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Abstract

A common regression and classification technique computes linear combinations
Wi = γ̂T

i x of the predictors x = (x1, ..., xp)
T for i = 1, ..., p where W1, ..., Wp are

ordered in some way. Then the response variables are regressed on W1, ..., Wk to
produce the k−component estimator for k = 1, ..., M with M ≤ p. Examples in-
clude envelopes, sufficient dimension reduction estimators, and variable selection

estimators with Wj = xij . Several methods (including principal component re-
gression, partial least squares, forward selection, and lasso) can be used in high

dimensions where n/p is small and n is the sample size. Examining some of the
properties of k-component estimators is useful for unifying these dimension reduc-

tion procedures. Some new ordering techniques to obtain the Wi are also given.

KEY WORDS: envelopes, marginal maximum likelihood estimator, PCA,

PLS, SDR, variable selection.

1 INTRODUCTION

Some important statistical methods include regression, multivariate statistics, and clas-
sification. These methods are useful for machine learning, an important part of artificial
intelligence.

High dimensional statistics are used when n < 5p where n is the sample size and p
is the number of variables. Such a model is overfitting: the model does not have enough
data to estimate p parameters accurately. Then n tends to be not large enough for
the classical statistical method to be useful. A less general definition of high dimensional
statistics is that p is large. Sometimes p > Jn with J ≥ 10 is called ultrahigh dimensional
statistics.

Some notation for dimension reduction methods is needed. Let y = (Y1, ..., Yr)
T be a

vector of r response variables and let x = (x1, ..., xp)
T be a vector of p predictor variables.
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For example, predict Y1 = mussel muscle mass and Y2 = mussel shell mass from x1 =
height, x2 = width, and x3 = length of the mussel shell. Then r = 2 and p = 3.

Let the covariance matrix of x be Cov(x) = Σx = E[(x−E(x))(x−E(x))T ] and the
p×1 vector Cov(x, Y ) = ΣxY = E[(x−E(x))(Y −E(Y ))] = (Cov(x1, Y ), ..., Cov(xp, Y ))T

= η. Let Cov(x, y) = Σxy = E[(x−E(x))(y−E(y))T ]. Let Σ̃x = (n− 1)Σ̂x/n where
the sample covariance matrix

Σ̂x = Sx =
1

n − 1

n
∑

i=1

(xi − x)(xi − x)T .

Let Σ̃xy = (n − 1)Σ̂xy/n where

Σ̂xy = Sxy = cov(x, y) =
1

n − 1

n
∑

i=1

(xi − x)(yi − y)T .

Let G be an p× k matrix and let C = span(G) be the subspace of R
p spanned by the

columns of G. Let Ip be the p× p identity matrix. For a symmetric p× p matrix D, let
D > 0 and D ≥ 0 denote that D is positive definite or positive semidefinite, respectively.
Then the projection onto C is P k = PG = G(GTG)−1GT provided GT G > 0. Let
Qk = QG = Ip −P k be the orthogonal projection.

Let L be a subspace of R
p. Let {γ1, ..., γq} be a basis for L, and let {γ1, ..., γq, γq+1, ...,

γp} be a basis for R
p. Then several dimension reduction methods involve estimating q

and γ̂ i for i = 1, ..., q. Let G = [γ1...γq] be the basis matrix for L. Let y x|Ax indicate
that the response vector y is independent of the predictors x given Ax. Then a subspace
L ⊆ R

p that satisfies y x|P q x is a dimension reduction subspace for the regression of
y on x. Thus the reduced predictors w = P q x hold all of the information that x has
about y. If the intersection of all dimension reduction subspaces is a dimension reduction
subspace, then that subspace is called the central subspace, denoted by Ly|x.

For a predictor envelope L = Ex, suppose a) y x|P q x, and b) L ⊆ R
p reduces

Σx if and only if Cov(P q x, Qq x) = 0. Notation: w = P q x is material for the
regression of y on x while u = Qq x is immaterial for the regression of y on x. Assume
Ly|x ⊆ span(Σx). The predictor envelope (subspace) Ex for the regression of y on x is
the intersection of all dimension reduction subspaces that reduce Σx and contain Ly|x.
Hence Ly|x ⊆ Ex. The envelope subspace may be larger than the central subspace,
but tends to handle high predictor collinearity better than sufficient dimension reduction
(SDR) estimators of the central subspace. See Cook and Forzani (2024).

Let the population correlation ρij = ρxi,xj
= Cor(xi, xj) and the sample correlation

rij = rxi,xj
= cor(xi, xj). Let the population correlation matrices Cor(x) = ρx = (ρij)

and Cor(x, Y ) = ρxY = (ρx1,Y , ..., ρxp,Y )T . Let the sample correlation matrices be

Rx = (rij) and rxY = (rx1,Y , ..., rxp,Y )T . Then Σ̂x and R are dispersion estimators,

and (x, Σ̂x) is an estimator of multivariate location and dispersion.
Remark 1. The following results are useful for several regression and covariance

estimators. Let wi = Anxi for i = 1, ..., n where An is a full rank k × p matrix with
1 ≤ k ≤ p.

a) Let Σ∗ be Σ̂ or Σ̃. Then Σ∗
w = AnΣ

∗
xAT

n , Σ∗
wY = AnΣ

∗
xY , and Σ∗

wy = AnΣ
∗
xy.
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b) If An is a constant matrix, then Σw = AnΣxAT
n , ΣwY = AnΣxY , and Σwy =

AnΣxy.
c) Let r > 1, and let zi = Dnyi where Dn is a full rank k× r matrix with 1 ≤ k ≤ r.

Then Σ∗
xz = Σ∗

xyDT
n . If Dn is a constant matrix, then Σxz = ΣxyDT

n .
d) Let a > 0 and b > 0. Then the sample correlation cor(x, y) = cor(ax, by) =

cor(−ax,−by) = −cor(−ax, by) = −cor(ax,−by).
For partial least squares (PLS), PLS1 algorithms are for regression with a univariate

response Y , while PLS2 algorithms are for a multivariate response y, and are also PLS1
algorthms if r = 1. PLS, SDR, and envelopes algorithms produce estimated basis vectors
γ̂ i sequentially, using the response variables. Suppose the positive semidefinite dispersion
matrix Σ has eigenvalue eigenvector pairs (λ1, d1), ..., (λp, dp) where λ1 ≥ λ2 ≥ · · · ≥ λp.

Let the eigenvalue eigenvector pairs of Σ̂ be (λ̂1, d̂1), ..., (λ̂p, d̂p) where λ̂1 ≥ λ̂2 ≥ · · · ≥
λ̂p. These vectors are important quantities for principal component analysis (PCA) and

principal components regression (PCR). If the eigenvectors are orthonormal, Σ̂ = Σ̂x,

and Wi = d̂
T

i x, then cov(Wi, Wj) = d̂
T

i Σ̂xd̂j = 0 for i 6= j.
The NIPALS PLS algorithm uses γ̂1 = 1st eigenvector of SxyST

xy, and the γ̂ i

are orthonormal. Let Âk be the matrix with ith row γ̂T
i for i = 1, ..., k. For k < q,

SIMPLS uses γ̂1 and γ̂k+1 = argmaxγ∈Rp γTSxyST
xyγ subject to γT SxÂ

T

k = 0 and

γTγ = 1. Note that γ̂1 = argmaxγ∈Rp γTSxY ST
xY γ where γTγ = 1. If Wi = γ̂

T
i x, then

cov(Wi, Wj) = γ̂T
i Σ̂xγ̂j = 0 for i 6= j. See Cook and Forzani (2024), de Jong (1993),

and Wold (1975).
The marginal maximum likelihood estimator (MMLE) is due to Fan and Lv (2008)

and Fan and Song (2010). This estimator computes the marginal regression, such as the
binary logistic regression, of Y on xj resulting in the estimator (α̂j,M , β̂j,M) for j = 1, ..., p.

Then β̂MMLE = (β̂1,M , ..., β̂p,M)T . Let σ̂i be the sample standard deviation of xi where
σ̂2

i is the sample variance of xi. If the MMLE regresses Y on the predictors vi = xi/σ̂i

standardized to have unit sample variances, then MMLE variable selection keeps the J
predictors corresponding to the largest |β̂i| = |β̂i,M |. Hence Wj = xij and W1, ..., Wp are

ordered by |β̂i1| ≥ |β̂i2| ≥ · · · ≥ |β̂ip|. Section 2 will give a similar ordering when r > 1.
A common regression and classification technique computes linear combinations Wi =

γ̂T
i x of the predictors for i = 1, ..., p, where W1, ..., Wp are ordered in some way. Let the

jth column of Ip be cj = (0, ..., 0, 1, 0, ..., 0)T where the 1 is in the jth position. The cj

form the standard basis vectors for R
p and cT

j x = xj. For variable selection estimators, let

Wj = γ̂T
j x = xij where γ̂j = cij . The k-component estimator, e.g. the k-component PLS

estimator or the k-component PCR estimator, is obtained by regressing y on W1, ..., Wk

where often a constant vector is in the model. Let k = 1, ..., M where M ≤ p. The
model selection estimator chooses one of the k-component estimators, e.g. using cross
validation, and may be denoted by β̂MSPLS or β̂MSPCR.

For the regression method, much of the literature uses multivariate linear regression
model y = α + BT x + ε where B = [β1β2 · · ·βr]. The ordinary least squares (OLS)

estimator B̂ = Σ̂
−1

x Σ̂xy. Let Âkx = w = (W1, ..., Wk)
T where Âk is the matrix with
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ith row γ̂T
i for i = 1, ..., k. Let Dk = [θ1θ2 · · ·θk]. Fit the working model

y = αk + DT
k w + ε = αk + DT

k Âkx + ε

with B̂
T

k = D̂
T

k Âk. Then the OLS estimator D̂k = Σ̂
−1

wΣ̂wy, and the k−component

estimator B̂k = Â
T

k D̂k = Â
T

k (ÂkΣ̂xÂ
T

k )−1ÂkΣ̂xy by Remark 1. Here k = 1, ..., M

where M ≤ min(n−2, p) needs to be small enough so that (ÂkΣ̂xÂ
T

k )−1 exists. Suppose

k = p and both Σ̂
−1

x and Â
−1

p exist. Then Â
T

p (ÂpΣ̂xÂ
T

p )−1ÂpΣ̂x,y =

B̂p = Â
T

p (Â
T

p )−1Σ̂
−1

x (Âp)
−1ÂpΣ̂x,y = Σ̂

−1

x Σ̂x,y = B̂OLS. (1)

Replace B by β if r = 1 so Y is used instead of y. Thus for multiple linear regression
with OLS, let Y = α + xT β + e. Let the working model be Y = αk + θT

k w + e. Then

the OLS estimator θ̂k = Σ̂
−1

wΣ̂wY . By Remark 1, the k-component estimator

β̂k = Â
T

k θ̂k = Â
T

k (ÂkΣ̂xÂ
T

k )−1ÂkΣ̂x,Y .

2 r Response Variables Y1, ..., Yr

The following theorem shows that PLS is a model free way to get predictors Wi = γ̂T
i x

that are fairly highly correlated with the response variables Y1, ..., Yr. The absolute
correlations tend to decrease quickly. Let V̂ (X) be the sample variance of X.

Theorem 1. For 1 < k < q, the SIMPLS algorithm maximizes

QS(γT x) = V̂ (γTx)
r
∑

j=1

[cor(γTx, Yj)]
2V̂ (Yj) =

r
∑

j=1

γTSxYj
ST

xYj
γ (2)

subject to γTSxÂ
T

k = 0 and γTγ = 1.
Proof. By Remark 1,

γT Sxy = SγT x,y = (cov(γT x, Y1), ..., cov(γ
Tx, Yr)),

and QS(γT x) = γTSxyST
xyγ =

r
∑

j=1

[cov(γTx, Yj)]
2 =

r
∑

j=1

[cor(γT x, Yj)]
2V̂ (γT x)V̂ (Yj).

The second equality follows since Sxy = [SxY1
, SxY2

, ..., SxYr
]. �

Theorem 1 suggests that the criterion works better for smaller r than for larger r.
Note that too much weight is given to predictors xi and response variables Yj with large

variance. For r = 1, the V̂ (Y1) term does not effect the optimization and can be omitted.
If the Yi are highly correlated, then a weighted sample mean of the ŜxYi

might be a
good γ̂. If there are J groups of response variables that are highly correlated within each
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group where J ≥ 1 is small, then there may be a linear combinations γ̂T
j x that is useful

for partially explaining each group j for j = 1, ..., J .
Scaling the response variables to have the same sample variance is often a good idea.

Dividing each response variable by its standard deviation is common, and equivalent to
using z = [diag(Sy)]−1/2y = (Z1, ..., Zr)

T . Then by Remark 1d), the SIMPLS criterion
is

Qz(γT x) = V̂ (γT x)
r
∑

j=1

[cor(γTx, Zj)]
2 = V̂ (γT x)

r
∑

j=1

[cor(γT x, Yj)]
2. (3)

Hence Qz(γ̂T
i x) is a model free variable importance criterion for Wi = γ̂

T
i x. Note that

V (γTx) = Cov(γT x, γT x) = γTCov(x)γ.
The following, possibly new, model free variable importance criterion is an MMLE

criterion

QM(γ̂T
i x) =

1

r

r
∑

j=1

[cor(γ̂T
i x, Yj)]

2. (4)

Applying SIMPLS to (u, Z1, ..., Zr) minimizes
∑r

j=1[cor(γ
T u, Yj)]

2 if ui = S
−1/2
x xi. If

φ̂
T

i u = γ̂T
i x are the linear combinations, then γ̂T

i = φ̂
T

i S
−1/2
x .

To see why (4) is called an MMLE criterion, let vi = xi/σ̂i be the standardized
xi. Let Ti = Yi/σ̂Yi

be the standardized Yi such that V̂ (Ti) = 1 for i = 1, ..., r.
Then the MMLE for the OLS multivariate linear regression of T1, ..., Tr on vi uses
b̂i = (cov(vi, T1), cov(vi, T2), ..., cov(vi, Tr))

T with

‖b̂i‖2 =
r
∑

j=1

[cov(vi, Tj)]
2 =

r
∑

j=1

[cor(vi, Tj)]
2V̂ (vi)V̂ (Tj) =

r
∑

j=1

[cor(xi, Yj)]
2.

Thus the vi with the largest ‖b̂i‖2 have the largest
∑r

j=1[cor(xi, Yj)]
2.

Given Uj = γ̂T
j x, the model free variable importance criterion QS(γ̂T

j x) can be used
to order the Uj in importance. Let W1, W2, ..., Wp be the variables Uj ordered with respect
to a criterion Q, corresponding to Q(1) ≥ Q(2) ≥ · · · ≥ Q(p). Then a Q scree plot is a
plot of i versus Q(i), and scree plot techniques can be used to choose the number q̂ of
variables to be used in the regression. For example, let

Rk =

∑k
i=1 Q(i)

∑p
i=1 Q(i)

(5)

for k = 1, ..., p. Let D = smallest value of k such that Rk ≥ c, e.g, c = 0.975. Then use
k̂ = q̂ = min(D, n − J, p) where J ≥ 2. This technique can be much faster than using
5-fold cross validation.

Note that the variable importance criterion (4) does not require p regressions of y on
xi to get p values of ‖b̂i‖2. Criterion (3) can be used in high dimensions to obtain γ̂i.

Criterion (4) can be used for PCA regression with Uj = d̂
T

j x. Criterion (4) makes the
most sense if the Uj are uncorrelated and if r is small.

A model free variable unimportance criterion is

QU(γ̂T
i x) = max

i=1,...,r
[cor(γ̂T

i x, Yj)]
2. (6)
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Delete variables Wi = γ̂T
i x with the smallest values of QU . In particular, use Wj =

cT
ij
x = xij to delete predictor variables.

2.1 High Dimensional Multivariate Linear Regression

For the predictor and response variables (x1, ..., xp, Y1, ..., Yr), let the data matrix be










x1,1 x1,2 . . . x1,p Y1,1 Y1,2 . . . Y1,r

x2,1 x2,2 . . . x2,p Y2,1 Y2,2 . . . Y2,r
...

...
. . .

...
...

...
. . .

...
xn,1 xn,2 . . . xn,p Yn,1 Yn,2 . . . Yn,r











=











xT
1 yT

1

xT
2 yT

2
...

xT
n yT

n











.

Let the multivariate linear regression model be y = α + BT x + ε where B =

[β1β2 · · ·βr]. The OLS estimator B̂ = Σ̂
−1

x Σ̂xy minimizes the criterion Q(α, B) =
∑r

i=1 Qi(αi, βi) =
∑r

i=1[
∑n

j=1 r2
j (αi, βi)] =

∑r
i=1[
∑n

j=1(Yji − αi − βT
i xj)

2] where Qi is
the OLS criterion for the multiple linear regression of the single response variable Yi

on x. Hence performing the OLS multivariate linear regression of y on Wi = β̂
T

i x for
i = 1, ..., r does not change the OLS estimator.

The discussion above Equation (1) showed how to obtain the k-component estimator.
A common competitor is to fit the r univariate MLR’s Yj = αj +ηT

j x+ e with a method,

such as lasso or model selection PLS, to get B̂U = Â
T

H = [η̂1η̂2 · · · η̂r] and

ŷU = α̂U + B̂
T

Ux = α̂U + w

where ÂHx = w = (W1, ..., Wr)
T , Wi = η̂T

i x, and α̂U = (α̂1, ..., α̂r)
T .

A new (high dimensional) method is to regress y on ÂHx = w with OLS. So let
DH = [θ1θ2 · · ·θr], and fit the OLS working model

y = αH + DT
Hw + ε = αH + DT

HÂHx + ε

to get D̂H = Σ̂
−1

wΣ̂wy, and B̂H = Â
T

HD̂H = Â
T

H(ÂHΣ̂xÂ
T

H)−1ÂHΣ̂xy. Note that the

jth column of B̂H is β̂j =
∑r

i=1 θ̂ijη̂i. If r is too large, then randomly select K of the

Yi, update K of the η̂i by applying B̂H on the K response variables. Then repeat many
times.

The new estimator B̂H is useful if the η̂i are not obtained from a working model
for an OLS multivariate linear regression, and if D̂H is not close to the identity matrix
Ir. Univariate lasso estimators could be used to give a competitor for the glmnet lasso
estimator with “mgaussian.” See Qian et al. (2022).

For the k-component lasso estimator (with “mgaussian”), let the standardized pre-
dictors vi = xi/σ̂i for i = 1, ..., p. Apply lasso to the model y = α + BT v + ε. Let
b̂i correspond to the ith row of the lasso estimator B̂ = B̂L. Let Wj = xij correspond

to predictors with the largest ‖b̂j‖. If more than one b̂i = 0, rank the corresponding
predictors xi = cT

i x using a criterion such as Equation (4) with γ̂ i = ci.
The k-component PCA estimator using Equation (4) can be used with r > 1 for many

regression and classification methods. Since the response variables are used to select the

PLS Wj, the PLS Wj = γ̂T
j x should work better than the PCA Wj = d̂

T

ij
x.
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2.1.1 Variable Selection with L Linear Combinations

This subsection extends a model for variable selection with r = 1 to a model for r > 1.
For r = 1, suppose Y depends on the predictors x through SP = SP (F ) = βTx where
β = βF is the full model. Then a model for variable selection can be described by

SP (F ) = xT β = xT
SβS + xT

EβE = xT
SβS = SP (S) (7)

where x = (xT
S , xT

E)T is a p × 1 vector of predictors, xS is a q × 1 vector, and xE is a
(p − q) × 1 vector. Given that xS is in the model, βE = 0 and E denotes the subset of
terms that can be eliminated given that the subset S is in the model. In Equation (7),
there is a “true submodel” S where all of the elements of βS are nonzero, but all of the
elements of β that are not elements of βS are zero. Assume that S is unique. S = F is
possible. Let xI be the vector of dI terms from a candidate subset indexed by I , and let
xO be the vector of the remaining predictors (out of the candidate submodel). Then

xT β = xT
I βI + xT

OβO.

Suppose that S is a subset of I and that model (7) holds. Then

SP (F ) = xTβ = xT
SβS = SP (S) = xT

SβS + xT
I/Sβ(I/S) + xT

O0 = xT
I βI = SP (I) (8)

where xI/S denotes the predictors in I that are not in S. Since this is true regardless
of the values of the predictors, βO = 0 and the sample correlation cor(xTβ, xT

I βI) =

cor(SP (F ), SP (I)) = 1 for the population β and βI if S ⊆ I . Let ESP (I) = β̂
T

I x. If
consistent estimators for β̂ and β̂I are used, the full model is useful for prediction, and
S ⊆ I , then cor(ESP (F ), ESP (I)) → 1 and cor(Y − ESP (F ), Y − ESP (I)) → 1 as
n → ∞. See Olive and Hawkins (2005).

Suppose the regression or classification model has L ≥ 1 linear combinations. Denote

the jth linear combination by SPj(I) = αj + βT
j xI and ESPj(I) = α̂j + β̂

T

j xI . Note
that αj = α̂j = 0 is possible. For multivariate linear regression there are L = r linear
combinations, one for each response variable Yj . For classification or discriminant analysis
(DA), see Section 2.2.

The variable selection model given by Equations (7) and (8) can be extended to L
linear combinations as follows. Let V SP (I) = (SP1(I), ..., SPL(I))T and V ESP (I) =
(ESP1(I), ..., ESPL(I))T . Then a model for variable selection can be described by

V SP (F ) = V SP (S) + V SP (E) = V SP (S) (9)

where x = (xT
S , xT

E)T is a p × 1 vector of predictors, xS is an q × 1 vector, and xE is a
(p − q) × 1 vector with q = dS. Given that xS is in the model, βjE = 0 for j = 1, ..., L,
and E denotes the subset of terms that can be eliminated given that the subset S is in
the model.

Since S is unknown, candidate subsets will be examined. Let xI be the vector of dI

terms from a candidate subset indexed by I , including a constant, and let xO be the
vector of the remaining predictors (out of the candidate submodel). If S ⊆ I , then

V SP (F ) = V SP (S) = V SP (I). (10)
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Some notation is needed for sample quantities. Let Cor(x, y) be the population
correlation of random variables x and y, and let cor(x, y) = cor(x, y) be the sample
correlation computed from the data vectors x and y. Let cor(ESPi(I), ESPi(F )) =
cor(vi(I), vi(F )), and let v(I) = (v1(I)T , v2(I)T , ..., vd(I)T )T . Let

V Cor(V SP (I), V SP (F )) = (Cor(SP1(I), SP1(F )), ..., Cor(SPd(I), SPd(F )))T ,

and

V cor(V ESP (I), V ESP (F )) = (cor(ESP1(I), ESP1(F )), ..., cor(ESPd(I), ESPd(F )))T =

(cor(v1(I), v1(F )), ..., cor(vd(I), vd(F )))T .

If S ⊆ I , then V Cor(V SP (I), V SP (F )) = 1 = (1, ..., 1)T . Note that vi(I) =

(α̂i + β̂
T

i x1I , ..., α̂i + β̂
T

i xnI)
T where the n cases are (x1, y1), ..., (xn, yn).

In low dimensions, good variable selection estimators keep V cor(V ESP (I), V ESP (F ))
near 1 and cor(v(I), v(F )) high, by keeping wanted predictors I in the model and omit-
ting unwanted predictors O. The plotted points in a plot of v(I) versus v(F ) should
cluster tightly about the identity line. For the multivariate linear regression estimator,

v(I) = (Ŷ
T

1 (I), ..., Ŷ
T

r (I))T = vec(xT
I B̂I), which has the nr fitted values from model I

stacked into a vector.
Heuristically, if the full model is good in that it gives good predictions, then a sub-

model I with V cor(V ESP (I), V ESP (F )) near 1 and cor(v(I), v(F )) high, gives good
predictions that are nearly identical to those of the full model. Thus “everything sensible
works for prediction.”

Let Ij = {1, ..., j} so that wIj
= (W1, W2, ..., Wj)

T . Then the k−component estimator
has V SP (Ik) and V ESP (Ik). If the γ̂i come from PCA or if γ̂i = bi = the ith column of
Ip, then the Wi = γ̂

T
i x can be ordered using, for example, the SIMPLS criterion Qz(γ̂i).

Suppose that q̂ of the Wi are selected. Then even in high dimensions, cor(v(Ij), v(Iq̂))
and V cor(V ESP (Ij), V ESP (Iq̂)) can be computed for i = 1, ..., J for some J . For SDR
and envelopes, would like the correlations to be high for j = q + 1, ..., J .

2.2 High Dimensional Classification

For a binary response variable Y ∈ {0, 1} and iid cases (xT
i , Yi)

T , the xi come from a
mixture distribution with cumulative distribution function (cdf) Fx(t) = π0Fx0

(t) +
π1Fx1

(t) where πi ∈ (0, 1) and Fxi
(t) is the cdf of xi|Y = i or when xi is from group i

for i = 0, 1. Let Ni be the number of Ys that are equal to i for i = 0, 1 with n = N1 +N0.

Then Ni/n
P→ πi = P (Y = i) for i = 0, 1 when the cases are iid. Let xi be the sample

mean of the cases with Y = i for i = 0, 1. Olive, Alsaudi, and Pathiranage (2026) gave
the following result.

Theorem 2. Let µj = E(x|Y = j) for j = 0, 1. Then a) Σ̃xY =
N1

n

N0

n
(x1 − x0).

b) If the cases are iid, then Σ̃xY
P→ Σx,Y = π1π0(µ1 − µ0). c) Suppose there is a

random sample of Ni cases from each group where the two samples are independent and

Ni/n
P→ θi with θ1 = 1 − θ0 ∈ (0, 1). Then Σ̃xY

P→ V x,Y = θ1θ0(µ1 − µ0) =
θ1θ0

π1π0
Σx,Y .
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Now assume that there are G = r + 1 classes. Let the indicator response variable
Yi = 1 if xi is in class i and 0, otherwise, for i = 1, ..., r. Hence y = (Y1, ..., Yr)

T =
(0, ..., 0, 1, 0, ..., 0)T where the 1 is in the ith position for class i = 1, ..., r. For class G,
y = 0. For two classes 0 and 1, r = 1 and Y takes on value 0 or 1. Get the Wi using y,
and apply the discriminant analysis classification method on the Wi.

To understand SIMPLS, let xi be the sample mean of the x’s in group i. Let x−i

be the sample mean of the x’s not in group i. Let Ni = number of cases in group i
with n =

∑G
i=1 Ni, and let θ̂i = Ni/n. (Note that the Ni should be large enough so

that binary classification is possible if group 1 is group i and group 0 is all of the other
G − 1 groups.) For iid cases, θ̂i = π̂i = P(case is in group i). By Theorem 2, Σ̃xy =

[Σ̃xY1
, Σ̃xY2

, ..., Σ̃xYr
] = [θ̂1(1−θ̂1)(x1−x−1), θ̂2(1−θ̂2)(x2−x−2), ..., θ̂r(1−θ̂r)(xr−x−r)].

Thus Σ̃xyΣ̃
T

xy =
∑r

i=1[θ̂
2
i (1−θ̂i)

2(xi−x−i)(xi−x−i)
T ]. Olive, Alsaudi, and Pathiranage

(2026) obtained a result similar to Theorem 3 for r = 1.
Theorem 3. Using the above notation,

γT Σ̃xyΣ̃
T

xyγ = γT

(

r
∑

i=1

[θ̂2
i (1 − θ̂i)

2(xi − x−i)(xi − x−i)
T ]

)

γ.

Fisher’s discriminant analysis (FDA) finds γ to maximize

γTB̂γ

γT Σ̂γ

with xB =
∑G

i=1 xi/G the sample mean of the G sample means, and

B̂ =
G
∑

i=1

[ci(xi − xB)(xi − xB)T ].

Johnson and Wichern (1988, p. 517) use ci ≡ 1, while Mardia, Kent, and Bibby (1979,
p. 319 ) use ci = Ni for G > 2, which is equivalent to using ci = θ̂i since FDA is

invariant to scaling (with 1/n). Then γ̂ is the leading eigenvector of Σ̂
−1

B̂. Thus if
Σ̂ = Ip, then FDA and SIMPLS have similar criterion. Note that if Ni ≡ n/G, then

the Ni and θ̂2
i (1 − θ̂i)

2 have no effect on the optimization and could be replaced by 1.
Then V̂ (Yi) ≡ σ̂2

Y and the one component PLS estimator and FDA are the most similar.

Let λ̂1 ≥ λ̂2 ≥ ... ≥ λ̂f > 0 be the f ≤ min(G − 1, p) nonzero eigenvalues of Σ̂
−1

B

with corresponding eigenvectors d̂i where d̂
T

i Σ̂d̂i = 1. Let γ̂ i = d̂i. Then γ̂T
i x is the ith

discriminant for i = 1, ..., f for FDA.
Let (µ̂j, Σ̂j) be the estimator of multivariate location and dispersion for the jth group,

e.g. the sample mean and sample covariance matrix (µ̂j, Σ̂j) = (xj, Sj). Let Σ̂ be an
estimator of dispersion, such as

Σ̂ = Σ̂pool =
1

k − G

G
∑

j=1

(kj − 1)Σ̂j
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where often k =
∑G

j=1 kj and often kj is the number of cases used to compute Σ̂j.
Linear discriminant analysis (LDA) allocates x to the group with the largest value of

dj(x) = µ̂T
j Σ̂

−1
x − 1

2
µ̂T

j Σ̂
−1

µ̂j = α̂j + β̂
T

j x

where j = 1, ..., G.
Quadratic discriminant analysis (QDA) allocate x to the group with the largest value

of

Qj(x) =
−1

2
log(|Σ̂j|) −

1

2
(x − µ̂j)

T Σ̂
−1

j (x − µ̂j)

where j = 1, ..., G.
The distance discriminant (DD) rule allocates x to the group with the smallest

squared distance D2
x(µ̂j, Σ̂j) = (x − µ̂j)

T Σ̂
−1

j (x − µ̂j) where j = 1, ..., G.
The K-nearest neighbors (KNN) method identifies the K cases in the training data

that are closest to x. Then allocate x to the group with the largest number of the K
cases.

Let R(x) be the discriminant analysis rule using x = (x1, ..., xp)
T , and let R(k) be

the discriminant analysis rule using Â
T

k x = (W1, ..., Wk)
T . It is known that the R(x)

and R(p) rules are equivalent for some PCA and PLS discriminant analysis methods. See
Cook and Forzani (2024, p. 207) and Brereton and Lloyd (2014) for references.

3 Envelope Theory

When the cases are iid with 4th moments, the assumptions Y |x = Y |Ax and Y x|Ax
tend to be very strong compared to these assumptions when the cases are iid from
a multivariate normal distribution. The Y |x assumption assumes that every relevant
transformation of the predictors tj(x1, ..., xp) is correct and in the model, including in-
teractions.

To establish the link between envelopes and PLS, and for the theory for β̂1PLS, Cook
and Forzani (2024, pp. 83, 92, 111) make the very strong assumption that ΣxY is an
eigenvector of Σx.

For the predictor envelope, Cook and Forzani (2024, p. 38) state that if the eigenvalues
of Σx are unique, and if dim(Ex) = q, then Ex is spanned by q eigenvectors of Σx.
Intuitively, the PLS components should outperform PCA components since Y is used for
PLS. When the above result is correct, using (5) to order the PLS components should
result in a envelopes estimator that is fast to compute, and the technique can be used in
high dimensions.

4 Outlier Resistance

To make outlier resistant analogs for many statistical techniques, including envelopes,
lasso, PCA, and PLS, let U be a data matrix, where the rows uT

i correspond to cases.
For example, ui = xi or ui = (Yi1, xi1, ..., xip)

T . One of the simplest outlier detection
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methods uses the Euclidean distances of the ui from the coordinatewise median Di =
Di(MED(U), Ip). Concentration type steps compute the weighted median MEDj: the
coordinatewise median computed from the cases ui with D2

i ≤ MED(D2
i (MEDj−1, Ip))

where MED0 = MED(U). We often used j = 0 (no concentration type steps) or j = 9.
Let Di = Di(MEDj, Ip). Let Wi = 1 if Di ≤ MED(D1, ..., Dn)+kMAD(D1, ..., Dn) where
k ≥ 0 and k = 5 is the default choice. Let Wi = 0, otherwise. Using k ≥ 0 insures that
at least half of the cases get weight 1. This weighting corresponds to the weighting that
would be used in a one sided metrically trimmed mean (Huber type skipped mean) of the
distances. Here, the sample median absolute deviation is MAD(n) = MAD(D1, ..., Dn) =
MED(|Di − MED(n)|, i = 1, . . . , n) where MED(n) = MED(D1, ..., Dn) is the sample
median of D1, ..., Dn.

Let the covmb2 set B of nR ≥ n/2 cases correspond to the cases with weight Wi = 1,
and apply the statistical technique on the nR cases. For variants, R code, and more
explanation, see Olive (2017b, 2025). The Olive (2017b, p. 120) covmb2 estimator
(T, C) is the sample mean and sample covariance matrix applied to the cases in set B.
If ui = xi, then

T =

∑n
i=1 Wixi
∑n

i=1 Wi
and C =

∑n
i=1 Wi(xi − T )(xi − T )T

∑n
i=1 Wi − 1

.

This estimator was built for speed, applications, and outlier resistance. The estimator
can be used in high dimensions. In low dimensions, the population dispersion matrix is
the population covariance matrix of a spherically truncated distribution.

5 Example

Example. The Hebbler (1847) data was collected from n = 26 districts in Prussia in
1843. Let Y1 = the number of women married to civilians in the district, Y2 = the
number of women married to husbands in the military in the district with a constant
and predictors x1 = the population of the district in 1843, x2 = the number of married

civilian men in the district, x3 = the number of married men in the military in the
district. Sometimes the person conducting the survey would not count a spouse if the
spouse was not at home. Hence Y1 and x2 are highly correlated but not equal. Similarly,
Y2 and x3 are highly correlated but not equal. The predictor x1 was highly correlated
with Y1 and x2. For the multivariate OLS and lasso estimators,

B̂OLS =





0.00035 0.00005
0.9996 0.00047
0.0871 0.9509



 , B̂mlasso =





0.00078 0.00001
0.9700 0.0056

0 0



 .

PCR and PLS chose the p-component estimator, whether regressed on y or Y1 and then
Y2, and were thus equivalent to multivariate OLS for this data set. Performing lasso on
Y1 and then Y2, and then finding B̂H gave

B̂lasso =





0.0018 0
0.9618 0.0013

0 0.9464



 , B̂H =





0.0019 0+
0.9913 0.00017
−0.1091 0.9501



 .
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Here b = 0+ indicates that |b| < 0.00001. Performing relaxed lasso on Y1 and then Y2,
and then finding B̂H gave

B̂RL =





0.00007 0
1.0006 0.00017

0 0.9501



 , B̂H =





0.00007 0+
1.0011 0.00013
−0.0871 0.9464



 .

The uniLasso estimator, applied to Y1 and then Y2, worked well since each response
variable is best represented by a simple linear regression estimator. Forward selection,
on Y1 and then Y2, also worked well. This estimator would also be the relaxed uniLasso
estimator.

B̂uL =





0 0
0.9716 0

0 0.9415



 , B̂FS =





0 0
1.0010 0

0 0.9585



 .

Some R code is below.

x <- marry[,-c(3,5)]

Y1 <- marry[,3]

Y2 <- marry[,5]

y <- cbind(Y1,Y2)

mols <- lsfit(x,y)

Y1 Y2

Intercept 2.398139e+02 -1.682749e+01

pop 3.467458e-04 -5.368749e-05

mmen 9.995575e-01 4.662285e-04

mmilmen -8.713382e-02 9.508827e-01

library(glmnet)

outlasso <- cv.glmnet(x,y,family="mgaussian")

lam <- outlasso$lambda.min

lcoef <- predict(outlasso,type="coefficients",s=lam)

lcoef

$Y1

4 x 1 sparse Matrix of class "dgCMatrix"

s=1066.251

(Intercept) 2.800322e+03

pop 7.857383e-04

mmen 9.700227e-01

mmilmen .

$Y2

4 x 1 sparse Matrix of class "dgCMatrix"

s=1066.251

(Intercept) 1.750867e+02

pop 1.081750e-05

mmen 5.560175e-03

mmilmen .

out1 <- cv.glmnet(x,Y1)
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lam <- out1$lambda.min

lcoef <- predict(out1,type="coefficients",s=lam)

lcoef

4 x 1 sparse Matrix of class "dgCMatrix"

s=1170.189

(Intercept) 3.000397e+03

pop 1.800342e-03

mmen 9.618035e-01

mmilmen .

out2 <- cv.glmnet(x,Y2)

lam <- out2$lambda.min

lcoef <- predict(out2,type="coefficients",s=lam)

lcoef

pop .

mmen 1.315187e-04

mmilmen 9.463703e-01

w1 <- x%*%c(1.800342e-03,9.618035e-01,0)

w2 <- x%*%c(0,1.315187e-04,9.463703e-01)

w<- cbind(w1,w2)

Dhat <- lsfit(w,y)$coef[-1,]

Y1 Y2

X1 1.0307024 4.222075e-05

X2 -0.1153572 1.003938e+00

eta1hat <- c(1.800342e-03,9.618035e-01,0)

eta2hat <- c(0,1.315187e-04,9.463703e-01)

AhatTrans <- cbind(eta1hat,eta2hat)

BhatH <- AhatTrans%*%Dhat

Y1 Y2

[1,] 0.001855617 7.601178e-08

[2,] 0.991318031 1.726447e-04

[3,] -0.109170643 9.500975e-01

#relaxed lasso

rout1 <- lsfit(x[,-3],Y1)$coef

rout2 <- lsfit(x[,-1],Y2)$coef

rout1

Intercept pop mmen

2.380912e+02 6.556895e-05 1.000603e+00

rout2

Intercept mmen mmilmen

-1.950581e+01 1.731124e-04 9.500960e-01

w1 <- x%*%c(6.556895e-05, 1.000603e+00,0)

w2 <- x%*%c(0,1.731124e-04, 9.500960e-01)

w<- cbind(w1,w2)

Dhat <- lsfit(w,y)$coef[-1,]

eta1hat <- c(6.556895e-05, 1.000603e+00,0)
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eta2hat <- c(0,1.315187e-04,9.463703e-01)

AhatTrans <- cbind(eta1hat,eta2hat)

BhatH <- AhatTrans%*%Dhat

Y1 Y2

[1,] 6.560201e-05 -1.245153e-13

[2,] 1.001096e+00 1.315168e-04

[3,] -8.268911e-02 9.463704e-01

##uniLasso

library(uniLasso)

out1<-cv.uniLasso(x,Y1)

lam <- out1$lambda.min

lcoef <- predict(out1,type="coefficients",s=lam)

lcoef

4 x 1 sparse Matrix of class "dgCMatrix"

s=46983463

(Intercept) 3109.5982108

pop .

mmen 0.9715993

mmilmen .

out2<-cv.uniLasso(x,Y2)

lam <- out2$lambda.min

lcoef <- predict(out2,type="coefficients",s=lam)

lcoef

s=3278.221

(Intercept) 4.3077246

pop 0.0000000

mmen 0.0000000

mmilmen 0.9415391

#forward selection with Cp

library(leaps)

temp<-regsubsets(x,Y1,method="forward")

out<-summary(temp)

vars <- as.vector(1:3)

mincp <- out$which[out$cp==min(out$cp),]

vin <- vars[mincp[-1]]

vin

2

lsfit(x[,vin],Y1)$coef

Intercept X

241.544496 1.000967

temp<-regsubsets(x,Y2,method="forward")

out<-summary(temp)

vars <- as.vector(1:3)

mincp <- out$which[out$cp==min(out$cp),]

vin <- vars[mincp[-1]]
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vin

3

lsfit(x[,vin],Y2)$coef

Intercept X

-9.0176168 0.9585048

##PLS

library(pls)

z <- as.data.frame(cbind(y,x))

out <- plsr(y~pop+mmen+mmilmen,data=z,method="simpls",validation="CV")

bhat<- coef(out,intercept=TRUE)

bhat Y1 Y2 #same as OLS

(Intercept) 2.398139e+02 -1.682749e+01

pop 3.467459e-04 -5.368749e-05

mmen 9.995574e-01 4.662285e-04

mmilmen -8.713384e-02 9.508827e-01

out <- plsr(y~pop+mmen+mmilmen,data=z,method="simpls",scale=TRUE,validation="CV")

bhat<- coef(out,intercept=TRUE)

Y1 Y2 #this method did not work

(Intercept) 239.81391 -16.82749

pop 79.15141 -12.25520

mmen 40880.32880 19.06801

mmilmen -39.25344 428.36886

out1 <- plsr(Y1~pop+mmen+mmilmen,data=z,method="simpls",validation="CV")

bhat<- coef(out1,intercept=TRUE)

bhat Y1 #same as OLS

(Intercept) 2.398139e+02

pop 3.467411e-04

mmen 9.995575e-01

mmilmen -8.713236e-02

out2 <- plsr(Y2~pop+mmen+mmilmen,data=z,method="simpls",validation="CV")

bhat<- coef(out2,intercept=TRUE)

bhat

Y2 #same as OLS

(Intercept) -1.682749e+01

pop -5.368749e-05

mmen 4.662285e-04

mmilmen 9.508827e-01 #below is the same for PLS and PCR

w1 <- x%*%c(3.467411e-04, 9.995575e-01, -8.713236e-02)

w2 <- x%*%c(-5.368749e-05, 4.662285e-04, 9.508827e-01)

w<- cbind(w1,w2)

Dhat <- lsfit(w,y)$coef[-1,]

eta1hat <- c(3.467411e-04, 9.995575e-01, -8.713236e-02)

eta2hat <- c(-5.368749e-05, 4.662285e-04, 9.508827e-01)

AhatTrans <- cbind(eta1hat,eta2hat)

BhatH <- AhatTrans%*%Dhat
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BhatH #same as OLS

Y1 Y2

[1,] 0.0003467412 -5.368749e-05

[2,] 0.9995574755 4.662285e-04

[3,] -0.0871337489 9.508827e-01

##PCR

library(pls)

x <- marry[,-c(3,5)]

Y1 <- marry[,3]

Y2 <- marry[,5]

y <- cbind(Y1,Y2)

z <- as.data.frame(cbind(y,x))

out <- pcr(y~pop+mmen+mmilmen,data=z,validation="CV")

bhat<- coef(out,intercept=TRUE)

bhat #same as OLS

Y1 Y2

(Intercept) 2.398139e+02 -1.682749e+01

pop 3.467458e-04 -5.368749e-05

mmen 9.995575e-01 4.662285e-04

mmilmen -8.713382e-02 9.508827e-01

out1 <- pcr(Y1~pop+mmen+mmilmen,data=z,validation="CV")

bhat<- coef(out1,intercept=TRUE)

bhat #same as OLS

Y1

(Intercept) 2.398139e+02

pop 3.467458e-04

mmen 9.995575e-01

mmilmen -8.713382e-02

out2 <- pcr(Y2~pop+mmen+mmilmen,data=z,validation="CV")

bhat<- coef(out2,intercept=TRUE)

bhat #same as OLS

Y2

(Intercept) -1.682749e+01

pop -5.368749e-05

mmen 4.662285e-04

mmilmen 9.508827e-01

6 CONCLUSIONS

In high dimensions, it is very difficult to estimate a p × 1 vector θ. This result is a form
of “the curse of dimensionality.” If a

√
n consistent estimator of θ is available, then the

squared norm

‖θ̂ − θ‖2 =

p
∑

i=1

(θ̂i − θi)
2 ∝ p/n. (11)
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When p is fixed, p/n → 0 as n → ∞ and θ̂ is a consistent estimator of θ. In high
dimensions, often the estimator has not been shown to be consistent, except under very
strong regularity conditions.

A useful high dimensional technique is to use PCA for dimension reduction. Let

U1, ..., Up be the PCA linear combinations (Ui = d̂
T

i x) ordered with respect to the largest
eigenvalues. Then use U1, ..., Uk in the regression or classification model where k is
chosen in some manner. For example, use Equation (5) with Q(i) = λ̂i. The problem
with this idea is that principal components are used to explain the structure of the
dispersion matrix of the data, not to be linear combinations of the data that are good for
classification. See, for example, Artigue and Smith (2019), Cook (2007, 2018), and Zhang
and Chen (2020). Cook and Forzani (2021) used the PLS components as predictors for
nonlinear regression.

From a model selection viewpoint, using W1, ..., Wk should work much better than
using U1, ..., Uk. Also, the PLS components Wi should be used instead of the PCA Wi,
since the PLS components are chosen to be fairly highly correlated with y. One method
to select k is to find D such that

∑D
i=1 Q(i)

∑p
i=1 Q(i)

≥ 0.975.

Then use the k̂ = min(D, n−2, p) Wi as the variables. The Q scree plot can also be used.
For r = 1 with a univariate response variable Y , let W1, ..., Wp be ordered with respect
to the highest squared correlations r2

1 ≥ r2
2 ≥ · · · ≥ r2

p where the sample correlation
Q(i) = ri = ri,Y = cor(xi, Y ). See Olive (2025).

Binary regression is closely related to two sample tests. Note that η̂ = µ̂1 − µ̂2

can use other multivariate location estimators than sample means. For example, sample
coordinatewise medians, sample coordinatewise trimmed means, and the Olive (2017b)
TRMV N estimator have large sample theory given by Rupasinghe Arachchige Don and
Olive (2019) and Rupasinghe Arachchige Don and Pelawa Watagoda (2018).

Some papers on binary regression include Cai, Guo, and Ma (2023), Candès and Sur
(2020), Mukherjee, Pillai, and Lin (2015), Sur and Candès (2019), Sur, Chen, and Candès
(2019), and Tang and Ye (2020). Empirically, often βLR ≈ d βOLS. Haggstrom (1983)
suggests that d is not far from 1/MSE for logistic regression.

These binary regression estimators also give new ways to compare multivariate loca-
tion estimators from two groups. The tests using k predictors can be performed. High
dimensional tests for means from two groups can also be used. The tests that make very
strong assumptions, such as multivariate normality or equal covariance matrices for the
two groups, should be avoided. See Feng and Sun (2015), Gregory et al. (2015), Hu and
Bai (2015), Rajapaksha and Olive (2024), and Xue and Yao (2020).

Yee (2015) considers many models with r > 1, and has R software. The OLS multi-
variate linear regression techniques are also useful for vector autoregressive V AR(p) time
series. See Samadi and Herath (2024) for references.

Software

The R software was used in the simulations. See R Core Team (2024). Programs
will be added to the Olive (2025) collections of R functions slpack.txt, available from
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(http://parker.ad.siu.edu/Olive/slpack.txt). Some R packages used include glmnetFried-
man et al. (2015), uniLasso Hastie, Tibshirani, and Chatterjee (2026), leaps Lumley
(2009), and pls Mevik et al. (2015).
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