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Abstract

Consider regression models where the response variable Y only depends on the p x 1
xp)T through the sufficient predictor SP = a + x'B. Let
the covariance vector Cov(x,Y) = Zyy. Assume the cases (x], ;)T are independent and

vector of predictors x = (x1,...,

identically distributed random vectors for i = 1,...,n. Then for many such regression
models, B = 0 if and only if Zyy = 0 where 0 is the p x 1 vector of zeroes. The test of
Hy : Zyy = 0 versus Hy : Zyy # 0 is equivalent to the high dimensional one sample
test Hy : p = 0 versus Hy : p # 0 applied to wy, ..., w, where w; = (x; — py ) (Y; — piy)
and the expected values E(x) = u, and E(Y) = py. Since p, and py are unknown,
the test of Hy : B = 0 versus Hy : B # 0 is implemented by applying the one sample
testtov; = (x; —%)(Y; —Y) fori = 1,...,n. This test has milder regularity conditions
than its few competitors. For the multiple linear regression one component partial least
squares and marginal maximum likelihood estimators, the test can be adapted to test
Hy : (Biy,-- .,,Bik)T = 0versus Hy : (B, .. .,,Bik)T #0wherel <k < p.

Keywords: generalized linear models; multiple linear regression; one sample test; partial
least squares; U-statistics

1. Introduction

This section reviews regression models where the response variable Y depends on
the p x 1 vector of predictors x = (x1,...,x,)T only through the sufficient predictor
SP = a + xT B. Then there are 7 cases (Y;, xl-T)T. For the regression models, the conditioning
and subscripts, such as i, will often be suppressed. This paper gives a high dimensional
test for Hy : B = 0 versus Hy : B # 0 where 0 = (0,...,0)7 is the p x 1 vector of zeroes.

A useful multiple linear regression (MLR) model is
Yi=a+xpafitFxiphp e =atx e (1)

fori =1,...,n. Assume that the ¢; are independent and identically distributed (iid) with
expected value E(e;) = 0 and variance V(e;) = ¢2. In matrix form, this model is

Y=X¢+e, )

where Y is an 1 x 1 vector of dependent variables, X is an n x (p + 1) matrix with ith row
(Lx]), ¢ = («,7)Tisa (p+1) x 1 vector, and e is an n x 1 vector of unknown errors.
Also E(e) = 0 and Cov(e) = 021, where I, is the n x n identity matrix.

For a multiple linear regression model with heterogeneity, assume model (1) holds

with E(e) = 0 and Cov(e) = Z¢ = diag(v?) = diag(o?,...,02) is an n x n positive
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definite matrix. Under regularity conditions, the ordinary least squares (OLS) estimator
$o1s = (XTX)71XTY can be shown to be a consistent estimator of ¢.

For estimation with ordinary least squares, let the covariance matrix of x be
Cov(x) = Zx = E[(x — E(x))(x — E(x))T] and the p x 1 vector § = Cov(x,Y) = Lyy =
E[(x — E(x)(Y — E(Y))] = (Cov(x1,Y),...,Cov(xy, Y))T. Let

and

For a multiple linear regression model with iid cases, B, s is a consistent estimator of
BoLs = Ly Exy under mild regularity conditions, while &y is a consistent estimator of
E(Y) = BorsE(%).

Ref. [1] showed that the one component partial least squares (OPLS) estimator
Boprs = AExy estimates AZyy = B,p;s where

AT =
rI . I ¥
- TxY XY and A = ATxY iCY 3)
v ExZxy ZyyXxXyxy

for Zxy # 0. If Zxy = 0, then Byp; s = 0. Also see [2—4]. Ref. [5] derived the large sample
theory for fjop;s = Exy and OPLS under milder regularity conditions than those in the
previous literature, where #,p; ¢ = Zxy. Ref. [6] showed that for iid cases (x;, Y;), these
results still hold for multiple linear regression models with heterogeneity.

The marginal maximum likelihood estimator (MMLE or marginal least squares es-
timator) is due to [7,8]. This estimator computes the marginal regression of Y on x;,
such as Poisson regression, resulting in the estimator (&; y, ﬁA,', M) fori=1,...,p. Then
BMMLE = (Bl,Mr' ~-/,3p,M)T-

For multiple linear regression, the marginal estimators are the simple linear regression
estimators. Hence

Bumie = [diag(£x)] Ly (4)

If the t; are the predictors that are scaled or standardized to have unit sample variances, then

Buimie = Bumie(£Y) = E¢y = fioprs(£Y) 5)

where (t,Y) denotes that Y was regressed on t. Ref. [6] derived large sample theory for the
MMLE for multiple linear regression models, including models with heterogeneity.

For Poisson regression and related models, the response variable Y is a nonnegative
count variable. A useful Poisson regression (PR) model is Y ~ Poisson (esp ) This model has
E(Y|SP) = V(Y|SP) = exp(SP). The quasi-Poisson regression model has E(Y|SP) = exp(SP)
and V(Y|SP) = ¢ exp(SP) where the dispersion parameter ¢ > 0. Note that this model and
the Poisson regression model have the same conditional mean function, and the conditional
variance functions are the same if ¢ = 1.

Some notation is needed for the negative binomial regression model. If Y has a
(generalized) negative binomial distribution, Y ~ NB(j, k), then the probability mass
function (pmf) of Y is

P(Y =y) = F(i)(%;i)n <V-KH<>K<1_ u—KHc)y

fory =0,1,2,... where > 0and x > 0. Then E(Y) = pand V(Y) = u + u?/x.
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The negative binomial regression model states that Y7,...,Y) are independent random
variables with
Y|SP ~ NB(exp(SP),x).

This model has E(Y|SP) = exp(SP) and
V(Y|SP) = exp(SP) <1 + epr(SP>> = exp(SP) + Texp(2 SP).

Following Ref. [9] (p. 560), as T = 1/x — 0, it can be shown that the negative binomial
regression model converges to the Poisson regression model.

Let the log transformation Z; = log(Y;) if Y; > 0 and Z; = log(0.5) if ¥; = 0. This
transformation often results in a linear model with heterogeneity:

Zi=uwnz + x,»TﬁZ +e; (6)

where the ¢; are independent with expected value E(e;) = 0 and variance V(e;) = O'iz.

For Poisson regression, the minimum chi-square estimator is the weighted least squares
estimator from the regression of Z; on x; with weights w; = e%i. See [9] (pp. 611-612).

If the regression model for Y depends on x only through « + x” 8, and if the predictors
x; are iid from a large class of elliptically contoured distributions, then [10,11] showed that,
under regularity conditions, B s = ¢B. Hence Zyy = cZxB. Thus Lyy = dB if Zy = 7°I,
where 7> > 0 and I p is the p X p identity matrix. If B = B in this case, then g; = 0
implies that Cov(x;,Y) = 0. The constant c is typically nonzero unless the model has a
lot of symmetry about the distribution of a + xT 8. Simulation with £xy can be difficult
if the population values of c and d are unknown. Results from [12] (p. 89) suggest that
for Poisson regression model, a rough approximation is Bpg = Bpo.s/Y. Results from [13]
suggest that for binary logistic regression, a rough approximation is Bz ~ Bos/MSE
where MSE is the mean square error from the OLS regression.

Ref. [14] has an interesting result for the multiple linear regression model (1). Assume
that the cases (x],Y;)T are iid with E(Y) = py, E(x) = p, and nonsingular Cov(x) = Zy. Let
B = Bors- Then testing Hy : B = B, versus Hj : B # B, is equivalent to testing Hp : u = 0 ver-
sus Hy : pu # 0 with pr = E(w;) = Zx(B — By) where w; = (x; — puy) (Vi — piy — (xi — pix) " By),
and a one sample test can be applied to v; = (x; — %)(Y; — Y — (x; — %) B,).

Ref. [14] notes that there are only a few high dimensional analogs of the low dimen-
sional multiple linear regression F-test for Hy versus Hj. See [15-18]. The assumptions on
the predictors in these four papers are very strong.

This paper uses the above test for B, = 0, which is equivalent to a test for Zyy = 0. The
resulting test is not limited to OLS for multiple linear regression with iid errors. As shown
below and in the following paragraph, the test can be used for multiple linear regression
when heterogeneity is present, and the test can also be used for many regression models
that depend on the predictors only through x! B. Suppose B, = D 'Zyy where Disap x p
positive definite matrix. Then B, = 0 if and only if Exy = 0. Then D~ = AI for OPLS,
D! = £;! for OLS, and D! = [diag(Zx)]~" for the MMLE. The k-component partial
least squares estimator can be found by regressing Y on a constant and on W; = ! x for
i=1,...,kwhered; = ﬁlx_l)ixy fori =1,..., k. See[19]. Hence B;p; g = 0if Zyy = 0. Thus
if the cases (x!,Y;)7 are iid, then using B, = 0 gives tests for Hy : B =0, Hy : Bppr = 0,
Hy: Zyy = 0, Hy : Boprs = 0, and Hy : Byp;g = 0. For multiple linear regression with
heterogeneity, B 5 is still a consistent estimator of 8 = B5; s = Ly Lyy. Hence the test
can be used when the constant variance assumption is violated.

Under iid cases with § = 0, if the response variables Y; depend on the x; only through
x] B, then Y; ~ Yi|la ~ Yj|(a + x] B). Hence the Y; are iid and do not depend on x, and
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thus satisfy a multiple linear regression model with B,;c = B = 0. For a parametric
regression, such as a generalized linear model, assume Y; ~ D(t(x + x! B),0) where D
is the parametric distribution and 7 is a real valued function. For example, D could be
the negative binomial distribution with 7(SP) = ¢°” and § = «. If B = 0, then the iid
Y; ~ D(t(w),0). Typically, if B # 0, then Zyy # 0, and the test can have good power.
An exception is when there is a lot of symmetry which rarely occurs with real data. For
example, suppose Y = m(SP) + e where the iid errors ¢; ~ N(0,0?) are independent of the
predictors, SP ~ N(0,0%), and the function m is symmetric about 0, e.g., m(SP) = (SP)>.
Then By, = 0and Zyy = 0 evenif B # 0.

If By = 0, then w; = (x; — py)(Y; — pty), and E(w;) = Zxy. Then apply a high dimen-
sional one sample test on the v; = (x; — ¥)(Y; — Y). Note that the sample mean 7 = Lyy.

Section 2.1 reviews and derives some results for the one sample test that will be used.
Section 2.2 reviews some two sample tests. Section 2.3 gives theory for the test given in the
above paragraph.

2. Materials and Methods
2.1. A High Dimensional One Sample Test

This section reviews and derives some results for the one sample test that will be
used. Suppose x1,...,x, are iid random vectors with E(x) = p and covariance matrix
Cov(x) = X. Then the test Hy : p = 0 versus Hy : p # 0 is equivalent to the test
Hy: p"p = Oversus Hy : pTp # 0. Let S = £. A U-statistic for estimating u”  is

nx!'x — tr(S)
n

Tn:Tn(x):ﬁinij: (7)

i#]
where tr() is the trace function. See, for example, [20].
To see that the last equality holds, note that

1 n?x® % — Y xT x
T, = — Tw: — Ty| = 22 2 &
" n(n—-1) lz;xlx] ;xlxl] n(n—1)

i

Now
s—_Ly (i - (x—) = — Y xix] —nxx’
n—12"" ! n—1|&="" '
Thus
1 T = =T 1 T =T~
tr(S) = p— l;tr(xixi ) —ntr(xx )] = [Zj:x,‘ X —nx x|.
Thus - .
1 nexXTxX — ) i X X;
nx'x —tr(S) = n¥' x + - i 1%%— — Zi:x,-Txi = %

Next, we derive a simple test. Let the variance V (x] x;) = V(W) = V(W;;) = 0, for
i #j.Letm = floor(n/2) = |n/2] be the integer part of n/2. So floor(100/2) = floor(101/2)
=50. Let the iid random variables W = xlT xp, Wh = xg X4y, Wi = szm_lem. Note that
E(W;) = pTp and V(W;) = 0. Let S3, be the sample variance of the W;:

Shy= Loy (W W

The following new theorem follows from the univariate central limit theorem.
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Theorem 1. Assume x1,...,x, are iid, E(x;) = p, and the variance V(xiTx]-) = 0% fori # j. Let
Wi, ..., Wy, be defined as above. Then

(@) V(W — uTu) B N(0,02)).

(b) Vm(W = pTp) B N(0,1)
Sw
asn — co.
The following theorem derives the variance V (T, ) under simpler reqularity conditions than
those in the literature, and the new proof of the theorem is also simpler.

Theorem 2. Assume x1,...,xy are iid, E(x;) = p, and the variance V (x] x;) = o fori # j. Let
Wi; = x] x; fori # j. Let 0 = Cov(Wij, Wig) = pu' Zp where j # d, i < j, and i < d. Then

(b) If Hy : p = 0is true, then 6 = 0 and

202

Vo=V(Ty) = —Y__.
0 (Tu) n(n—1)

Proof. (a) To find the variance V(T,) with T, from Equation (7), let Wij = xl-Tx] W, and

]Z 7
note that
2

T, = mHn where H, = Einij = Exl»Tx]-.

i< g i<j

Then V(H,) = Cov(Hy,, Hy) =

coo( LW LT ) - EL L ool we. ®
i< j d i< jk<d

Let V(Wjj) = 0%, fori # j. The covariances are of 3 types. First, if (ij) = (kd) withi < j,

then Cov(Wl],Wkd) = V(Wl-]-) = (f%v Second, if 7, , k, d are distinct with i < jand k < d,

then W;; and Wy, are independent with Cov(W, ijs Wi4) = 0. Third, there are terms where

exactly three of the four subscripts are distinct, which have Cov(W;;, Wj;) = 0 where j # d,

i < j,and i < d or Cov(Wj;,

terms are all equal to the same number 6 since W;; = Wj;. The number of ways to get three

Wij) = 0 where i 7& k,i < j,and k < j. These covariance

distinct subscripts is

e (7)) e

since 4 is the number of terms on the right hand side of (8), b is the number of terms where
i,j,k,d are distinct with i < jand k < d, and ¢ is the number of terms where (ij) = (kd)
with i < j. [Note that n(n — 1) terms have i and j distinct. Half of these terms have i < j
and half have i > j. Similarly, n(n — 1)(n — 2)(n — 3) terms have ijkd distinct, and half of
the n(n — 1) terms have i < j, while half of the (n — 2)(n — 3) terms have k < d.] Thus

V(Hy) = 0.5n(n — 1)o3, +n(n —1)(n —2)6.

This calculation was adapted from [21] (pp. 336-337). Thus

4 20%, N 4(n—2)0

V(T,) = mv(Hn) =
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(b) Now 6 = Cov(x] xj, x] x;) where x;, x;, and x; are iid. Hence 6 =
COU(;xidxjd/Zt:xitxkt) = Zd:;cov(xidxjdr XitXgt) =
Z;[E(xidxjdxitxkt) — E(xigXja) E(xitxye)] =
;; xjaxit) E(xjq) E(xkt) — E(xia) E(xjq) E(xit) E(xkt)] =
;Zt: E(xke) (E(xiaxit) — E(xia) E(xit))] =

ZZ E(xx) Cov(xig, xit)] :F‘TZF‘-
d t
Under Hyp, p = 0and thus 6 = 0. [

Note that T}, is the sample mean of the 0.51(n — 1) distinct, identically distributed
Wi = xl-Tx]- fori < j. When p = 0, Theorem 2 proves that the W;; are uncorrelated.
Hence when Hj is true, V(T,) satisfies (Theorem 2b). Ref. [14] (p. 2024) showed that
V(W) = V(xiTx]) = 02, = tr(Z?) + 2u"Zp. Plugging this value into (Theorem 2a) gives
the [22] result
2 ez B

VT =m0 "

Note that § = u"Zu can be consistently estimated as follows. Let ¢ = floor(n/3). Let
W; = xlsz, Z1 = xlTxg,, W, = xeg,, Zy = xe6, vy Wy = x3Tg72x3g_1, Ze = x3Tg72x3g.
Then § is the sample covariance of the (W;, Z;) wherei =1, ..., g. Note that a consistent
estimator of tr(X?) is S, — 20.

Let V(T,) and Vy(T,) be consistent estimators of V(T,,) and Vy(T,), respectively. Then
ref. [22-25], and others proved that under mild regularity conditions when Hj is true,

T/ A/ V(Tu) = Tu/\/Vo(T) B N(0,1).

Under regularity conditions when Hy is true, ref. [25] proved that T,/ VO(TH) b t; as
p — oo for fixed n > 3 where k = 0.5n(n — 1) — 1.

A consistent estimator of Vy(T;) needs a consistent estimator of o3, = 0.51(n — 1)
Vo(Ty). Let s2 = Vo(Ty). Then one estimator is 0.5n(n — 1)s2 = S%, from Theorem 1. An
estimator nearly the same as the one used by [25] is

0.5n(n —1)s3 = 63, = n—l Yo (xfxj - Tw)? = ZZ

i#] i#]
Note that oy can be proportional to p since oyy is the standard deviation of a sum of
p random variables. Thus to have good asymptotic power against all alternatives, likely
need p/n — 0asn,p — co. When u # 0, T,/ 1/ Vo(T,) tends to have more power than
T,/ +/V(T,) since Vo(T,) < V(Tn) Suppose p = 01 where the constant § > 0 and 1 is the
p x 1 vector of ones. Then u”u = §2p, and the test using Vy(T,,) may have good power for
T/ 1/ Vo(Ty) > 1.96 ~ 2 or for

2V2
> 2 or 52>M.
203, np
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For computing VO (Ty), a question is whether to use an estimator of (T%v or of
72 = tr(Z2). Let the ijth element of X be 0jj with L = (0;). Let || Z||r be the Frobenius norm
of Z, and || a|| be the Euclidean norm of vector a. Let vec(X) be the vector formed by stacking
the columns of X into a vector. Then 12 = tr(X7E) = |Z|2 = V., Z]P:l afj = [Jvec(Z)|?.
There is a level-power tradeoff. Using 63, is good for controlling the level = P(type I) error
when Hy) is true. Since 0, = 72 + 2u Zu = 12 + 26, the parameter 7> can be much smaller
than 07, and using a good estimator of 72 may result in better power.

In high dimensions, it is often very difficult to estimate a k x 1 vector 8 when k > n.
This result is a form of “the curse of dimensionality.” If a \/n consistent estimator of 0 is

available, then the squared norm

k
16— 6] =Y (6; — 6;)* < k/n.
i=1

Hence estimators %2 that use many parameters, such as plug in estimators £, are likely to
be poor. The two parameter estimator 2 = 63, — 20 likely has more variability than 0%
when Hj is true, and better estimators of 0 are needed. In simulations, 7?12 = (ATI%V — 20 was
often negative. Let 7?22 = 1"12 if 7?12 > 0 and 1"22 = 6'%\,, otherwise. In limited simulations, this
estimator did about as well as #7 = ¢3,. Obtaining an estimator that clearly outperforms
?T%\, would improve the omnibus test, but is beyond the scope of this paper.

We also considered replacing x; by z; = ss(x;) where the spatial sign function
ss(x;) = 0if x; = 0, and ss(x;) = x;/||x;|| otherwise. This function projects the nonzero x;
onto the unit p-dimensional hypersphere centered at 0. Let T, (w) denote the statistic T,
computed from an iid sample wy, . .., wy. Since the z; are iid if the x; are iid, use T, (z) to
test Hy : g, = Oversus Hy : p, # 0 where u, = E(z;). In general, u, # p = p, = E(x;),
but u, = p = 0 can occur if the x; have a lot of symmetry about 0. In particular, p, =y =0
if the x; are iid from an elliptically contoured distribution with E(x;) = p = 0. The test
based on the statistic T, (z) can be useful if the first or second moments of the x; do not
exist, for example if the x; are iid from a multivariate Cauchy distribution. These results
may be useful for understanding papers such as [26].

The nonparametric bootstrap draws a bootstrap data set x7, .. ., x;; with replacement
from the x; and computes T} by applying T, on the bootstrap data set. This process is
repeated B times to get a bootstrap sample T}, ..., Tj. For the statistic T, the nonparametric
bootstrap fails in high dimensions because terms like x]ij need to be avoided, and the
nonparametric bootstrap has replicates: the proportion of cases in the bootstrap sample
that are not replicates is about 1 — ¢! & 2/3 ~ 7/11. The m out of n bootstrap draws a
sample of size m without replacement from the n cases. Using m = floor(2n/3) worked
well in simulations. Sampling without replacement is also known as subsampling and the

delete d jackknife.

2.2. Three High Dimensional Two Sample Tests

If (x1;, x5;) come in correlated pairs, a high dimensional analog of the paired ¢ test
applies the one sample test on z; = x1; — xy;.

Now suppose there are two independent random samples xq1,...,%1,, and
X21,...,%2,, from two populations or groups, and that it is desired to test Hy : p; = p,
versus Hy : puy # p, where E(x;) = p; are p x 1 vectors. Let n = ny + ny. Let S; be the
sample covariance matrix of x; and let Cov(x;) = X; fori = 1,2.

A simple test takes m = min(ny,ny) and z; = x1; — xp; fori = 1,...,m. Then apply
the one sample test from Theorem 2 to the z;. This paired test might work well in high
dimensions because of the superior power of the Theorem 2 test, but in low dimensions, it
is known that there are better tests.
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Let x1 be the x; that has 11 < ny. Then let

1
il + 71 2 x X X nlx +a X
Y, = X1 — ] X2 2j T X2 = X1 — [ T X2i nyny — X2
! 12 Vi, 5 / 1

fori = 1,...,n;. Note that y; = z; = xy; — xp; if 1y = np. Ref. [27] (pp. 177-178)
proved that j = X; — ¥, that y; and y; are uncorrelated for i # j, that E(y;) = py — py,
and that Cov(y;) = Cov(x1) + (n1/n2)Cov(xy) fori = 1,...,n1. Ref. [25] showed that

Ta(y)/\/ Vo(y) BN (0,1) where the y denotes that the one sample test was computed
using the y;.

Note that Hy : p1; = p, holds if and only if ||y — 5 ||> = pdpy + plp, — 2ulp, = 0.
These terms can be estimated by T,, = T,,(x,y) = T; + T — 2T3 where T} and T are the
one sample test statistic applied to samples land 2 and n1ny T3 = 221 Z;Z 1 xlTl-xzj.

Let X;; = xlTixlj = Xjiand Yj; = lexzj Y wherei # j. Let Z;; = xlTixzj = Zj;. Let
0% = V(Xy), 0% = V(Yz/) and 02 = V(Z;j). Let Vy(Ty) be the variance of T, when Hj is

2

true. Assume s;, is a consistent estimator of V(T,). Under Hy : p; = p, and additional

regularity conditions, ref. [22] showed that V,(T},) =

2 ) 2 5 4
L mED 4+ — (ED) + ——tr(TZ
1)) T oy 1) ) ()
and that T
=1 BN(0,1).
Sn

Let6; = Cov(Xjj, Xt) = pf Eapy wherej # t,i < j,and i < t,0, = Cov(Yy;, Yyy) = p Zopy
where j # t, i < j,andi < t, 03 = Cov(Z;,Zy) = W Zip, where j # t, and
04 = Cov(Z;j, Zy;) = ulEou, wherei # k.

Ref. [22] showed that

i’?’(Zqu) " % n 974

V(T3) = .
(3) niny n np

Ref. [28], using arguments similar to Theorem 2, showed

o2 O3(ny —1)  04(nq —1
V(T3) — - 7 + 3( 2 ) + 4( 1 )
112 niny niny

Thus (7% =tr(X1Xp) + 03 + 04 and tr(Lq1Xp) = (7% — 03 — 04. Hence

2(0% —261)  2(02—260,) 4(0% — 03— 04)

Vo(T,) =
o) =S =D T (=1 s

If yy = p, = 0, then the 6§; = 0, and the formula with the §; = 0 worked well
in simulations. Note that 0)2(, (T%, and the 6; can be estimated as in Section 2.1. Let
m = min(ny,np), and Z; = xlxy fori = 1,...,m. Let S4 be the sample variance of
the Z;. Another estimator of O'% is

1 1y

52 _ 2
2= imy 121]2 xij — Ta(x,y))%
2.3. Theory for Testing Hy : AZyy =0

Consider tests of the form Hy : ALyy = 0 versus H; : AXyy # 0. The omnibus test
uses A = I, and tests Hy : Zxy = 0 versus Hj : Zxy # 0.
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Let w; = (x; —py)(Y; —py) and v; = (x; —x)(Y; = Y) fori = 1,...,n. Then
Tu(w)/su(w) 2N (0,1) under mild regularity conditions by Section 2.1 where w in-
dicates that the test was applied to the w;. Ref. [14] showed that T, (v) /s, (v) BN (0,1)
and used p = 1.5n for multiple linear regression in their simulations.

Let O = {iy,..., ik}, x0 = (%, - ..,xik)T, and x;0 = (X;;,, .. .,xi,ik)T. Then testing Hy :
Zx,y = 0 uses the one sample test on the v; o = (x;0 —%0)(Y; — Y). This test is equivalent
to testing Ho : Boprso = 0and Ho : By g o = 0- Note that data splitting could be used
to select O. For multiple linear regression and the MMLE and OPLS estimators, these tests
are high dimensional analogs for the OLS partial F tests for testing whether a reduced
model is good. If TUO = {1,. .., p}, then I corresponds to the predictors in the reduced
model while O corresponds to the predictors out of the reduced model.

In low dimensions, important tests for regression include (a) Hp : 8; = 0 (the Wald
tests for MLR), (b) Hp : B = 0 (the Anova F test for MLR), and (c) Hp : (Bj,-- -, ,Bl-k)T =0
(the partial F test for MLR). The above paragraph shows how to do these high dimensional
tests for the multiple linear regression OPLS and MMLE estimators, with or without hetero-
geneity. Data splitting is not needed if O is known. Note that (a) corresponds to testing H :
Cov(x;,Y) = 0 while (c) corresponds to testing Hy : (Cov(x;,,Y),...,Cov(x;,Y))T =0.

The next subsection reviews competitors for the above tests when k is small compared to 7.

2.4. Theory for Certain A

This subsection reviews some large sample theory for fjp; s = Zxy and OPLS for the
multiple linear regression model, including some high dimensional tests for low dimen-
sional quantities such as Hp : f; = 0 or Hp : ; — B;j = 0. These tests depended on iid cases,
but not on linearity or the constant variance assumption. Hence the tests are useful for
multiple linear regression with heterogeneity.

The following [5] theorem gives the large sample theory for #j = 60\V(x, Y). Ref. [6]
gave alternative proofs. This theory needs 1 = 51p; g = Ly y to exist for fj = Ly y to be a
consistent estimator of . Let x; = (x;q,. .., xip)T and let w; and z; be defined below where

Cov(w;) = Ew = E[(x; — pty) (x; — 1) " (Yi — pty)*)] — Exy Iy -
Then the low order moments are needed for £ to be a consistent estimator of Z¢p.

Theorem 3. Assume the cases (x!,Y;)T are iid. Assume E(xf.‘]-
k,m=0,1,2. Let py,, = E(x) and py = E(Y). Let w; = (x; — p,,) (Yi — py) with sample mean
Wy. Let § = Ly y. Then (a)

Y") exist for j = 1,...,p and

Vi@, — 1) B Np(0, Zew), V(i — 1) 2 Np(0,Zw), )

and \/n(ij, — 1) > Np(0, Zep).

(b) Let v; = (x; — %) (Y; — Yy). Then Lqp = £ + Op(n~1/2). Hence Lqp = Ly + Op(n~1/2).
(c) Let A bea k x p full rank constant matrix with k < p, assume Hy : AByp;g = 0 is true, and
assume A 5 A # 0. Then

VA (Boprs — BopLs) 2 Ni(0,A?AZgpAT). (10)

For the following theorem, consider a subset of k distinct elements from £ or from .
Stack the elements into a vector, and let each vector have the same ordering. For example,
the largest subset of distinct elements corresponds to

vech():) = (5’11, .. .,&]p, 020, .. .,5’2p,. . .,&pfllpfl,ﬁ'pfl,p, &pp>T = [ﬁ]k]
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For random variables x1, ..., x,, use notation such as X = the sample mean of the Xj,
#j = E(x;), and cj = Cov(x;j, xi). Let

™=

nvech(L) = [nou] = Y [(xij — %)) (xi — Xp)]-

1

For general vectors of elements, the ordering of the vectors will all be the same and be
denoted by vectors such as & = [03], € = [03x], ¢ = [ojx], v; = [(xij — X}) (xix — X¢)], and

w; = [(x;j — pj) (xix — px)]- Let @y, = YL | w;/n be the sample mean of the w;. Assuming
that Cov(w;) = Ly exists, then E(w;) = E(w,) = c.

The following [6] theorem provides large sample theory for ¢ and & We use
Cov(w;) = L4 to avoid confusion with the Lz used in Theorem 3. Note that x; are
dummy variables and could be replaced by u; = (Y1, ..., Yim, Xi1,-- -, xiP)T to get informa-
tion about m response variables Y7, ..., Yy,. Testing Hy : (Z‘?TCYV Z;Yz)T = 0 could likely be
done applying the one sample test to z; = ((x1 —%)T (Y11 — Y1), (22 — %) T (Y22 — Y2))T, ...,
zZm = ((xp—1 = %) (Y10-1 = Y1), (xu —%)T (Yo, — Y2))T assuming n = 2m and iid cases.

Theorem 4. Assume the cases x; are iid and that Cov(w;) = L exists. Using the above notation
with ¢ a k x 1 vector,

(i) (e —c) B Ne(0,Z ).

(ii) /(e — ¢) 2 Ne(0,Z ).

(iii) 3 = £v + Op(n™1/2) and L3 = £y + Op(n~1/2).

2.5. Testing

As noted by [5], the following simple testing method reduces a possibly high di-
mensional problem to a low dimensional problem. Testing Hy : AByp;g = 0 versus
Hi : ABoprs # 0 is equivalent to testing Hy : Ay = 0 versus Hy : Ay # 0 where Ais a
k x p constant matrix. Let Cov(Eyy) = Cov(#) = Lz be the asymptotic covariance matrix
of i = Lyy. In high dimensions where n < 5p, we can’t get a good nonsingular estimator of
Cov(Zyy), but we can get good nonsingular estimators of Cov(£4y) = Cov((#;, ..., ﬁik)T)
with u = x; = (x,-l,...,xik)T where n > Jk with | > 10. Here [ = {iy,...,i;} denotes
predictors that are in the model. (Values of ] much larger than 10 may be needed if some
of the k predictors and/or Y are skewed.) Simply apply Theorem 3 to the predictors u
used in the hypothesis test, and thus use the sample covariance matrix of the vectors
(u; —u)(Y; — Y). Hence we can test hypotheses like Hy : f; — B; = 0. In particular, testing
Hy : B; = 0is equivalent to testing Hy : 17; = 0y, y = 0 where 0y, y = Cov(x;,Y).

2.6. High Dimensional Outlier Detection

High dimensional outlier detection is important. This subsection follows [29] closely.
See [29,30] for examples and simulations. Let W be a data matrix, where the rows w;
correspond to cases. For example, w; = x; or w; = z; = (Y], xﬂ,...,xip)T. One of
the simplest outlier detection methods uses the Euclidean distances of the w; from the
coordinatewise median D; = D;(MED(W), I,,). Concentration type steps compute the
weighted median MED;: the coordinatewise median computed from the “half set” of
cases w; with D? < MED(D? (MED;_1,1I,)) where MEDy = MED(W). We often used
j = 0 (no concentration type steps) or j = 9. Let D; = D;(MEDj, I,). Let W; = 1 if
D; <MED(Dq,...,Dy)+ kKMAD(Dy, ..., D;,) where k > 0 and k = 5 is the default choice.
Let W; = 0, otherwise. Using k > 0 insures that at least half of the cases get weight 1.
This weighting corresponds to the weighting that would be used in a one sided metrically
trimmed mean (Huber type skipped mean) of the distances. Here, the sample median
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absolute deviation is MAD(n) = MAD(Dy,...,D;) = MED(|D; — MED(n)|, i =1,...,n)
where MED(n) = MED(Dy, ..., Dy,) is the sample median of Dy, ..., D,.

Let the covmb2 set B of at least /2 cases correspond to the cases with weight W; = 1.
Then the covmb2 estimator (T, C) is the sample mean and sample covariance matrix applied
to the cases in set B. If w; = x;, then

Y Wix; and C — Y Wil = T)(x— T)T

T =
1 Wi W — 1

This estimator was built for speed, applications, and outlier resistance.
Another method to get an outlier resistant estimator Lxy is to use the following
identity. If X and Y are random variables, then

Cov(X,Y) = [Var(X+Y) — Var(X - Y)] /4.

Then replace Var(W) by [¢(W)]? where (W) is a robust estimator of scale or standard
deviation and W = X+ Y or W = X — Y. We used 6(W) = 1.483MAD(W) where
MAD(W) = MAD(n) = MAD(W4,...,W,). Hence

Cov(X,Y) = ([L483MAD(X + Y)]> — [1.483MAD(X — Y)?) /4. (11)

The function ddplot5 plots the Euclidean distances from the coordinatewise median
versus the Euclidean distances from the covmb2 location estimator. Typically the plotted
points in this DD plot cluster about the identity line, and outliers appear in the upper right
corner of the plot with a gap between the bulk of the data and the outliers.

The function rcovxy makes the classical and three robust estimators of # = Zyy, and
makes a scatterplot matrix of the four estimated sufficient predictors # x and Y. Only two
robust estimators are made if n < 2.5p.

3. Results

Example 1. The [31] data was collected from n = 26 districts in Prussia in 1843. Let Y = the
number of women married to civilians in the district with a constant and predictors x; = the pop-
ulation of the district in 1843, xo = the number of married civilian men in the district, x3 = the
number of married men in the military in the district, and x4 = the number of women married to
husbands in the military in the district. Sometimes the person conducting the survey would not
count a spouse if the spouse was not at home. Hence Y and xy are highly correlated but not equal.
Similarly, x3 and x4 are highly correlated but not equal. We expect B = Bors ~ (0,1,0,0)T.
Then Boys = (0.00035,0.9995, —0.2328,0.1531)", By e = (0.1782,1.0010,48.5630,51.5513)7,
Ly = (9285758004, 1674298902, 9855702, 9653811)", and Bop; s = (0.1727,0.0311,0.0002,0.0002)".

Let the omnibus test statistic Z(v) = T,(v)/+/Vo(Tu(v)) applied to the v; = (x; — %)(Y; — Y).
Then Z(v) = 9.3281 and the hypotheses Hy : Xxy = 0, Hy : Bpors = 0, Ho : Boprg = 0 and
Hy : Bypre = 0 are all rejected. The classical F-test also rejects Hy with p-value=0.

Example 2. The [32] pottery data has n = 36 pottery shards of Roman earthware produced between
second century B.C. and fourth century A.D. Often the pottery was stamped by the manufacturer.
A chemical analysis was done for p = 20 chemicals (variables), the types of pottery were 1-Arretine,
2-not-Arretine, 3-North Italian, 4-Central Italian, 5-questionable origin. Let the binary response
variable Y = 1 for type 1 and 0 for types 2-5. The omnibus test had Z = 2.146 for a two sided
p-value of 0.0319 and the more correct right tailed p-value of 0.016. The chi-square logistic regression
test for B = 0 had p-value=0.0002, but the GLM did not converge.
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3.1. One Sample Tests

In the simulations, we examined five one sample tests. The first “test” used the m
out of n bootstrap to compute T7,..., Tz with B = 100. We used the shorth bootstrap
confidence interval described in [30] (ch. 2). This “test” has not been proven to have level .
The second test computed the usual f confidence interval

W —t1_a/2m1Sw/Nm,W +t1_y 2 m_1Sw//m]

for "y based on the W; from Theorem 1. The third and fourth tests used Theorem 2 (b)
and T, /sy 2 N (0,1) if s2 is a consistent estimator of V(T,,) when Hy is true. The third
test used 0.5n(n — 1)s2 = 64, while the fourth test used 0.5n(n — 1)s2 = S, based on
Theorem 1. These two tests computed intervals (“confidence intervals for 0”)

[Tn —t1—a/2,m—1 Sn, Ty + Fl—a/2,m—1 Sn]-

The tests 2—4 use the same cutoff t;_, /5 ,,_1 so that the average interval lengths are more
comparable. The fifth test used the Theorem 2 test applied to the spatial sign vectors with S2,.

The simulation used four distribution types where x = Ay + 61 with E(x) = J1 where
1is the p x 1 vector of ones. Type 1 used y ~ N,(0,I), type 2 used a mixture distribution
y ~ 0.6N,(0,I) + 0.4N,(0,25I), type 3 for a multivariate ¢, distribution, and type 4 for
a multivariate lognormal distribution where y = (y,...,yp) with w; = exp(Z) where
Z ~ N(0,1) and y; = w; — E(w;) where E(w;) = exp(0.5). The covariance matrix type
depended on the matrix A. Type 1 used A = I,, type 2 used A = diag(V/1,...,,/p), and
type 3 used A = 117 + (1 — ¢)I, giving cor(xjj, xjx) = p for j # k where p = 0if = 0,
p—1/(c+1)asp — coiftp =1/,/cp wherec > 0,and p — lasp — oo if ¢ € (0,1)
is a constant. We used § = 0 and § > 0 chosen so at least one test had good power. The
simulation used 5000 runs, the 4 x distributions, and the 3 matrices A. For the third A, we
usedp =1/ VP

Tables 1 and 2 summarize some simulation results. There are two lines for each
simulation scenario. The first line gives the simulated power = proportion of times Hj :
# = 0 was rejected. The second line gives the average length of the confidence interval for
0 where Hj is rejected if 0 is not in the confidence interval. When 6 = 0, observed coverage
between 0.04 and 0.06 suggests coverage = power = level is close to the nominal value 0.05.
For larger J, want the coverage near 1 for good power. See [28] for more simulations.

The bootstrap test corresponds to the boot column, the tests using (@, Sy ), (T, Ow),
and (T,, Sw) correspond to the next three columns. The last column corresponds to the
spatial sign test. This test tends to have much shorter lengths because of the transformation
of the data. The test using (@, Sy ) has simple large sample theory, but low power compared
to the other methods. This test’s length is approximately v/n — 1 times the length of that
corresponding to (T, Sy) where v/99 ~ 10 in the tables. The bootstrap test was sometimes
conservative with observed coverage < 0.04 when 6 = 0. For xtype =4 and § = 0, Hy was
not true for the spatial test. Hence the coverage for the spatial test was sometimes higher
than 0.06 for this scenario. For § = 0, the test with (T}, 6y ) sometimes had coverage less
than 0.04, while the test with (T, Sy) sometimes had coverage greater than 0.06. In the
simulations, the spatial test often performed well, but typically E(z;) = pu, # p, = E(x;),
which makes the spatial test harder to use. For testing Hy : p,, = 0, the test with (T, ow)
appeared to perform better than the three competitors.
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Table 1. One sample tests, covtyp = 1, cov = observed type I error for § = 0 and power for § > 0.
Boldface for good performance not including spatial.

n p psi/xtype ) Boot (w,Sw) (T. 0w) (T, Sw) Spatial
100 100 0 0 0.0230 0.0580 0.0400 0.0452 0.0444
len 1 0.6732 5.6520 0.5711 0.5681 0.0057

100 100 0 0.075 0.8160 0.0688 0.9216 0.9176 0.9166
len 1 0.8081 5.7018 0.5741 0.5731 0.0057

100 100 0 0 0.0236 0.0436 0.0466 0.0776 0.0478
len 2 7.0590 58.2593 6.0094 5.8553 0.0057

100 100 0 0.15 0.1938 0.0506 0.3128 0.3490 0.9988
len 2 7.5830 58.1417 6.0204 5.8435 0.0057

100 100 0 0 0.0222 0.0466 0.0450 0.0680 0.0468
len 3 1.3031 10.6946 1.1140 1.0749 0.0057

100 100 0 0.1 0.7536 0.0544 0.8720 0.8714 0.9956
len 3 1.5563 10.8976 1.1260 1.0953 0.0057

100 100 0 0 0.0206 0.0556 0.0372 0.0656 0.0906
len 4 3.1105 25.4558 2.6543 2.5584 0.0057

100 100 0 0.17 0.9024 0.0546 0.9622 0.9496 0.7668
len 4 3.7816 25.5420 2.6708 2.5671 0.0057

100 1000 0 0 0.0236 0.0482 0.0448 0.0506 0.0506
len 1 2.1403 17.8302 1.8059 1.7920 0.0018

100 1000 0 0.0415 0.872 0.068 0.9438 0.9398 0.9388
len 1 22771 17.9004 1.8089 1.7991 0.0018

100 1000 0 0 0.0236 0.0448 0.0458 0.0712 0.0558
len 2 224434 185.1105 19.0973 18.6043 0.0018

100 1000 0 0.075 0.142 0.0480 0.2222 0.2616 0.9978
len 2 22.8203 182.6556 18.9772 18.3576 0.0018

100 1000 0 0 0.0214 0.0432 0.0436 0.0650 0.0450
len 3 4.1649 34.1708 3.5444 3.4343 0.0018

100 1000 0 0.05 0.6458 0.0558 0.7642 0.7770 0.9908
len 3 4.3708 34.0483 3.5586 3.4220 0.0018

100 1000 0 0 0.0192 0.0544 0.0378 0.0518 0.0484
len 4 9.9417 82.3953 8.4267 8.2810 0.0018

100 1000 0 0.087 0.8430 0.0576 0.9282 0.9242 0.8774
len 4 10.5664 82.8816 8.4523 8.3299 0.0018

Table 2. One sample tests, covtyp = 2, p = 10,000, cov = observed type I error for § = 0 and power for
4 > 0. Boldface for good performance not including spatial.

n p psi/xtype é boot (w, Sw) (Tu, 6w) (T, Sw) Spatial
100 10,000 0 0 0.0272 0.0536 0.045 0.0502  0.0496
len 1 39,006.52 326,271.5 32,976.41 32,791.52 0.0007

100 10,000 0 1.69 0.8482 0.0582 0.93 0.9294 0.9286
len 1 39,690.34 327,648.8 32,994.63 32,929.94  0.0007

100 10,000 0 0 0.0244 0.0442 0.0486 0.0876 0.0526
len 2 408,860 3,330,506 347,476 334,728.5 0.0007

100 10,000 0 3 0.1126 0.0488 0.1778 0.2148  0.9952
len 2 411,196.1 3,349,674 347,862.6 336,654.9 0.0007

100 10,000 0 0 0.0206 0.044 0.0436 0.0632 0.051
len 3 75,976.41 624,134.1 64,858.9 62,727.84 0.0007

100 10,000 0 2.5 0.8918 0.0608 0.9462 0.9454 1
len 3 77,389.1 625,801.9 64,740.62 62,895.46 0.0007

100 10,000 0 0 0.0236 0.0534 0.038 0.0444  0.0454
len 4 181,871.7 1,517,807 154,052.2 152,545.3 0.0007

100 10,000 0 3.80 0.8952 0.0578 0.9558 0.9522 0.948
len 4 185,192.4 1,518,189 154,094.1 152,583.7 0.0007
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3.2. Two Sample Tests

In the simulations, we examined three two sample tests. The first “test” used
the m out of n bootstrap where m; = 2n;/3 to bootstrap the [22] test that esti-
mates ||p; — my||*> = uipy + plp, — 2ulp,. The second test was the “paired test” with
m = min(ny,np) and z; = x1; — xp; for i = 1,...,m. Then apply the one sample test
from Theorem 2 to the z;. The third test was the [25] Li test. Both of these tests used S%V
applied to the z; or the y;.

The simulation used four distribution types where x; = Ay, + 61 and x;, = Ayy,
where y; and y, had the same distribution, with E(x1) = 61 and E(x;) = 0. Type 1 used
y ~ Np(0,I), type 2 used a mixture distribution y ~ 0.6N,(0, I) + 0.4N,(0,25I), type 3
for a multivariate t4 distribution, and type 4 for a multivariate lognormal distribution
where y = (y1,...,yp) with w; = exp(Z) where Z ~ N(0,1) and y; = w; — E(w;) where
E(w;) = exp(0.5). The covariance matrix type depended on the matrix A.

For the covariance types, Cov(x;) = I,Cov(xy) = o?Cov(x;) for covtyp =1.
Cov(x1) = diag(1,2,...,p),Cov(xy) = 0?Cov(x;) for covtyp = 2. Cov(x;) = I,
Cov(xy) = o*diag (1,2,...,p) for covtyp = 3. Table 3 shows some results. Two lines were
used for each simulation scenario, with coverages on the first line and lengths on the second
line. When 17 = ny, the paired test and Li test gave the same results. When n; /n; was not
near 1, the Li test had better power and shorter length. Increasing J could greatly increase
the length for the bootstrap test, but the coverage would be 1. Improving the one sample
test would improve the Li test, but the Li test performed well in simulations.

Table 3. Two sample tests, covtyp = 1, cov = observed type I error for § = 0 and power for § > 0.
Boldface for better performance.

(n1,n2,0,p) xtype  covtype ) Boot Pair Li
(100, 100, 1, 100) 1 1 0 0.0246 0.0494 0.0494
len 1 1 0 1.3426 1.1389 1.1389

(100, 100, 1, 100) 1 1 0.1 0.7224 0.8586 0.8586
len 1 1 0.1 1.5789 1.1417 1.1417

(100, 200, 1, 100) 1 1 0 0.0256 0.0456 0.0462
len 1 1 0 1.0019 1.1360 0.8535

(100, 200, 1, 100) 1 1 0.1 0.9166 0.8602 0.9612
len 1 1 0.1 1.2396 1.1432 0.8609

3.3. Theorem 3 Tests

We illustrate Theorem 3 and Section 2.5 for Poisson regression and negative binomial
regression. This simulation is similar to that done by [6] for multiple linear regression
with and without heterogeneity. Let x ~ N, _1(0, I)) be the (p — 1) x 1 vector of nontrivial
predictors. Let SP; = a + xlT,B =1+4+1x;7 +---+1xj fori = 1,...,n. Hencea = 1
and ¢ = («, ,BT)T =(1,.,1,0,...,0)T with k + 1 ones and p — k — 1 zeros. Here B is the
Poisson regression parameter vector By or the negative binomial regression parameter
vector Bypgr- Let Z; = log(Y;) if Y; > 0 and Z; = log(0.5) if ¥; = 0. Then a multiple
linear regression model with heterogeneity is Z; = az + x! B, + ¢; where the ¢; are inde-
pendent with expected value E(e;) = 0 and variance V(e;) = o?. Since the cases (x;, ;)
are iid, the OLS estimator B,; 5 = ¢, = 2;1zxz = Zyz because Lx = I, ;. Thus
Lxz = (Co,---,C0,0,...,0)T with the first k values equal to ¢, and p — k — 1 zeros.

Let #oprs = Exz = (71,-.,1p—1)". Then the Theorem 3 large sample 100(1 — §)
confidence interval (CI) is 7; = t,_11_5/2SE(7];) could be computed for each 7;. If 0 is
not in the confidence interval, then Hy : 17; = 0 and Hy : Bir = 0 are both rejected for
estimators E = OPLS and MMLE for the multiple linear regression model with Z. In the
simulations with n = 50, p = 4, and ¢ > 0, the maximum observed undercoverage was
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about 0.05 = 5%. Hence the program has the option to replace the cutoff ¢, _; 1_;5/, by
tn—1,up where up = min(1—6/2+0.05,1—-6/2+2.5/n)if6/2 > 0.1,

up =min(l—056/4,1—05/2+12.56/n)

if6/2 < 01. Ifup < 1-6/2+0.001, then use up = 1 —6/2. This correction factor
was used in the simulations for the nominal 95% ClIs, where the correction factor uses a
cutoff that is between t,,_1 o975 and the cutoff t,,_1 ¢ 9g75 that would be used for a 97.5% CIL.
The nominal coverage was 0.95 with § = 0.05. Observed coverage between 0.94 and 0.96
suggests coverage is close to the nominal value. Ref. [33] noted that weighted least squares
tests tend to reject Hy too often (liberal tests with undercoverage).

To summarize the p — 1 confidence intervals, the average length of the p — 1 confidence
intervals over 5000 runs was computed. Then the minimum, mean, and maximum of
the average lengths was computed. The proportion of times each confidence interval
contained zero was computed. These proportions were the observed coverages of the p — 1
confidence intervals. Then the minimum observed coverage was found. The percentage of
the observed coverages that were > 0.9, 0.92, 0.93, 0.94, and 0.96 were also recorded. The
test Hy : (17;, 17]-)T = (0,0)T was also done where Hy was true. The coverage of the test was
recorded and a correction factor was not used. Negative binomial regression and Poisson
regression were used, where x = oo indicates that Poisson regression was used.

Table 4 illustrates Theorem 3(a) where k = 1 and Table 4 replaces Y with Z. For Table 4,
confidence intervals were made for 77; = Cov(x;, Z) fori = 1,...,99 and the coverage was
the percentage of the 5000 CIs that contained 0. Here 171 # 0, buty; = 0fori =2,...,99.
The first two lines of Table 4 correspond to Poisson regression. The confidence interval for
#1 never contained 0, hence the minimum coverage was 0 with observed power =1—-0 = 1.
The proportion of CIs that had coverage > 0.94 was 0.9898 (98/99 CIs). Hence this was
also the proportion of CIs with coverage > 0.90,0.92 and 0.93. The proportion of CIs that
had coverage > 0.96 was 0.8081 (80/99 ClIs). The typical coverage was near 0.965, hence
the correction factor was slightly too large. The test Hy : (1798, 7/99)T = (0,0)T did not use a
correction factor, and coverage was 0.9438. The minimum average CI length was 0.4166,
the sample mean of the average CI lengths was 0.4187, and the maximum average length
was 0.4875, corresponding to 771. The second two lines and below for Table 4 were for the
negative binomial regression with kappa = « = 0.5, 1,10, 100. For x = 1000 and 10,000, the
simulations were very similar to those for ¥ = co. Using Y instead of Z gave similar results
with longer lengths.

Table 4. Cov(x,Z), n =100, p = 100, k = 1, want cov > 0.94 except for mincov and cov96.

K mincov covI0 cov92 cov93 cov94 cov96 testcov

o0 0.0000 0.9899 0.9899 0.9899 0.9899 0.8081 0.9438
len 0.4166 0.4187 0.4875
0.5 0.0062 0.9899 0.9899 0.9899 0.9899 0.7576 0.9440
len 0.5050 0.5084 0.5686
1 0.0000 0.9899 0.9899 0.9899 0.9899 0.7475 0.9410
len 0.4809 0.4834 0.5421
10 0.0000 0.9899 0.9899 0.9899 0.9899 0.6970 0.9412
len 0.4258 0.4279 0.4929
100 0.0000 0.9899 0.9899 0.9899 0.9899 0.6566 0.9464
len 0.4174 0.4195 0.4882
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3.4. Ommnibus Test

Multiple Linear Regression

For this simulation, the x were generated as in Section 3.1 with y = 0, and then
Y = a+xTB+e where B = 61. Hence Hy : B = 0 is true when 6 = 0. The one
sample test was applied on the v; using Sy and 0. The zero mean iid errors e; were
iid from five distributions: (i) N(0,1), (ii) t3, (iii) EXP(1) — 1, (iv) uniform(—1,1), and
(v) 0.9 N(0,1) + 0.1 N(0,100). Only distribution (iii) is not symmetric. With 5000 runs, would
like the coverage to be between 0.04 and 0.06 when § = 0. In Table 5, the coverage was a
bit high when Sy was used (second to last column) instead of &y (fourth column). Power
near 0.95 was good for é = 0.0035.

Table 5. Omnibus test for multiple linear regression, cov = observed type I error for § = 0 and power
for § > 0. Boldface for good performance.

(n,p) (xtype,etype, ) ) cov len Sy cov len
(100, 100) (1,1,0) 0 0.0574 6.3950 0.0710 5.9478
(100, 100) (1,1,0) 0.0035 09524 9.0769  0.9542 8.3259
(100, 100) (1,1,0.1) 0 0.0524 63914 0.0684 6.0284
(100, 100) (1,1,0.1) 0.0035 09592 9.1093 09550 8.3757
(200, 100) ,1,0) 0 00484 32456 0.0586 3.1284
(500, 100) (1,1, 0) 0 00488 13147 00548 1.2821
(100, 100) (3,2,0) 0 0.0518 30.055 0.1394 24.370
(100, 500) (3,2,0) 0 0.0466 65747 0.1320 524.95

(50, 500) 2, 4,0) 0 0.0572 94029 01372 799.28
(50, 500) (2,4,0) 0.0001 09400 2587.0 0.9600 1547.5
(10, 500) 2, 4,0) 0 0.0258 4417.8 0.1546 3734.8

Poisson Regression

For this simulation, the x; were generated in a manner similar to Section 3.1 when
the x; were from a multivariate normal distribution. Let 8 = 4(1,...,1,0,..., O)T where
there were k 1’s and p — k 0’s. Then the x; were scaled such that SP ~ N(1,1) when ¢ = 1.
In general, SP ~ N(1,4%) for 6 > 0. Hence the population Poisson regression was fairly
strong for 6 = 1 and rather weak for § = 0.25. Table 6 shows that using ¢y controlled the
nominal level 0.05 better than using Sy. As p got larger, the power performance could
decrease. See line 8 of Table 6.

Table 6. Omnibus test for Poisson regression, cov = observed type I error for § = 0 and power for
4 > 0. Boldface for good performance.

(n,p) k) ) cov len Sw cov len
(100, 100) (100, 0) 0 0.0448 0.0151 0.0878 0.0144
(100, 100) (100, 0) 0.7 0.9318 0.0616 0.9184 0.0548
(100,100) (100, 0.1) 0 0.0568 0.0015 0.0672 0.0014
(100, 100) (100, 0.1) 0.25 0.9758 0.0024 0.9742 0.0021
(200, 100) (100, 0) 0 0.0438 0.0075 0.0652 0.0073
(500, 100) (100, 0) 0 0.0484 0.0030 0.0606 0.0030
(100, 200) (100, 0) 0 0.0478 0.0215 0.0852 0.0205
(100, 500) (100, 0) 2 0.3196 61.606 0.6008 38.942
(100, 500) (100, 0) 0 0.0502 0.0344 0.0852 0.0330

(50,500)  (100,0) 0 0.0370 0.0741 0.0906 0.0702
(30,500)  (100,0) 0 0.0232 0.1413 0.0896 0.1302

Sample R code for the above two tables is shown below.

source (‘‘http://parker.ad.siu.edu/0live/slpack.txt’’)
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mlrcovxysim (n=100,p=500,nruns=5000,xtype=3,etype=2,delta=0)
prcovxysim (n=500,p=100,k=100,nruns=5000,psi=0,delta=0)

4. Discussion

The omnibus test is resistant to model misspecification. For example, (a) the constant
variance multiple linear regression model could be assumed when there is heterogeneity,
and (b) for count data, a multiple linear regression model, or a negative binomial regression
model, or a quasi-Poisson regression model may fit the data much better than the count
model actually chosen. The test can also be used in low dimensions when the MLE fails
to converge.

Based on the simulations and the theory, (a) the omnibus test and one sample test
will not have good power against all alternatives unless o /n — 0 as n,p — 0. (b) The
omnibus test and one sample test tended to have simulated observed level near the nominal
level (control the type I error) if o was used, but the omnibus test could be conservative if
n was small: n = 10 for multiple linear regression and n = 30 for Poisson regression in the
simulations. Sometimes 07 exploded if p was large or if Hy was false. (c) The omnibus test
and one sample test have little outlier resistance. Thus it is important to check for outliers
before performing the tests. (d) Both tests worked fairly well in simulations for n > 50 and
p < 10n, and Ref. [14] used p = 1.5n in their simulations for multiple linear regression.

Right tail tests should be used for u” y since they have more power, but two tail tests
are easier to explain and compare. Ref. [14] used the statistic

2

ST

2[2}?1@ —l—kn(aTvi)(vaa)]
1<J

witha =1//pand k, = (p/ In(p))'/2. This statistic can also be used for an omnibus test
when B, = 0. The extra term was used to increase power and is likely a good idea, but
better formulas for Vp(t,) may be needed.

Ref. [28] has many references for high dimensional one and two sample tests.
For classification with two groups, let ¥ be the pooled covariance matrix. Then
B =X Y, —py) = 0if and only if g, — p, = 0, which can be tested with a two sam-
ple test. For the importance of B in discriminant analysis, see, for example, [34].

Let the “fail to reject region” be the compliment of the rejection region. Often the fail
to reject region is a confidence region for the parameter or parameter vector of interest,
where a confidence interval is a special case of a confidence region. In high dimensions, the
length or volume of the fail to reject region does not necessarily converge to 0 as n, p — oo,
and the volume could diverge to oo if p/n — oco. For the one sample test, the fail to reject
region using Vj has much more power than using a confidence interval for u” p.

Simulations were done in R. See [35]. The collection of [30] R functions slpack, available
from (http:/ /parker.ad.siu.edu/Olive/slpack.txt, accessed on 3 November 2025). has some
useful functions for the inference. The function hdomni does the omnibus test. The relevant
R code is shown below.

hdomni (x,y,alpha=0.05)

k <- nx(n-1)

xx <- scale(x,scale=F) #centered but not scaled

v <- xx*c(y-mean(y))

a <- apply(v,2,sum)

Thd <- (t(a)¥*¥ha - sum(v~2))/k #1 by 1 matrix

Thd <- as.double(Thd) #so the test statistic Thd=Tn is a scalar
sscp <- vixdt(v)


http://parker.ad.siu.edu/Olive/slpack.txt
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ss <- sscp - Thd

ss <- 8872

vwl <- (sum(ss) - sum(diag(ss)))/k

Vohat <- 2*vwl/k

Z <- Thd/sqrt(Vohat)

pval <- 2*pnorm(-abs(Z)) #two tail pvalue
rpval=1-pnorm(Z) #right tail pvalue

The function hdhot1sim3 was used to simulate the five one sample tests, and was used
for Tables 1 and 2. The function hdhot1sim4 added the test using %». The function hdhot2sim
simulates the two sample test which applies the fast paired test on the z; = xj; — xj»
fori = 1,...,m, the [25] test, and the two sample [22] test based on subsampling with
m; = floor(2n;/3) fori=1, 2. See Table 3. Proofs for Theorems 3 and 4 were not given, but
are available from preprints of the corresponding published papers from (http:/ /parker.ad.
siv.edu/Olive/preprints.htm, accessed on 3 November 2025).

For Table 4, the function nbinroplssimz was used to create negative binomial regres-
sion data sets for finite x, while the function PRoplssimz was used to create the Poisson
regression data sets corresponding to x = oo. The functions without the z do not use the
Z =log(Y) transformation.

For the omnibus test, the function mlrcovxysim was used for multiple linear regression,
while the function prcovxysim was used for Poisson regression.

The spatial sign vectors have a some outlier resistance. If the predictor variables are
all continuous, the covmb2 and ddplot5 functions are useful for detecting outliers in high
dimensions. See [30] (section 1.4.3). Ref. [36] gave estimators for the variance of U-statistics.
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