to a low dimensional problem. The above procedure also
reduces the high dimensional problem to a low dimensional problem.

6 Bigger Model

Often there is a smaller constrained model and a bigger model without the constraints.
Sometimes the bigger model greatly increases the applicability of the model.
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6.1 Everyone is Trying to Estimate β, and Nearly Nothing

Works in High Dimensions

In high dimensions, it is very difficult to estimate a p × 1 vector θ. This result is a form
of “the curse of dimensionality.” If a

√
n consistent estimator of θ is available, then the

squared norm

‖θ̂ − θ‖2 =

p∑

i=1

(θ̂i − θi)
2 ∝ p/n. (27)

When p is fixed, p/n → 0 as n → ∞ and θ̂ is a consistent estimator of θ. In high
dimensions, often the estimator has not been shown to be consistent, except under very
strong regularity conditions.

Here θ = β or θ = γ are possible. For example, the sample eigenvectors d̂i tend to
be poor estimators of the population eigenvectors di of Σx. An exception is when the
correlation Cor(xi, xj) = ρ for i 6= j where ρ is close to 1. See Jung and Marron (2009).

6.1.1 Bet on Sparsity Principle

The “don’t bet on sparsity principle” is S = F because βi = 0 is not reasonable for any i.
Note that with r > 1 response variables, the sparsity assumption becomes much stronger
than with r = 1, since there is an r × (p − q) matrix of 0s.

The “bet on sparsity principle” makes the following assumption. Let I be the model
selected, e.g., by lasso or elastic net.
a) S ⊆ I .
b) β = βF = βI,0.

c) The number of variables a in I is small compared to n so that β̂I,0 is a good estimator

of βF . Hence β̂I is a good estimator of βI .
A useful bigger model is β̂I is a good estimator of βI . This assumption can be checked

if n ≥ Ja where J ≥ 5. As always, sometimes J much larger than 5 is needed. The
bigger model greatly increases the applicability of lasso since assumptions a) and b) are
not needed. The response plot of ESP (I) versus Y is useful to check the model. See, for
example, Olive (2013). Note that data splitting is for model βI , not for model βI,0 = βF .

The “variable selection principle” is that in low dimensions, sensible variable selec-
tion estimators keep the sample correlation cor(ESP (I), ESP (F )) high. This principle
corresponds to the bigger model, and can be checked.

Lasso selects no more than n predictors and a constant to be in the model. Lasso uses

a grid λ1 < λ2 < · · · < λM . When p is fixed, λ̂1,n/
√

n
P→ τ does not do variable selection

well. For variable selection, want λ̂1,n/
√

n → ∞, but λ̂1,n/n → 0. See Fan and Li (2001).
Let λ1 = 2nλ. Guan and Tibshirani (2020) (and likely glmnet) use λ < Cn−1/4 for some
large constant C . Hence λ1,n = λ1 ∝ n3/4, and the consistency rate of the lasso algorithm
is as best n1/4, but variable selection lasso has the

√
n rate (if the OLS full model is added

as one of the models considered).
Adding λ0 = C

√
n/ log(n) or λ0 = n0.49 to the grid does not seem to be a good

idea, because k−fold cross validation chooses λ0 too often, and lasso with the modified
grid does not do variable selection well: lasso selects the full model too often compared
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to forward selection with Cp. Heuristically, in low dimensions, lasso with λ0 is
√

n
consistent while lasso with λ1 is n1/4 consistent, and k−fold cross validation prefers the√

n consistent estimator. Using λ1 makes the lasso variable selection estimator more like
forward selection with Cp in low dimensions. Getting rid of weak (but population active)
predictors that degrade the performance of the full model is more important than having√

n consistency or minimizing lasso without the λ1 constraint. Empirically, researchers
have decades of experience showing that sparse fitted models from variable selection
often work better than the full model. Variable selection is an important widely used
technique.

The unilasso estimator finds the marginal estimators (α̂i, η̂i) from regressing Y on
xi, like the MMLE. Then the leave one out estimators (α̂−i

i , η̂−i
i ) are computed. Let

θ = (θ0, θ1, ..., θp)
T . Fit lasso with an intercept, no standardization, and nonnegativity

constraints:

min
θ

{
1

n

n∑

i=1

[Yi − θ0 −
p∑

j=1

(α̂−i
i + η̂−i

i xij)θj]
2 + λ

p∑

j=1

θj

}
with θj ≥ 0 ∀j ≥ 1.

Perform the minimization over a grid of λ values and select λ̂ using k−fold cross valida-
tion. Let I = {i1, ..., ik} correspond to the k predictors with nonzero β̂i where the unilasso

estimator β̂I = (β̂i1, ..., β̂ik)
T and β̂U = β̂I,0 = (β̂1, ..., β̂p)

T . Then ESP (I) = α̂+ β̂
T

I xI =

α̂ + β̂
T

Ux = α̂ +
∑p

i=1 β̂ixi = α̂ +
∑k

j=1 β̂ijxij where β̂i = θ̂iη̂i and α̂ = θ̂0 +
∑p

j=1 α̂j θ̂j. As

λ decreases to zero, the limiting estimator is called the unireg estimator β̂UR, and still
has nonnegativity constraints.

The unilasso estimator has some interesting properties. Let ESP (F ) = α̂F + β̂
T

Fx

for a full model that depends on x through SP = αF +βT
Fx. Such models include MLR,

the Nelder and Wedderburn (1972) GLMs, and the Cox (1972) proportional hazards
regression model. The predictors xi are replaced by Wi = α̂−i

i + η̂−i
i xi for i = 1, ..., p

in the lasso type criterion. The full model βF often changes the sign of the marginal
estimator to get a better fit. The unilasso estimator does not allow sign changes from
the marginal model because of the nonnegativity constraints. Hence the unilasso β̂j

may become 0 because of lasso type regularization or to avoid the sign change. Then the
unilasso k is often less than the lasso a = number of nonzero lasso coefficients. In general,
βU 6= βF , and unilasso does not satisfy the bet on sparsity principle for the population
model. Unilasso variable selection (where the full model is added as one of the models
considered) is useful in low dimensions by Subsection 2.3.3. In high dimensions, sparse
fitted models are useful if they can be checked or have a better value for k−fold cross
validation than competing models.

7 Outlier Resistance

To make outlier resistant analogs for many statistical techniques, including envelopes,
lasso, PCA, and PLS, suppose the cases are w1, ..., wn. Find the Euclidean distances Di

of the wi from the coordinatewise median of the n cases. Find the nR cases that satisfy
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Dj ≤ MED(D1, ..., Dn) + 5MAD(D1, ..., Dn), and apply the statistical technique on the
nR cases. For variants, R code, and more explanation, see Olive (2025).

8 Examples

The following example demonstrates the Theorem 5 result that β̂MLE = β̂x = β̂p if Âp

is nonsingular.
Example 1. The species data is from Cook and Weisberg (1999, pp. 285-286)

and Johnson and Raven (1973). The response variable is the total number of species
recorded on each of 29 islands in the Galápagos Archipelago. Predictors include area of
island, areanear = the area of the closest island, the distance to the closest island, the
elevation, and endem = the number of endemic species (those that were not introduced
from elsewhere). The R output below used predictors log(endem) and log(areanear).
For both Poisson regression and negative binomial regression, HPLS β̂p = β̂x.

source("http://parker.ad.siu.edu/Olive/sldata.txt")

Y<-species[,1]

endem<-species[,2]

lnendem <- log(endem)

areanear <- species[,7]

lnareanear <- log(areanear)

#use HPLS for the p-component estimator

out1 <- glm(Y~log(endem)+log(areanear),family=poisson)

ESP1 <- predict(out1)

x <- cbind(lnendem,lnareanear)

covxy <- cov(x,Y)

gam1hat<- covxy

w1 <- x%*%covxy

gam2hat <- cov(x) %*% covxy

w2 <- x%*%gam2hat

out2 <- glm(Y~w1+w2,family=poisson)

out2$coef #PR thetahat = (0.01421,-0.001482)’

(Intercept) w1 w2

-0.044393306 0.014205369 -0.001481973

ESP2 <- predict(out2)

plot(ESP2,ESP1)

abline(0, 1)

AhatTrans <- cbind(gam1hat,gam2hat)

AhatTrans%*%out2$coef[c(2,3)]

[,1] #PR betahat_p

lnendem 1.32751783

lnareanear -0.02241533

out1$coef #PR betahat = (1.3257,-0.02242)’

(Intercept) log(endem) log(areanear)
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-0.04439331 1.32751783 -0.02241533

#above was Poisson regression, now do negative binomial regression

library(MASS) #theta=37 needs to be specified

out3 <- glm(Y~log(endem)+log(areanear),family=negative.binomial(37))

ESP3 <- predict(out3)

out4 <- glm(Y~w1+w2,family=negative.binomial(37))

ESP4 <- predict(out4)

plot(ESP4,ESP3)

abline(0, 1)

AhatTrans%*%out4$coef[c(2,3)]

[,1] #NBR betahat_p

lnendem 1.32370941

lnareanear -0.02328905

out3$coef #NBR betahat = (1.3237,-0.2329)’

(Intercept) log(endem) log(areanear)

-0.02914982 1.32370941 -0.02328905

Example 2. The Hebbler (1847) data was collected from n = 26 districts in Prussia
in 1843. Let Y1 = the number of women married to civilians in the district, Y2 = the
number of women married to husbands in the military in the district with a constant
and predictors x1 = the population of the district in 1843, x2 = the number of married

civilian men in the district, x3 = the number of married men in the military in the
district. Sometimes the person conducting the survey would not count a spouse if the
spouse was not at home. Hence Y1 and x2 are highly correlated but not equal. Similarly,
Y2 and x3 are highly correlated but not equal. The predictor x1 was highly correlated
with Y1 and x2. For the multivariate OLS and lasso estimators,

B̂OLS =




0.00035 0.00005
0.9996 0.00047
0.0871 0.9509


 , B̂mlasso =




0.00078 0.00001
0.9700 0.0056

0 0


 .

PCR and PLS chose the p-component estimator, whether regressed on y or Y1 and then
Y2, and were thus equivalent to multivariate OLS for this data set. Performing lasso on
Y1 and then Y2, and then finding B̂H gave

B̂lasso =




0.0018 0
0.9618 0.0013

0 0.9464


 , B̂H =




0.0019 0+
0.9913 0.00017
−0.1091 0.9501


 .

Here b = 0+ indicates that |b| < 0.00001. Performing relaxed lasso on Y1 and then Y2,
and then finding B̂H gave

B̂RL =




0.00007 0
1.0006 0.00017

0 0.9501


 , B̂H =




0.00007 0+
1.0011 0.00013
−0.0871 0.9464


 .

The uniLasso estimator, applied to Y1 and then Y2, worked well since each response
variable is best represented by a simple linear regression estimator. Forward selection,
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on Y1 and then Y2, also worked well. This estimator would also be the relaxed uniLasso
estimator.

B̂uL =




0 0
0.9716 0

0 0.9415


 , B̂FS =




0 0
1.0010 0

0 0.9585


 .

Some R code is below.

x <- marry[,-c(3,5)]

Y1 <- marry[,3]

Y2 <- marry[,5]

y <- cbind(Y1,Y2)

mols <- lsfit(x,y)

Y1 Y2

Intercept 2.398139e+02 -1.682749e+01

pop 3.467458e-04 -5.368749e-05

mmen 9.995575e-01 4.662285e-04

mmilmen -8.713382e-02 9.508827e-01

library(glmnet)

outlasso <- cv.glmnet(x,y,family="mgaussian")

lam <- outlasso$lambda.min

lcoef <- predict(outlasso,type="coefficients",s=lam)

lcoef

$Y1

4 x 1 sparse Matrix of class "dgCMatrix"

s=1066.251

(Intercept) 2.800322e+03

pop 7.857383e-04

mmen 9.700227e-01

mmilmen .

$Y2

4 x 1 sparse Matrix of class "dgCMatrix"

s=1066.251

(Intercept) 1.750867e+02

pop 1.081750e-05

mmen 5.560175e-03

mmilmen .

out1 <- cv.glmnet(x,Y1)

lam <- out1$lambda.min

lcoef <- predict(out1,type="coefficients",s=lam)

lcoef

4 x 1 sparse Matrix of class "dgCMatrix"

s=1170.189

(Intercept) 3.000397e+03

pop 1.800342e-03

mmen 9.618035e-01

29



mmilmen .

out2 <- cv.glmnet(x,Y2)

lam <- out2$lambda.min

lcoef <- predict(out2,type="coefficients",s=lam)

lcoef

pop .

mmen 1.315187e-04

mmilmen 9.463703e-01

w1 <- x%*%c(1.800342e-03,9.618035e-01,0)

w2 <- x%*%c(0,1.315187e-04,9.463703e-01)

w<- cbind(w1,w2)

Dhat <- lsfit(w,y)$coef[-1,]

Y1 Y2

X1 1.0307024 4.222075e-05

X2 -0.1153572 1.003938e+00

eta1hat <- c(1.800342e-03,9.618035e-01,0)

eta2hat <- c(0,1.315187e-04,9.463703e-01)

AhatTrans <- cbind(eta1hat,eta2hat)

BhatH <- AhatTrans%*%Dhat

Y1 Y2

[1,] 0.001855617 7.601178e-08

[2,] 0.991318031 1.726447e-04

[3,] -0.109170643 9.500975e-01

#relaxed lasso

rout1 <- lsfit(x[,-3],Y1)$coef

rout2 <- lsfit(x[,-1],Y2)$coef

rout1

Intercept pop mmen

2.380912e+02 6.556895e-05 1.000603e+00

rout2

Intercept mmen mmilmen

-1.950581e+01 1.731124e-04 9.500960e-01

w1 <- x%*%c(6.556895e-05, 1.000603e+00,0)

w2 <- x%*%c(0,1.731124e-04, 9.500960e-01)

w<- cbind(w1,w2)

Dhat <- lsfit(w,y)$coef[-1,]

eta1hat <- c(6.556895e-05, 1.000603e+00,0)

eta2hat <- c(0,1.315187e-04,9.463703e-01)

AhatTrans <- cbind(eta1hat,eta2hat)

BhatH <- AhatTrans%*%Dhat

Y1 Y2

[1,] 6.560201e-05 -1.245153e-13

[2,] 1.001096e+00 1.315168e-04

[3,] -8.268911e-02 9.463704e-01

##uniLasso
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library(uniLasso)

out1<-cv.uniLasso(x,Y1)

lam <- out1$lambda.min

lcoef <- predict(out1,type="coefficients",s=lam)

lcoef

4 x 1 sparse Matrix of class "dgCMatrix"

s=46983463

(Intercept) 3109.5982108

pop .

mmen 0.9715993

mmilmen .

out2<-cv.uniLasso(x,Y2)

lam <- out2$lambda.min

lcoef <- predict(out2,type="coefficients",s=lam)

lcoef

s=3278.221

(Intercept) 4.3077246

pop 0.0000000

mmen 0.0000000

mmilmen 0.9415391

#forward selection with Cp

library(leaps)

temp<-regsubsets(x,Y1,method="forward")

out<-summary(temp)

vars <- as.vector(1:3)

mincp <- out$which[out$cp==min(out$cp),]

vin <- vars[mincp[-1]]

vin

2

lsfit(x[,vin],Y1)$coef

Intercept X

241.544496 1.000967

temp<-regsubsets(x,Y2,method="forward")

out<-summary(temp)

vars <- as.vector(1:3)

mincp <- out$which[out$cp==min(out$cp),]

vin <- vars[mincp[-1]]

vin

3

lsfit(x[,vin],Y2)$coef

Intercept X

-9.0176168 0.9585048

##PLS

library(pls)

z <- as.data.frame(cbind(y,x))
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out <- plsr(y~pop+mmen+mmilmen,data=z,method="simpls",validation="CV")

bhat<- coef(out,intercept=TRUE)

bhat Y1 Y2 #same as OLS

(Intercept) 2.398139e+02 -1.682749e+01

pop 3.467459e-04 -5.368749e-05

mmen 9.995574e-01 4.662285e-04

mmilmen -8.713384e-02 9.508827e-01

out <- plsr(y~pop+mmen+mmilmen,data=z,method="simpls",scale=TRUE,validation="CV")

bhat<- coef(out,intercept=TRUE)

Y1 Y2 #this method did not work

(Intercept) 239.81391 -16.82749

pop 79.15141 -12.25520

mmen 40880.32880 19.06801

mmilmen -39.25344 428.36886

out1 <- plsr(Y1~pop+mmen+mmilmen,data=z,method="simpls",validation="CV")

bhat<- coef(out1,intercept=TRUE)

bhat Y1 #same as OLS

(Intercept) 2.398139e+02

pop 3.467411e-04

mmen 9.995575e-01

mmilmen -8.713236e-02

out2 <- plsr(Y2~pop+mmen+mmilmen,data=z,method="simpls",validation="CV")

bhat<- coef(out2,intercept=TRUE)

bhat

Y2 #same as OLS

(Intercept) -1.682749e+01

pop -5.368749e-05

mmen 4.662285e-04

mmilmen 9.508827e-01 #below is the same for PLS and PCR

w1 <- x%*%c(3.467411e-04, 9.995575e-01, -8.713236e-02)

w2 <- x%*%c(-5.368749e-05, 4.662285e-04, 9.508827e-01)

w<- cbind(w1,w2)

Dhat <- lsfit(w,y)$coef[-1,]

eta1hat <- c(3.467411e-04, 9.995575e-01, -8.713236e-02)

eta2hat <- c(-5.368749e-05, 4.662285e-04, 9.508827e-01)

AhatTrans <- cbind(eta1hat,eta2hat)

BhatH <- AhatTrans%*%Dhat

BhatH #same as OLS

Y1 Y2

[1,] 0.0003467412 -5.368749e-05

[2,] 0.9995574755 4.662285e-04

[3,] -0.0871337489 9.508827e-01

##PCR

library(pls)

x <- marry[,-c(3,5)]
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Y1 <- marry[,3]

Y2 <- marry[,5]

y <- cbind(Y1,Y2)

z <- as.data.frame(cbind(y,x))

out <- pcr(y~pop+mmen+mmilmen,data=z,validation="CV")

bhat<- coef(out,intercept=TRUE)

bhat #same as OLS

Y1 Y2

(Intercept) 2.398139e+02 -1.682749e+01

pop 3.467458e-04 -5.368749e-05

mmen 9.995575e-01 4.662285e-04

mmilmen -8.713382e-02 9.508827e-01

out1 <- pcr(Y1~pop+mmen+mmilmen,data=z,validation="CV")

bhat<- coef(out1,intercept=TRUE)

bhat #same as OLS

Y1

(Intercept) 2.398139e+02

pop 3.467458e-04

mmen 9.995575e-01

mmilmen -8.713382e-02

out2 <- pcr(Y2~pop+mmen+mmilmen,data=z,validation="CV")

bhat<- coef(out2,intercept=TRUE)

bhat #same as OLS

Y2

(Intercept) -1.682749e+01

pop -5.368749e-05

mmen 4.662285e-04

mmilmen 9.508827e-01

9 CONCLUSIONS

A useful high dimensional technique is to use PCA for dimension reduction. Let U1, ..., Up

be the PCA linear combinations (Ui = d̂
T

i x) ordered with respect to the largest eigen-
values. Then use U1, ..., Uk in the regression or classification model where k is chosen in
some manner. For example, use Equation (5) with Q(i) = λ̂i. The problem with this idea
is that principal components are used to explain the structure of the dispersion matrix
of the data, not to be linear combinations of the data that are good for classification.
See, for example, Artigue and Smith (2019), Cook (2007, 2018), and Zhang and Chen
(2020). Cook and Forzani (2021) used the PLS components as predictors for nonlinear
regression.

From a model selection viewpoint, using W1, ..., Wk should work much better than
using U1, ..., Uk. Also, the PLS components Wi should be used instead of the PCA Wi,
since the PLS components are chosen to be fairly highly correlated with y. One method
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to select k is to find D such that

∑D
i=1 Q(i)∑p
i=1 Q(i)

≥ 0.975.

Then use the k̂ = min(D, n−2, p) Wi as the variables. The Q scree plot can also be used.
For r = 1 with a univariate response variable Y , let W1, ..., Wp be ordered with respect
to the highest squared correlations r2

1 ≥ r2
2 ≥ · · · ≥ r2

p where the sample correlation
Q(i) = ri = ri,Y = cor(xi, Y ). See Olive (2025).

Binary regression is closely related to two sample tests. Note that η̂ = µ̂1 − µ̂2

can use other multivariate location estimators than sample means. For example, sample
coordinatewise medians, sample coordinatewise trimmed means, and the Olive (2017b)
TRMV N estimator have large sample theory given by Rupasinghe Arachchige Don and
Olive (2019) and Rupasinghe Arachchige Don and Pelawa Watagoda (2018).

Some papers on binary regression include Cai, Guo, and Ma (2023), Candès and Sur
(2020), Mukherjee, Pillai, and Lin (2015), Sur and Candès (2019), Sur, Chen, and Candès
(2019), and Tang and Ye (2020). Empirically, often βLR ≈ d βOLS. Haggstrom (1983)
suggests that d is not far from 1/MSE for logistic regression.

These binary regression estimators also give new ways to compare multivariate loca-
tion estimators from two groups. The tests using k predictors can be performed. High
dimensional tests for means from two groups can also be used. The tests that make very
strong assumptions, such as multivariate normality or equal covariance matrices for the
two groups, should be avoided. See Feng and Sun (2015), Gregory et al. (2015), Hu and
Bai (2015), Rajapaksha and Olive (2024), and Xue and Yao (2020).

Yee (2015) considers many models with r > 1, and has R software. The OLS multi-
variate linear regression techniques are also useful for vector autoregressive V AR(p) time
series. See Samadi and Herath (2024) for references.

Software

The R software was used in the simulations. See R Core Team (2024). Programs
will be added to the Olive (2025) collections of R functions slpack.txt, available from
(http://parker.ad.siu.edu/Olive/slpack.txt). Some R packages used include glmnetFried-
man et al. (2015), uniLasso Hastie, Tibshirani, and Chatterjee (2026), leaps Lumley
(2009), and pls Mevik et al. (2015).
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