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Abstract

We derive some large sample theory for the marginal maximum likelihood estimator
for multiple linear regression. Then testing is considered for that estimator and the one
component partial least squares estimator, including some high dimensional tests. Testing
with these two estimators for the multiple linear regression model with heterogeneity and

for the single index model is also considered.

1. Introduction

This section reviews multiple linear regression models. Consider a multiple linear re-
gression model with response variable Y and predictors & = (1, ...,z,)”. Then there are n
cases (Y;, )T, and the sufficient predictor SP = a + 3. For these regression models,
the conditioning and subscripts, such as ¢, will often be suppressed. Ordinary least squares
(OLS) is often used for the multiple linear regression (MLR) model.

Let the first multiple linear regression model be

Y= ﬁl + $i72ﬁ2 + -+ Ii,pﬁp +e; = wz—‘/ﬁ + e, (1)



for i = 1,...,n. Here n is the sample size and the random variable e; is the ith error. Assume
that the e; are independent and identically distributed (iid) with expected value E(e;) = 0
and variance V (e;) = o2. In matrix notation, these n equations become Y = X 3+ e where
Y is an n x 1 vector of dependent variables, X is an n x p matrix of predictors, Bisa p x 1
vector of unknown coefficients, and e is an n x 1 vector of unknown errors.
Let the second multiple linear regression model be Y|z'8 = a + T8 +c or Y; =
o+ ac;fpﬁ + e; or
Y;:Oé‘l‘l'i,lﬁl‘l’""l’l'i,pﬁp‘l’ei:Oé‘l’wlr,ﬁ‘l’ei (2)

for i =1, ...,n. Let the ¢; be as for model (1). In matrix form, this model is
Y =X¢+e, (3)

where Y is an n x 1 vector of dependent variables, X is an n X (p+ 1) matrix with ith row
(1,27), ¢ = (o, BT isa (p + 1) x 1 vector , and e is an n x 1 vector of unknown errors.
Also E(e) = 0 and Cov(e) = o%I,, where I, is the n x n identity matrix.

For estimation with ordinary least squares, let the covariance matrix of  be Cov(x) =
¢ = El(z — E(z))(x — E(z))T] = E(xx?) — E(z)E(x") and n = Cov(z,Y) = Zgy =
El(lx—E(x)(Y —E(Y))|=FEY)—-E@)E(Y)=FE|(x—E(x))Y] =FEz(Y - E(Y))]. Let

L . - _ _
n:nn:EwY:SwY:—n_l (x;—Z)(Y;i—Y)
i=1

and
n

1 —

=17, Ty n;(w z)( )

Then the OLS estimators for model (3) are ¢ ¢ = (XTX) XYY, dors =Y — BgLsi,
and

A—1 A ~—1

A ~ _1 ~ R
Bors =Yg Yy = Xg gy = g 7).

For a multiple linear regression model with independent, identically distributed cases, Bo LS
is a consistent estimator of B¢ = E;}Ear;y under mild regularity conditions, while dors

is a consistent estimator of E(Y) — B, ¢E(x).
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Cook, Helland, and Su (2013) showed that the one component partial least squares

(OPLS) estimator Bpp, g = AXgy estimates AXzy = Bpp.s where

~T ~
»r.» . PPy
A= BT and A= R (4)
EwYEwEwY EwawEwy

for Xpy # 0. If Xy = 0, then Bpprs = 0. Also see Basa et al. (2024), Cook and Forzani
(2024), and Wold (1975). The OPLS estimator is computed from the OLS simple linear
regression of Y on W = igyw, giving Y = doprs + \W = doprs + ngst.

The marginal maximum likelihood estimator (MMLE or marginal least squares estimator)
is due to Fan and Lv (2008) and Fan and Song (2010). This estimator computes the marginal
regression of Y on z; resulting in the estimator (&; s, BzM) for i =1,...,p. Then BMMLE =
(Bl,M, e Bp, )T For multiple linear regression, the marginal estimators are the simple linear

regression (SLR) estimators, and (& s, Bin) = (Gu.s1r, Biser). Hence

/BMMLE = [dmg(ﬁ]w)]_lﬁ]w% (5)

If the t; are the predictors that are scaled or standardized to have unit sample variances,
then

BMMLE = BMMLE(ta V) = 2Alty = I_lﬁlty = Noprs(t,Y) (6)
where (¢,Y") denotes that Y was regressed on t, and I is the p x p identity matrix.

High dimensional regression has n/p small. A fitted or population regression model is
sparse if a of the predictors are active (have nonzero BZ or ;) where n > Ja with J >
10. Otherwise the model is nonsparse. A high dimensional population regression model is
abundant or dense if the regression information is spread out among the p predictors (nearly
all of the predictors are active). Hence an abundant model is a nonsparse model.

In the following sections, we will extend some of the results from Olive and Zhang (2025),
who proved that there are often many valid population models for multiple linear regression.
Assume the cases are iid. a) Olive and Zhang (2025) derived the large sample theory for
OPLS, assuming that the errors e; are iid with constant variance, under milder conditions

than those in the previous literature. Now, heterogeneity is allowed, and Section 4 shows that

3



the OPLS theory for the heterogeneity model is nearly identical to the OPLS theory for the
iid error model, even in high dimensions. For OLS and many other multiple linear regression
estimators, the theory for the iid error model and the theory for the heterogeneity model
are quite different. b) Olive and Zhang (2025) showed that B, is estimating B, 1/75-
Now the large sample theory for B wyLe 1s given by Theorem 3. This theory is useful for
both the iid error model and the heterogeneity model, and for high dimensions. The theory
for standardized predictors is different than the theory for the unstandardized predictors. c)
Olive and Zhang (2025) gave simple large sample theory for 1pprg = Sxy. See Theorem 1,
which now has a simpler proof. Theorem 2 is a generalization of Theorem 1 that is useful for
MMLE theory and for some high dimensional tests for vectors of elements of a covariance
matrix. d) Olive and Zhang (2025) described some simple high dimensional tests for OPLS.
Section 3 also describes these tests, which can now be used for the heterogeneity model.
Section 3 also describes how to use Theorems 2 and 3.

Section 5 considers single index models, and Section 6 gives a small simulation study.
2. Large sample theory

Olive and Zhang (2025) derived the large sample theory for fjop; ¢ = Szy and OPLS,
including some high dimensional tests for low dimensional quantities such as Hy : (3; =
0or Hy : i —B; = 0. These tests depended on iid cases, but not on linearity or the
constant variance assumption. Hence the tests are useful for multiple linear regression with

heterogeneity. See Section 4.

REMARK 1: The following result is useful for several multiple linear regression estimators.
Let w; = A,x; for i = 1,...,n where A, is a full rank k£ X p matrix with 1 < k < p.

a) Let * be 3 or . Then X}, = A, X5 AL and X}, = A, 3%,

b) If A, is a constant matrix, then Ty = A, Xz AL and Twy = A, Xy

The following Olive and Zhang (2025) theorem gives the large sample theory for n =
éaf(ac, Y), but the proof in this paper is new. This theory needs 1 = ngpr g = Xy to exist

for n = f]q;y to be a consistent estimator of . Let x; = (x;1, ..., :Eip)T and let w; and z; be



defined below where
Cov(w;) = Zw = E[(®; — pg) (@ — pg)’ (Vi — pv)?)) = Sy Sy

Then the low order moments are needed for 3 ~ to be a consistent estimator of Xqyp.
Theorem 1 Assume the cases (x],Y:)" are iid. Assume E(xf; Y™) exist for j =1,...,p
and k,m = 0,1,2. Let pp = E(x) and py = E(Y). Let w; = (x; — pgp) (Y — py) with

sample mean w,,. Let n = Xgy. Then a)
_ D . D
\/ﬁ(wn_n) - NP(O> E’LU), \/ﬁ(nn_n) _)NZU(O> Ew), (7)

and (7, — 1) 2 Np(0, Sp).
b) Let z; = x;(Y; — Y,) and v; = (x; — B)(Yi — Y,). Then S = 3z + Op(n~1/2) =
So + Op(n=/?). Hence Sw=3s+ Op(n=1/?) = Yo+ Op(n=1/?).
c) Let A be a k x p full rank constant matriz with k < p, assume Hy : ABoprg = 0 is true,
and assume \ - \ # 0. Then

VABoprs — Borrs) = Ni(0, 2 AS A”). (8)

Proof. Part a) is a special case of Theorem 2.

b) wi= (i —T+T —pg)(Yi -V +Y —py) =

vi+ (i —F)(Y — py) + (= pg) (Vi = Y) + (T — pg) (Y — py).
Thus w; — w = v; — U + a; where
a; = (@ — BV — py) + (@ — ) (Vi = V) = Op(n~"/2),

Thus

n

> (wi —w)(w; —w)" =

i=1 =1

(v; —0)(v; —0)T + O0p(n™V?) = Ty + Op(n~1/?).

S|
NE

~ 1
Yw = —
n

c) If Hy is true, then Anp = 0. Hence



Then AAn = 0 under Hy, and

VIAAR) = VA = An) = ViABoprs — Borrs) = Ne(0, ¥ AZwA”). O
For the following theorem, consider a subset of k distinct elements from ¥ or from 3.
Stack the elements into a vector, and let each vector have the same ordering. For example,

the largest subset of distinct elements corresponds to
o o o B B B e
’U€Ch(2) = (0’11, 0y 01py 022, ..., 02py «oes Op—1 p—1, Op—1,p, Upp) = [Ujk]-

For random variables 1, ..., x,, use notation such as z; = the sample mean of the z;, u; =
E(z;), and 0j; = Cov(xj, xy). Let

n

n vech(X) = [n ajk] = Z[(Izg —T;)(Tik — T)|.

i=1
For general vectors of elements, the ordering of the vectors will all be the same and be
denoted vectors such as ¢ = [6j;], ¢ = [ojk], zi = [(xij — Tj)(zi — Tk)], and

w; = [(wij — pj)(zk — p)]. Let w, = > w;/n be the sample mean of the w;. Assuming
that Cov(w;) = X exists, then F(w;) = E(w,) = c.

The following theorem provides large sample theory for ¢ and ¢. The theorem may be a
special case of the Su and Cook (2012) theory for the multivariate linear regression estimator
when there are no predictors. When p = 1, the theory gives the large sample theory for the
sample variance. See Bickel and Doksum (2007, p. 279). The Olive and Zhang (2025) large

sample theory for Sy and gy is also a special case. We use Cov(w;) = X4 to avoid

confusion with the ¥qp used in Theorems 1 and 3.

Theorem 2 Assume the cases x; are iid and that Cov(w;) = 3 4 exists. Using the above
notation with ¢ a k x 1 vector,

i) V(e —c) 2 Ny(0,2g).

i) V(e —e¢) 2 Ny(0,%4).

iii) ¥ g =Xz + Op(n~Y?) and £ g = Xz + Op(n~1/?).



Proof. Note that v/n(w, — ¢) A Ni(0,X4) by the multivariate central limit theorem. i)
Then

ne= Z[(Iw —T;)(wak — T)] = Z[(Iw =y + = Ty) (i — e+ pr — Tp)] =

% %

Z[(%’ — ) (Tik — p)] + Z[(%’ — ) (. — T) |+

(2 (2

> Tk = T5) (i — ] + Z[(Mj —T;) (e — Tr)] = Z w; — a,

where @, = (% — ) (& — )] = [Vo(F — ) V(S — )] = Op(1).
By the multivariate Slutsky’s theorem,
V(e — ¢) = V/n(W@, — ) + an/v/n 5 Ny(0, 2 g)
since @, /v/f = op(1).
iii) w; = [(zi; — py) (@i — )] = (55 — T + T — py) (Wi — T + T — )] =

(w35 —T5) (ix — Tn)] + [(2ij — T5) (Tn — p)] +[(T5 — ) (@i —Tk) ]+ [(Tj — p3) (Th — ). Hence

w; — W = z; — Z + a; where

a; = [(wy; — %) (Tn — )] + (T — ) (win — Tp)] = Op(n~1/?).

Thus

- ] — 1 — -

Yg=— i—w)(w; —w)" =~ i—2)(2i—2) +0p(n~?) = Sz +0p(n”'?). O
d n;(’w w)(w; —w) n;(z Z)(zi—2) +0p(n""7) = Xz +0p(n~ ")
For iid cases, Bypp = V 'Sgy = V 'SgBpLg where V. = diag(oi,...,02) =

diag(Xg). For standardized predictors, let s; and o; be the sample and population standard
deviations of z;. Let t; = Dax; = diag(1/s1, ..., 1/s,)x; and u; = Dx; = diag(1/oy, ..., 1/0,)x;.
Note that V' = D’ and V™' = D2 Olive and Zhang (2025) proved that 3, is a /7
consistent estimator of Mquy. For iid cases, Byt Y) = Xty = noprs(t, Y).

By Theorems 1 and 2 with iid @; replaced by iid (z7,Y;)T,

81 U%
: : > >
Jn - = Vne—c) 2 Ny, | o, voTvY (9
Si 0’5 Ewﬂ; Ew
I Yoy Yxy |




Let
g1(c) o1y /ot
g(c) =Bumre = : =
6() oy /0
Let Dg = (D1, D) where Dy = diag(—o1y /o, —02y /03, ..., —0py/0o,) and Dy =
D? = diag(1/5?,1/03, ..., 1/0?2). Typically ﬁ]mijy = Op(1), but if Yoy =0, then ﬁ]mijy =
Op(n=1/?).
Theorem 3 Let the cases (x7,Y;)T be iid such that Equation (9) holds. Then a)

. b)) >

D v VW

V(Burvre — Bumre) = No(0, Znrvre) ~ Ny | 0, Dg Dg
Ywv 2w

Let A be a full rank k x p constant matriz such that AB = (Bi, ..., 3i,)T with i1, 1a, ..., ik
distinct. Hence the jth row of A has a 1 in the i;th position and zeroes elsewhere. Assume

Ho: AByye =0. Then b)
VIABuire — Buwrs) o Ni(0, AD’S4y D*A").
c) For standardized predictors, assume Hy : AByap(t,Y) = AXy, = 0. Then
\/EA(/BMMLE(ta Y) = Bumret,Y)) = \/EA(i]tY — Suy) o Ni(0, ADE’LUDAT)-

Proof. Theorem 3a) holds by the multivariate delta method.

~ A2 A
b) Note that /nA(Byrie — Bumre) = VIA(D Sgy — D*Zgy) =
VIA(D gy — D*Sgy + D*Sigy — D*Sgy) =

VRA(D' — D) Sy + VAAD*(Sgy — Say)
where by Theorem 1,
VIAD?(Szy — Szy) 2 Ni(0, AD*Sq, D? A7),

Now \/HA(IA)2 — Dz)ﬁlwy =




if (a5 Xay v)" = 0. Hence the result follows if Hy is true.
C) Note that \/EA(ﬁ]tY — Euy) = \/ﬁA(ﬁ]tY — ﬁ]uy + ﬁ]uy — Euy) =
ﬁA(ﬁ]tY - ﬁ]uy) + ﬁA(ﬁluy — Yuy) where by Theorem 1 and Remark 1,

VIA(Suy — Suy) = VIAD(Szy — Say) 2 Ni(0, ADSDAT).
Now \/ﬁA(ﬁ]tY - ﬁ]uy) = \/HA(DEA]@Y - Dﬁ]wy) = \/ﬁA(D - D)ﬁ]wy =

1 1) < 1 1) <
v (Sl B ”1) i,y vn (Si o Uil) Emﬁy

1

IR B W

Sp i O'ik

and \nA(Zgy — Suy) = 0,(1) if (e, v oens Zmiky)T = 0. Hence if Hj is true, then
VIA(S4, — Zuy) 2 Ni(0, ADSwDAT). O

3. Testing

As noted by Olive and Zhang (2025), the following simple testing method reduces a
possibly high dimensional problem to a low dimensional problem. Testing Hy : AByprs = 0
versus Hy : AByprg # 0 is equivalent to testing Hy : An = 0 versus H; : An # 0 where A is
a kxp constant matrix. Let Cov(Zzy) = Cov(f)) = S be the asymptotic covariance matrix
of n = Seyv. In high dimensions where n < 5p, we can’t get a good nonsingular estimator of
Cov(f]q;y), but we can get good nonsingular estimators of COV(ﬁ]uy) = Cov((fi1, ..., Nir)T)
with u = x; = (241, ..., v)" where n > Jk with J > 10. (Values of J much larger than 10
may be needed if some of the k predictors and/or Y are skewed.) Simply apply Theorem 1 to
the predictors u used in the hypothesis test, and thus use the sample covariance matrix 3P S
of the vectors u;(Y; — Y). Hence we can test hypotheses like Hy : 3; — 3; = 0. In particular,
testing Hy : 3; = 0 is equivalent to testing Hy : 1, = 04,y = 0 where 0,, y = Cov(z;,Y).

Note that the tests with 7 using k& distinct predictors z;; do not depend on other predic-
tors, including important predictors that were left out of the model (underfitting). Hence
the tests can have considerable resistance to underfitting and overfitting. The OPLS tests

also have some resistance to measurement error: assume that (x?,ul,v;,Y;)? are iid but
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w; = @; + u; and Z; = Y; + v; are observed instead of (x;,Y;). Then By q(w, Z) estimates
Y Swyz, while Sz estimates Cov(x, Y) if Cov(x, v) + Cov(w,Y) 4+ Cov(u,v) = 0, which
occurs, for example, if x Lv, © LY, and u 1L v.

The tests with By p;g = A and k predictor variables may not be as good as the tests
with 7) since A usually needs to be a good estimator of A. Note that ) can be a good estimator
if " is a good estimator of n”a. However, the test statistic for testing Hy : ABpprg =0
from Theorem 1c) is the same as the test statistic for testing Hy : A¥ gy = 0 from Theorem

la) since
MAS gy AT (A2 A AT) P ANS gy = 13y AT (A AT) Ay 2 2

if Hy is true.

Theorem 2 can be used to test Hy : Ac = 0, which can reduce a high dimensional
problem to a low dimensional problem. Suppose n > 10k, p > n, and AB = (B, ..., 5;,)"
with iq,49,...,7; distinct. Then Theorem 3a) can be used since no inverse matrices are
required, but the asymptotic covariance matrices of Theorem 3b) and 3c) are much easier
to estimate.

4. Regression and heterogeneity

A multiple linear regression model with heterogeneity is
Yi=01+miofo+ -+ ipfy+ e (10)

for i = 1,...,n where the e; are independent with F(e;) = 0 and V(e;) = ¢2. In matrix form,
this model is

Y =XB+e,

where Y is an n x 1 vector of dependent variables, X is an n x p matrix of predictors, 3 is a

px 1 vector of unknown coefficients, and e is an n x 1 vector of unknown errors. Also E(e) = 0

2

7) is an n x n positive definite matrix. In

and Cov(e) = Xe = diag(c?) = diag(o?,...,0
Section 2, the constant variance assumption was used: o7 = o2 for all i. Hence heterogeneity

means that the constant variance assumption does not hold. A common assumption is that
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the e; = o;¢; where the ¢; are independent and identically distributed with V'(¢;) = 1. See,
for example, Zhou, Cook, and Zou (2023).

Weighted least squares (WLS) would be useful if the o were known. Since the ¢? are
not known, ordinary least squares (OLS) is often used. The OLS theory for MLR with
heterogeneity often assume iid cases. For the following theorem, see Romano and Wolf
(2017), Freedman (1981), and White (1980).

Theorem 4 Assume Y; = xI'B + ¢; for i = 1,...,n where the cases (Yi,xl)T are iid
with “fourth moments,” Y = X3 + e, the e, = e;(x;) are independent, FEle;|xz;] = 0,
V' = Elzx!], Ele?|xi)] = v(xz;) = o2, Covle|X] = diag(v(x1),...,v(x,)) and Q =

Elv(z;)z;x!| = Ele?x;xT]. Then

i

VilBors — B) 2 Ny(0,VQV). (11)

Now write the linear model as Y = a + x” 3 + e. Under iid cases, OPLS theory does not
depend on whether the error variance is constant or not. Hence Theorem 1 and the Section
3 theory still applies. If the cases are iid and linearity holds (with or without heterogeneity),

then under reasonable conditions, 8 = B¢ = X Zay. Hence
Yy = Xz, (12)

as noted by Olive and Zhang (2025) for when the iid errors e; had constant variance. This
result is useful for simulation.
5. Single index models

The distribution of Y|nTz follows a single index model
Yz =Y =m(n'x) +e

where E(Y|nTx) = m(nTz), V(Y|nTz) = v(n'x), and e = Y —m(nTz). Note that the error
variance may not be constant. The model is called a single index model since m depends

on a single linear combination n”x. A multi-index model would use m(n! z, ..., nfx) where

k> 1.
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If n = npprs = Yy and the cases are iid, then inference for the single index model
can be done using Theorem 1 and Section 3. When the cases are iid, the OPLS single index
model estimators can have considerable resistance to overfitting, underfitting, heterogeneity,
measurement error, highly correlated predictors, and the number of predictors.

If noprs = f]q;y is a good estimator of gy, which can occur if n > 10p, then the
OPLS single index model can be visualized with a response plot of EA];F,;YJ; versus Y on the
vertical axis with a scatterplot smoother added as a visual aid. If the variability about the
scatterplot smoother is less than that about any horizontal line, then the model may be
useful compared to simply doing inference on the Y7, ..., Y,, without any predictors.

If Y|z = m(a+ B x) + e and if the predictors a; are iid from a large class of elliptically
contoured distributions, then Li and Duan (1989) and Chen and Li (1998) showed that, under
regularity conditions, 85,5 = ¢3. Hence Xgy = cXg3. Thus Xgy = dB if g = 721, for
some constant 72 > 0. If 3 = B, in this case, then 3; = 0 implies that Cov(z;,Y) = 0.
The constant c is typically nonzero unless m has a lot of symmetry about the distribution of
o+ BTz. Chang and Olive (2010) considered OLS tests for these models. Simulation with
2y can be difficult if the population values of ¢ and d are unknown.

6. Example and simulation

EXAMPLE. The Hebbler (1847) data was collected from n = 26 districts in Prussia in
1843. Let Y = the number of women married to civilians in the district with a constant and
predictors xy = the population of the district in 1843, xo = the number of married civilian
men in the district, x5 = the number of married men in the military in the district, and x4
= the number of women married to husbands in the military in the district. Sometimes the
person conducting the survey would not count a spouse if the spouse was not at home. Hence
Y and x4 are highly correlated but not equal. Similarly, z3 and x4 are highly correlated but
not equal. Then BOLS = (0.00035,0.9995, —0.2328,0.1531)7, forward selection with OLS and
the C), criterion used Bl,o = (0,1.0010,0,0)T, By e = (0.1782,1.0010, 48.5630, 51.5513)7 ,
and Bpprg = (0.1727,0.0311,0.00018,0.00018)7. With scaled predictors, By, p(t,Y) =
3ty = Noprs(t,Y) = (40678.97,40937.98, 21877.44,22308.46)". The fitted values from the
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MMLE estimator tend not to estimate Y. Let W = wTBMMLE and perform the simple
linear regression of Y on W to get the reweighted or scaled estimators &g and b. Then
BR = bBMMLE. Then the fitted values V; = ap + :I;;prR can be used for prediction. If the
scaled predictors ¢ have unit sample variances, then By p;g(t,Y) = B(¢,Y).

Next, we describe a small heterogeneity simulation study somewhat similar to that done
by Rajapaksha and Olive (2024). The simulation used ¢ = 0 and 1/,/p, and k = 1 and p— 1
where k£ and 1 are defined in the following paragraph.

Let u = (1 )T where x is the (p — 1) x 1 vector of nontrivial predictors. In the
simulations, for i = 1,...,n, we generated w; ~ N,_1(0,I) where the m = p — 1 elements
of the vector w; are independent and identically distributed N(0,1). Let the m x m matrix
A = (a;;) with a; = 1 and a;; = ¢ where 0 < ¢ < 1 for ¢ # j. Then the vector &, = Aw;
so that Cov(z;) = Xz = AA” = (0;;) where the diagonal entries o = [1 + (m — 1)¢?] and
the off diagonal entries o;; = [2¢) + (m — 2)1¥?]. Hence the correlations are cor(z;, z;) = p =
(20 + (m — 2)¢*) /(1 + (m — 1)¢?) for i # j where z; and z; are nontrivial predictors. If
Y =1/,/cp, then p — 1/(c + 1) as p — oo where ¢ > 0. As 1) gets close to 1, the predictor
vectors cluster about the line in the direction of (1,...,1)%. Let Y; = 1+ 1a; 1+ -+ Lz p +e;
fori=1,....,n. Hence « = 1 and ¢ = (1,..,1,0,...,0)T with k + 1 ones and p — k — 1 zeros.

The zero mean iid errors é; = ¢; were iid from five distributions: i) N(0,1), ii) ¢, iii)
EXP(1) - 1, iv) uniform(—1,1), and v) 0.9 N(0,1) + 0.1 N(0,100). Only distribution iii)
is not symmetric. Then wtype = 1 if ¢; = ¢; (the WLS model is the OLS model), 2 if
ei = |xl'B —5le;, 3if e; = /(1 +0.52%)e;, 4 if e; = exp[l + log(|zial) + ... +log(|zip|)]es, 5 if
r = [1+ 1og(|wial) + ... + og(|sp])]es, 6 if € = [exp([log([wial) + ... +log(|sp)]/(p — )]s, T
if e; = [[log(|zi2|) + ... + log(|xip|)]/(p — 1)]€;, The last four types were special cases of types
suggested by Romano and Wolf (2017). For type 6, the weighting function is the geometric
mean of |z, ..., |zip|. For n = 100 and p = 100 with ¢ # 0, the CI lengths were too long
for wtype = 4.

When ¢ = 0 and wtype = 1, the OLS confidence intervals for (3; should have length near
2t96,0.0750 /v/n =~ 2(1.96)0 /10 = 0.3920 when n = 100 and the iid zero mean errors have
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variance o2,

The simulation computed npprs = Xy = (M1, s Mp-1)T = XxBoLs Where Xg = AAT
isa (p—1) x (p— 1) matrix. Storage problems can occur if p > 10000. Then the Theorem
1 large sample 100(1 — )% CI is ; & t,—1,1-5/25E(7);) could be computed for each n;. If 0
is not in the confidence interval, then Hy : n; = 0 and Hy : B;g = 0 are both rejected for
estimators £ = OPLS and MMLE. In the simulations with n = 50, p = 4, and ¥ > 0, the
maximum observed undercoverage was about 0.05 = 5%. Hence the program has the option
to replace the cutoff ¢,_1 1-5/2 by tn—1.up Where up = min(l1 —§/2+0.05,1 —6/2+2.5/n) if
5/2 > 0.1,

up=min(l —6/4,1 —0/2+ 12.50/n)

if §/2 <0.1. If up < 1—0/2+0.001, then use up = 1 — /2. This correction factor was used
in the simulations for the nominal 95% CIs, so the coverage is increased by at most 2.5% to
97.5%. Observed coverage between 0.94 and 0.96 suggests coverage is close to the nominal
value. Potscher and Preinerstorfer (2023) noted that WLS tests tend to reject Hy too often
(liberal tests with undercoverage).

To summarize the p — 1, confidence intervals, the average length of the p — 1 confidence
intervals over 5000 runs were computed. Then the minimum, mean, and maximum of the
average lengths was computed. The proportion of times each confidence interval contained its
population parameter was computed. These proportions were the observed coverages of the
p— 1 confidence intervals. Then the minimum observed coverage was found. The percentage
of the observed coverages that were > 0.9, 0.92, 0.93, 0.94, and 0.96 were also recorded. The
test Ho : (n:;,m;)" = (mio, njo)” was also done where Hy was true. The coverage of the test
was recorded and a correction factor was not used. More simulations are in Alshammari
(2024).

Table 1 illustrates Theorem 1la), used wtype=2 and k=99, and had more undercoverage
and variability than most of the other thirteen combinations of wtype and k. For the ten dif-

ferent error type and 1 combinations in Table 1, the minimum coverage of the 99 confidence

intervals for n;, = Cov(X,;,Y) ranged from 0.922 to 0.970. Most wtype and k combinations
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Table 1: Cov(x,Y), n=100, wtype=2, k=99

p psi/etype  mincov cov90 cov92  cov93 cov94d  cov96 testcov
100 0 0.9564 1.0 1.0 1.0 1.0 0.8989 0.9500
len 1 5.9909 6.0312 6.0628
100 0.1 0.9306 1.0 1.0 1.0 0.1717 0.0 0.8962
len 1 118.3908 119.0680 119.5849
100 0 0.9592 1.0 1.0 1.0 1.0 0.9696 0.9444
len 2 8.153728 8.2505 8.3430
100 0.1 0.9400 1.0 1.0 1.0 1.0 0.0 0.9122
len 2 162.7834 164.0093 165.4210
100 0 0.9566 1.0 1.0 1.0 1.0 0.8383 0.9488
len 3 5.9832 6.0169 6.0547
100 0.1 0.9336 1.0 1.0 1.0 0.6060 0.0 0.9058
len 3 116.9208 117.5406 118.1560
100 0 0.9566 1.0 1.0 1.0 1.0 0.8181 0.9406
len 4 4.8333 4.8636 4.8995
100 0.1 0.9224 1.0 1.0 0.7878 0.0 0.0 0.8940
len 4 93.5389  93.9788 94.40372
100 0 0.9702 1.0 1.0 1.0 1.0 1.0 0.9426
len 5 13.6393  13.8106  14.1451
100 0.1 0.9634 1.0 1.0 1.0 1.0 1.0 0.9458
len 5 272.6256 277.0760 277.2300

15



had a smaller range of coverages. The confidence intervals used a correction factor and over-
coverage with coverage near 0.965 was more common than the 3% undercoverage that occurs
in Table 1. In line 1 of Table 1, the minimum coverage of the 99 CIs was 0.9564. Hence the
proportion of the 99 Cls that had observed coverage > 0.9,0.92,0.93 and 0.94 was 1. The
proportion of Cls that had coverage > 0.96 was 0.8989 (89/99 CIs). The CI average lengths
were much larger for ¢ = 0.1 than for ¢ = 0. The test Hy : (n;,7;)" = (mi0,m50)" did not use
a correction factor, and coverage < 0.94 was rather common.

Tables 2 and 3 are used to illustrate Theorem 1c), and to show that A can be a poor
estimator of A\ in high dimensions. Now the proportion of times An; = 3; 0prs was in the
interval Afj; = My _1.upSE () = [ALin, \Usy] was recorded, where [Li,, U] is the large sample
95% CI for ;. If n; # 0, then the coverage of this interval tends to be low if A underestimates
A, and high if \ overestimates \. If n = 0 = Bioprs and A > 0, then the interval gives
a large sample test for Hy : (5, 0prs = 0 since 0 € [L;y,, Uy ] if and only if 0 € [S\Lm, S\Um]
Hence Theorem 1c) can be used to test Hy : B;oprs = 0 in low or high dimensions even if
A > 0is not a good estimator of \.

For testing H(] . A/BOPLS = (ﬁg&opLs, ﬁgg@pLs)T = 0, the test statistic
Ay AT (N ASwAT) T ANy = 13, AT(ASwAT) T AS gy 2 12

provided Hy : ABpprs = AXgy = 0 is true. In the simulation, Hy is true if £ = 1 and
Y = 0.

In the simulation if the model is linear, B¢ = (1,0, ...,0)T for k = 1, and B,.5 = 1 for
k =99. If ¥ = 0 and the model is linear, then ¥ = I,, A =1, and Bp; 5 = Boprs = Zxv-
Then \ was often less than 0.5 for n = 100 and p=100. If v» = 0.1, £k = 99, and the model
is linear, then A = 1/116.64 = 0.008573, Byrs = Boprs = 1, and Xy = 116.64 1. Now A
tended to be close to A. The models appeared to be linear except for wtype=4 with ¢» = 0.1.
(This model appeared to generate massive outliers with entries of 32y often larger than
10°° for n = 100 and p = 100.)

Table 2 used k£ = 1, and the minimum coverage corresponding to (51 oprs tended to be

much smaller than 0.95 for 1) = 0 since A underestimated A\. When 1) = 0.1 the coverages for
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Bi.oprs tended to be a bit high since ) tended to be near or greater than \. When ¢ = 0.1,
Hy : (Bos.oprLs, Beo.orrs)t = (0,0)T is false. Then low testcov indicates good power for the
test. Sometimes n much larger than 100 was needed to make testcov near 0.

Table 3 used k£ = 99, and the coverages for (3, oprs tended to be much smaller than
0.95 for 1» = 0 since A underestimated . When 1 = 0.1 the coverages for 3; oprs tended
to be a bit high since A tended to be near or greater than A. For k = 99 and ¢ = 0.1,
Hy : (Bos.oprrs, Beo.orrs)t = (0,0)T is false. Then low testcov indicates good power for
the test. For ¢ = 0, n much larger than 100 was needed to make testcov near 0 since
[Cov(Xos,Y), Cov(Xgg, Y)] = (1,1) is close to (0,0). Fory = 0.1, [Cov(Xos, Y), Cov(Xgg, Y)]
= 116.64(1, 1) is not close to (0,0), and the power was good.

Table 4 is used to illustrate Theorem 3b) with nominal level 0.05. The simulation com-
puted p — 1 confidence intervals [L;,, U,] for n; = Cov(z;,Y) = o4y fori=1,...,p—1=99.
Let 02 = Var(xz;), the variance of the ith predictor ;. Then the program checked whether
BivmmrLe = oiy/o? was in the interval (1/s2)[Lin, Uip]. 5000 intervals were generated for each
Bimmre, and the coverage was the proportion of times 3; pae Was in its interval. This
procedure corresponds to a large sample test for Hy : B yyre = 0 only if B; prype = 0. This
occurred when ¢ =0 for ¢ = 2,...,p— 1 =99, but not for : = 1 or v = 0.1. The correction
factor was used.

Suppose ABy e = BimmrLe, - Bivmre)t = B vyvre Where I = {iy, ..., ix}. Let
D? = diag(1/67,...,1/67). Let w = x; = (i, ...,xa)". The test statistic for the test
Ho : AByyre = Bryvmre =01 T, = RBLMLEAT(AbzizbzAT)_lABMMLE =
nBiMMLE(biﬁ]zlbi)‘lﬁLMMLE A X2 when Hy is true. The simulation used I = {98,99}
and tested Hy : AB e = (Bosarvrne, Boommre)! = 0. In the simulation Hy was true for
k =1 and ¢ = 0, but false for either ¢y = 0.1 or k£ = 99.

For Table 4, when ¢ = 0, H, was true except for (31 yprr. However, the interval
[L1,/s2, Urn/s?] tended to contain (1 yrarre = m1/0% near 95% of the time. The maximum
average interval length 2.9808 on the 2nd line of Table 4 corresponded to the first interval for

Bimmre. When ¢ = 0.1, Hy was never true. Then the minimum average coverage 0.8818
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Table 2: OPLS, wtype=3, k=1

n p psi/etype mincov cov90 cov92 cov93 cov94  covI6  testcov

100 100 0 0.0182 0.9899 0.9899 0.9899 0.9899 0.9191 0.9486
len 1 03209 0.3239 0.4486

100 100 0.1 0.9664 1.0 1.0 1.0 1.0 1.0 0.0528
len 1 0.0133 0.0134 0.0166

100 100 0 0.1768 0.9899 0.9899 0.9899 0.9899 0.9797 0.9474
len 2 0.4889 0.4956 0.6865

100 100 0.1 0.9804 1.0 1.0 1.0 1.0 1.0 0.3084
len 2 0.0255 0.0267 0.0338

100 100 0 0.0260 0.9899 0.9899 0.9899 0.9899 0.9797 0.9486
len 3 0.3185 0.3220 0.4445

100 100 0.1 0.9672 1.0 1.0 1.0 1.0 1.0 0.0538
len 3 0.0132 0.0133 0.0165

100 100 0 0.0002 0.9899 0.9899 0.9899 0.9899 0.8181 0.9424
len 4 0.2262 0.2282 0.3158

100 100 0.1 0.9524 1.0 1.0 1.0 1.0 0.9899 0
len 4 0.0101 0.0102 0.0125

100 100 0 0.4982 0.9899 0.9899 0.9899 0.9899 0.9899 0.9664
len 5 0.9030 0.9180 1.2506

100 100 0.1 0.9852 1.0 1.0 1.0 1.0 1.0 0.6048
len 5 0.1023 0.1052 0.1345
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Table 3: OPLS, wtype=7, k=99

n p psi/etype mincov cov90 cov92 covI3 cov94d cov9I6 testcov

100 100 0 0.6882 0 0 0 0 0 0.7738
len 1 1.6805 1.6866 1.6933

100 100 0.1 0.9974 1.0 1.0 1.0 1.0 1.0 0
len 1 0.6691 0.6718 0.6743

100 100 0 0.6896 0 0 0 0 0 0.7702
len 2 1.6866 1.6929 1.7019

100 100 0.1 0.9974 1.0 1.0 1.0 1.0 1.0 0
len 2 0.6701 0.6721 0.6743

100 100 0 0.6880 0 0 0 0 0 0.7746
len 3 1.6814 1.6873 1.6955

100 100 0.1 0.9976 1.0 1.0 1.0 1.0 1.0 0
len 3 0.6701 0.6701 0.6748

100 100 0 0.6888 0 0 0 0 0 0.7692
len 4 1.6782 1.6868 1.6948

100 100 0.1  0.9968 1.0 1.0 1.0 1.0 1.0 0
len 4 0.6701 0.6722 0.6743

100 100 0 0.7024 0 0 0 0 0 0.7834
len 5 1.7181 1.7266 1.7361

100 100 0.1 0.9970 1.0 1.0 1.0 1.0 1.0 0
len 5 0.6686 0.6709 0.6731
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on the third line of Table 4 corresponded to 3; papre- The remaining coverages were near
0.93. For error type 3 and 9 = 0, the coverages for 3; parrr were low. The low coverages
in the last column for testcov mean that the test for Hy : (Bos mamLe, ﬁggMMLE)T = 0 had
rather poor power (larger n would be needed for good power). The power was often near 1

for ¢ = 0.1 and wtype = 1, 3, 6, and 7.

Table 4: Cov(x,Y), wtype=2, k=1

n p psi/etype mincov cov90 cov92 cov93 cov94  cov9I6  testcov

100 100 0 0.9592 1.0 1.0 1.0 1.0 0.9798 0.9508
len 2 2.8057 2.8348 2.9808

100 100 0.1 0.8818 0.9899 0.9899 0.8889 0.0404 0.0 0.7610
len 2 21529 2.1704 2.2933

100 100 0 0.9586 1.0 1.0 1.0 1.0 0.9293 0.9460
len 3 17413 1.7542 1.8670

100 100 0.1 0.6880 0.0 0.0 0.0 0.0 0.0 0.4852
len 3 1.3672 1.3752 1.4809

Table 5 is used to illustrate Theorem 3c) with nominal level 0.05. The simulation com-
puted p — 1 confidence intervals [L;,, U,] for n; = Cov(z;,Y) = o4y fori=1,...,p—1=99.
Let 02 = Var(x;), the variance of the ith predictor z;. Let B,,.x(tY) = n(t) and
Bimmrety) = Cov(ti,Y) = n;(t). Then the program checked whether 53; \/\/;pity) =
Cov(t;,Y) = ni(t) = o4v/0o; was in the interval (1/s;)[Lin, Uis]. This procedure corre-
sponds to a large sample test for Hy : 7;(t) = 0 only if 7;(¢) = 0. This occurred when
Y =0fore=2,...,p—1=99, but not for ¢ = 1 or ¢ = 0.1. The correction factor was
used. Suppose AByp(t,Y) = An(t) = (0, (1), ..., m:,(¢)" = BryumretY) = n;(t)
where I = {iy,...,ix}. Let D; = diag(1/s;,,...,1/s;). Let w = @; = (24, ..., x5)7. The
test statistic for the test Ho : ABypretY) = Bryuret,Y) = An(t) = n,(t) = 0 is
T, = ni)(t) AT(ADS ;DA Aj(t) = niT (£)(D; 32, D,)"'5,(t) 2 x2 when Hy is true.
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The simulation used I = {98,99} and tested Hy : An(t) = (nos(t),neo(t))’ = 0. In the
simulation Hy was true for £ = 1 and ¢ = 0, but false for either ¢» = 0.1 or k = 99.

Table 5: Cov(t,Y), wtype=1, k=1

n p psi/etype mincov cov90 cov92 covI3 cov94  covI6 testcov

100 100 0 0.9488 1.0 1.0 1.0 1.0 0.9596 0.9466
len 2 0.7975 0.8042 0.8969

100 100 0.1 0.7350 0.0 0.0 0.0 0.0 0.0 0.0284
len 2 09592 0.9648 1.0710

100 100 0 0.9514 1.0 1.0 1.0 1.0 0.8586 0.9456
len 3 0.5853 0.5887 0.7118

100 100 0. 0.6366 0.0 0.0 0.0 0.0 0.0 0.0008

1

len 3 0.7909 0.7943 0.9186

100 100 0 09472 1.0 1.0 1.0 1.0 0.8081 0.9464

len 4 04793 0.4823 0.6277

100 100 0.1 0.5740 0.0 0.0 0.0 0.0 0.0 0.0
4

len 0.7141 0.7175 0.8511

For Table 5, when ¢ = 0, Hy was true except for 01 ymre(t,Y) = m(t). However,
the interval [L1,/s1,Uin/s1] tended to contain n;,(t) = m1/01 near 95% of the time. The
maximum average interval length 0.8969 on the 2nd line of Table 5 corresponded to the first
interval for 7;(¢t). When ¢ = 0.1, Hy was never true. Then the minimum average coverage
0.7350 on the third line of Table 5 corresponded to 7;(¢t). The remaining coverages were
all less than 0.9. The low coverages in the last column for testcov mean that the test for
Hy : (nos(t), noo(t))T = 0 had good power. There were simulation scenarios with ¢ = 0.1
where the coverages for 7;(t) were good. This occurred for £ = 1 with wtype= 2, 3 (except
for error type 4), and 5.

6. Conclusions
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The large sample theory for the OPLS and MMLE estimators is unusually simple for
multiple linear regression with heterogeneity, provided that the cases are iid. In high dimen-
sions, the multiple linear regression model with heterogeneity can be sparse or nonsparse.
The OPLS and MMLE estimators are very similar when the predictors are standardized by
Equation (6). The hypothesis tests simulated well when H, was true. For OPLS, the correc-
tion factor for the nominal 95% confidence intervals often resulted in observed coverage close
to 96.5%. The test for Hy : (1:,m;)" = (mi0, jo)" did not use a correction factor, and for n
near p, the observed coverage = 1 — observed level was sometimes near 0.89 when the nom-
inal coverage was 0.95. Testing Hy : AByprs = 0 is equivalent to testing Hy : Anpprg =0,
and the latter tests, that do not use 5\, were superior. Thus Theorem 1a) is much easier to
use than Theorem 1c) or Theorem 3.

There is a large literature for multiple linear regression models with heterogeneity. See,
for example, Buja et al. (2019), Flachaire (2005), Rajapaksha and Olive (2024), Romano
and Wolf (2017), and White (1980). The response plot of &g prs versus Y and the EE plot
of &gmsm versus &)gst can be used to check whether OPLS is useful for WLS. See Olive
(2013) for more on these two plots.

Tests for high dimensional covariance matrices include Chen, Zhang, and Zhong (2010),
and Himeno and Yamada (2014).

Software

The R software was used in the simulations. See R Core Team (2024). Programs
are available from the Olive (2025) collections of R functions slpack.tzt, available from
(http://parker.ad.siu.edu/Olive/slpack.txt). The function OPLSplot make the response plot
and residual plot for multiple linear regression based on one component partial least squares.
The function OPLSEEplot plots the OPLS fitted values versus the OLS fitted values. Let
up ~ 1 — a/2 be the correction factor used for the confidence intervals. The function
covxycis obtains the large sample 100(1 — a)% confidence intervals ~ 7); £ t,_1,,S E(1);) for
n; = Cov(z;,Y) for j =1,..., p. The function oplscis obtains the large sample 100(1 —a)%
confidence intervals ~ Bj + tn_LupSE(ﬁAj) for B; = ACov(z;,Y) for j =1,...,p. If [L;,U;] is
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the confidence interval for n;, then [AL;, AU;] is the confidence interval for ;. The function
oplswls generates a weighted least squares data set of types used by the simulation, the
OPLS response plot, the OLS response plot, and the plot of the OPLS fitted values versus
the OLS fitted values. In the literature, simulated WLS data sets often contain outliers and
are often not very linear. The response plot can be used to check for these two problems.
The function oplswsim was used for Table 1. The function rcovxy makes the classical and
three robust estimators of n, and makes a scatterplot matrix of the four estimated sufficient
predictors 7' & and Y. Only two robust estimators are made if n < 2.5p. The function
oplssim2 was used for Tables 2 and 3. The function mmlesim simulates Theorem 3b) and

was used for Table 4. The function mmlesim2 simulates Theorem 3c) and was used for Table

D.
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