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Abstract

Although envelopes, lasso, PLS, SDR, and variable selection are very useful,

some qualms about the explanations and theory are given. Balms are needed.
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1 INTRODUCTION

Some notation for dimension reduction methods is needed. Let y = (Y1, ..., Yr)
T be a

vector of r response variables and let x = (x1, ..., xp)
T be a vector of p predictor variables.

For example, predict Y1 = mussel muscle mass and Y2 = mussel shell mass from x1 =
height, x2 = width, and x3 = length of the mussel shell. The r = 2 and p = 3.

Let A be an k × c matrix and let A = span(A) be the subspace of R
k spanned by

the columns of A. For a symmetric k × k matrix C, let C > 0 and C ≥ 0 denote
that C is positive definite or positive semidefinite, respectively. Then the projection
onto A in the C inner product is P

A(C)
= PA(C)

= A(AT CA)−1ATC provided

AT CA > 0. Let Q
A(C)

= Ir − P
A(C)

be the orthogonal projection. If C = Ir, let

PA = PA = A(AT A)−1AT .
Let the p×p covariance matrix of x be Cov(x) = Σx = E[(x−E(x))(x−E(x))T ] and

the p×1 vector Cov(x, Y ) = ΣxY = E[(x−E(x)(Y −E(Y ))] = (Cov(x1, Y ), ..., Cov(xp, Y ))T .
Let the estimators be

Sx =
1

n

n
∑

i=1

(xi − x)(xi − x)T and SxY =
1

n

n
∑

i=1

(xi − x)(Yi −Y).

Let Cov(x, y) = Σxy be estimated by Sxy .
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The response envelope for the regression of y on x is the predictor envelope for the
regression of x on y. Let L be a subspace of R

p. Let {γ1, ..., γq} be a basis for L, and
let {γ1, ..., γq, γq+1, ..., γp} be a basis for R

p. Then several dimension reduction methods
involve estimating q and γ̂i for i = 1, ..., q. Let S = [γ1...γq] be the basis matrix for
L. Let PS = P L and QL = QS . Let y x|Ax indicate that the response vector y

is independent of the predictors x given Ax. Then a subspace L ⊆ R
p that satisfies

y x|P L x is a dimension reduction subspace for the regression of y on x. Thus the
reduced predictors w = P L x hold all of the information that x has about y. If the
intersection of all dimension reduction subspaces is a dimension reduction subspace, then
that subspace is called the central subspace, denoted by Ly|x.

For a predictor envelope L, we want a) y x|P L x, and b) P L x QL x. Hence
w = P L x is (wanted or) material for the regression of y on x while u = QL x is
(unwanted or) immaterial for the regression of y on x. Then L ⊆ R

p reduces Σx if
and only if Cov(PS x, QS x) = 0. Assume Ly|x ⊆ span(Σx). The predictor envelope

(subspace) Ex for the regression of y on x is the intersection of all dimension reduction
subspaces that reduce Σx and contain Ly|x. Hence Ly|x ⊆ Ex. The envelope subspace
may be larger than the central subspace, but tends to handle high predictor collinearity
better than sufficient dimension reduction (SDR) estimators of the central subspace.

For partial least squares (PLS), PLS1 algorithms are for regression with a univariate
response Y , and while PLS2 algorithms are for a multivariate response y, and are also
PLS1 algorthms. These algorithms produce estimated basis vectors γ̂ i sequentially, using
the response variables. Let Âk be the matrix with ith row γ̂T

i for i = 1, ..., k. Let the

estimated coefficient matrix B̂k = Â
T

k (ÂkSxÂ
T

k )−1ÂkSxy for k = 1, ..., J where k = q

is especially important. Then B̂k can also be obtained by the OLS multivariate linear
regression of y on w = Âkx = (W1, ..., Wk)

T where Wi = γ̂T
i x. J ≤ min(n−1, p) needs to

be small enough so that (ÂkSxÂ
T

k )−1 exists. If S−1
x exists, then B̂k = P ˆA

T

k (Sx)
β̂OLS,

and if Â
−1

p exists, then B̂p = B̂OLS = S−1
x Sxy. Replace B by β if r = 1 so Y is used

instead of y.
The NIPALS algorithm uses γ̂1 = 1st eigenvector of SxyST

xy. For k < q, the

SIMPLS algorithm uses Â
T

k and γ̂k+1 = max
γ∈Rp

γT SxyST
xyγ = max

γ∈Rp
(γT Sxy)2 subject to

γTSxÂ
T

k = 0 and γT γ = 1. From canonical correlation analysis, finding
max
γ 6=0

Cor(γTx, Y ) is equivalent to maximizing

max
γ 6=0

γTΣxY ΣT
xY γ

γTΣxγ

which has a maximum at γ = Σ−1
x ΣxY = βOLS . This result suggests that for PLS1

algorithms, the [Cor(γ̂T
i x, Y )]2 are fairly high for i near 1. See Olive (2025).

For a univariate response Y , span(AT
k ) and span(Â

T

k ) are the same for the SIMPLS,
NIPALS, and HPLS PLS1 algorithms for k = 1, ..., q. See Cook and Forzani (2024,
p. 96). The Helland algorithm (HPLS) uses γi = Σi−1

x ΣxY and γ̂ i = Si−1
x SxY with

S0
x = Σ0

x = Ip. Thus γ̂1 = SxY and Wi = γ̂T
i x.
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Suppose Σx has eigenvalue eigenvector pairs (λ1, d1), ..., (λp, dp) where λ1 ≥ λ2 ≥

· · · ≥ λp. Let the eigenvalue eigenvector pairs of Sx be (λ̂1, d̂1), ..., (λ̂p, d̂p) where λ̂1 ≥

λ̂2 ≥ · · · ≥ λ̂p. Then a common principal component analysis (PCA) uses γ̂ i = d̂i.
Although envelopes, lasso, PLS, SDR, and variable selection are very useful, there

are some qualms about the explanations and theory.

2 Qualms

2.1 Predictor Envelope – PCA Relationship

A very interesting property of the predictor envelope is that if the eigenvalues of Σx are
unique, and if dim(Ex) = q, then Ex is spanned by q eigenvectors of Σx. See Cook and
Forzani (2024, p. 38). Hence the predictor envelope and principal component analysis
(PCA) have some similarities. Then PCA replaces the variables x1, ..., xp by w1, ..., wJ

where wi = d̂
T

i x for i = 1, ..., J where J is chosen using a scree plot or some other
method. The estimated predictor envelope replaces the variables x1, ..., xp by w1, ..., wq

where wi = d̂
T

j x for i = 1, ..., q where q is chosen in some way using the response variables
Y1, ..., Yr. Hence q is often much smaller than J . In particular, let r = 1 so there is a single
response variable Y . If Σx = diag(1, ..., p), then the eigenvectors of Σx are the columns
of the identity matrix Ip (up to spans). Suppose the MLR model Y = α+βTx+ e holds
with β = (1, ..., 1)T = 1 where the zero mean errors are iid with variance V (ei) = σ2.
Then the central subspace = span(β), but PCA needs all p eigenvectors. This result
appears to imply that q = p for the predictor envelope. For PCA, the assumption that
β ∈ R

p is a much weaker assumption than β ∈ R
q where 1 ≤ q < p. As r increases, the

regularity conditions get stronger.
Intuitively, since PCA does not use the response variables to form the γ̂i = d̂i, then

SDR methods, response envelopes, and PLS should outperform PCA at least if n ≥ 10p
and r is small.

Let W1, ..., Wp be the linear combinations d̂
T

k x ordered with respect to the highest
squared correlations r2

1 ≥ r2
2 ≥ · · · ≥ r2

p where the sample correlation ri,Y = cor(xi, Y ).
Then for the predictor envelope, does wi = Wi for i = 1, ..., q?

The above ordering is marginal maximum likelihood estimator (MMLE) variable se-
lection. See Fan and Lv (2008) and Fan and Song (2010), who give some drawbacks of
the method.

For r > 1, let W1, ..., Wp be the linear combinations γ̂
T
k x ordered with respect r2

1 ≥
r2
2 ≥ · · · ≥ r2

p where r2
i,y = 1

r

∑r

j=1[cor(xi, Yj)]
2 for i = 1, ..., p. Let U1, ..., Up be the

linear combinations γ̂T
k x ordered with respect to m2

1 ≥ m2
2 ≥ · · · ≥ m2

p where m2
i,y =

maxj=1,...,r[cor(xi, Yj)]
2. Hence m2

i = m2
(i),y, the order statistics of the m2

i,y. These two

methods of ordering variables appear to be new, although the r2
i can be motivated by

marginal maximum likelihood estimator (MMLE) variable selection. The Olive (2025)
SC scree plot of i versus r2

i behaves like a scree plot of i versus the eigenvalues. Hence
quantities like

∑j

i=1 r2
i /

∑p

i=1 r2
i are of interest for j = 1, ..., p, and scree plot techniques

could be adapted to choose q for PCA.
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2.2 Envelopes and PLS

Cook and Forzani (2024, pp. 83,92,111): to establish the link between envelopes and PLS,
and for the theory for β̂1PLS , a very strong regularity condition for a univariate response
is that ΣxY is an eigenvector of Σx, e.g., Σx = τ 2Ip. The Cook and Forzani (2024,
equation (4.1)) model is Y |x = α1 + βT

1PLSx + e. OLS is a consistent estimator for such
models, hence (4.1) forces βOLS = Σ−1

x ΣxY = λΣxY = β1PLS. If Σx = diag(1, ..., p),
then the eigenvectors of Σx are the columns of the identity matrix Ip (up to spans).
Hence βOLS and ΣxY have p − 1 zero elements and one nonzero element under (4.1).

Note that if ΣxY is an eigenvector of Σx, then for HPLS, span(γ1, ..., γp) = span(ΣxY )

which is equal to span(βOLS) if Σ−1
x exists. For r = 1, SIMPLS, NIPALS, and HPLS, to

get linearly independent population basis vectors, a necessary condition is that ΣxY is
not an eigenvector of Σx.

2.3 What Is Variable Selection Actually Doing?

Currently, this discussion is from Olive (2025b).
Some simple results hold for model selection estimators when the number of predictors

p is fixed. Several methods, including PLS, use p linear combinations ηT
1 x, ..., ηT

p x.

Performing the ordinary least squares (OLS) regression of Y on (η̂T
1 x, η̂T

2 x, ..., η̂T
k x) and

a constant gives the k-component estimator.
Consider the OLS regression of Y on a constant and w = (W1, ..., Wp)

T where, e.g.,
Wj = xj or Wj = η̂T

j x. Let I index the variables in the model so I = {1, 2, 4} means that
wI = (W1, W2, W4)

T was selected. The full model I = F uses all p predictors and the
constant with βF = β = βOLS. Let r be the residuals from the full OLS model and let rI

be the residuals from model I that uses β̂I with k predictors including a constant where
2 ≤ k ≤ p+1. Olive (2025a) noted that if the Mallows (1973) criterion Cp(I) ≤ 2k, then
the sample correlation

cor(r, rI) ≥

√

1 −
p + 1

n
. (1.1)

Since the correlation gets arbitrarily close to 1 as n → ∞, the model selection estimator
and full OLS estimator are estimating the same population parameter β. This result
holds if β̂OLS is a consistent estimator of β: heterogeneity is allowed and the cases do
not need to be independent and identically distributed (iid). For moderate sample size
n, “weak” predictors Wj will often be omitted as long as cor(rI , r) stays high.

The PLS literature often assumes (a1): Y |x = α + xT βkPLS + e for some k. If
Y |x = α+xT β+e, then under mild regularity conditions, β = βOLS . Hence assumption
(a1) forces βkPLS = βOLS. For k = 1, (a1) forces βOLS = β1PLS = an eigenvector of
the covariance matrix Cov(x) = Σx. Assume instead that the cases (xi, Yi) are iid with
E(Y ) = µY and E(x) = µx. Let Cov(x, Y ) = ΣxY . Then β = βOLS = Σ−1

x ΣxY ,
β1PLS = θΣxY where θ is a constant, and ΣxY = Σxβ, even when heterogeneity is
present. Since Σx is positive definite, β = 0 iff ΣxY = 0. This hypothesis can be tested
by applying a one sample test to vi = (xi − x)(Yi − Y ) for i = 1, ..., n. See Olive and
Zhang (2025), Olive et al. (2025), and Abid, Quaye, and Olive (2025).
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Let an OLS working model for β̂kPLS be Yi = αk + θk1W1i + · · · + θkkWki + eki

where Wji = xT
i Σ̂

j−1

x Σ̂xY with Σ̂
0

x = Σ0
x = Ip. Then β̂kPLS = (

∑k

j=1 θ̂kjΣ̂
j−1

x )Σ̂xY

and βkPLS = (
∑k

j=1 θkjΣ
j−1
x )ΣxY (under iid cases) using Y = αkPLS + xTβkPLS + ek.

This result suggests that the βkPLS are typically different for each k = 1, ..., p, but
βkPLS = βqPLS for k ≤ q ≤ p if θpj = 0 for k + 1 ≤ j ≤ p.

Note that β ∈ R
p is a much weaker assumption than β ∈ R

m where 1 ≤ m < p. The
model selection result of Equation (1) implies that β ∈ R

m approximately true in that
θpj ≈ 0 for k∗ + 1 ≤ j ≤ p for some m = k∗ < p. Hence the predictors Wj are “weak” or
“almost immaterial” for m + 1 ≤ j ≤ p.

2.4 Oracle Property

2.5 Bigger Model

2.6 MLR with Heterogeneity

2.7 High Dimensional Multivariate Linear Regression

Let the multivariate linear regression model be y = α+BTx+ε where B = [β1β2 · · ·βr].
As before, let Âkx = w = (W1, ..., Wk)

T where Âk is the matrix with ith row γ̂T
i for

i = 1, ..., k. Let Dk = [θ1θ2 · · ·θk]. Let, for example, Σ̂x = nSx/(n−1). Fit the working
model

y = α + DT
k w + ε = α + DT

k Âkx + ε

with B̂
T

k = D̂
T

k Âk. Then D̂k = Σ̂
−1

wΣ̂wy , and B̂k = Â
T

k D̂k = Â
T

k (ÂkΣ̂xÂ
T

k )−1ÂkΣ̂xy.

PLS2 algorithms can be used to get B̂k.

Alternatively, let r univariate MLR’s be fit to get B̂U = Â
T

H = [η̂1η̂2 · · · η̂r] and

ŷ = α̂ + B̂
T

Ux.

Then ÂHx = w = (W1, ..., Wr)
T where ÂH is the matrix with ith row η̂

T
i for i = 1, ..., r.

Let DH = [θ1θ2 · · · θr], and fit the working model

y = α + DT
Hw + ε = α + DT

HÂHx + ε

to get D̂H = Σ̂
−1

wΣ̂wy, and B̂H = Â
T

HD̂H = Â
T

H(ÂHΣ̂xÂ
T

H)−1ÂHΣ̂xy . PLS1 algo-
rithms could be used to get the η̂i.

The new estimator B̂H may be competitive with B̂q if n ≥ Jr with J ≥ 5, r ≥ 2,
and if the η̂i are not obtained from a working model for a multivariate linear regression.
J much larger than 5 may be needed. Univariate lasso estimators could be used to give
a competitor for the glmnet lasso estimator with “mgaussian.”

For a comparison of using r MLR’s (e.g. PLS1) and multivariate linear regression of
y on w using γ̂ix = Wi (possibly with γ̂i = γj = jth column of the identity matrix Ip so
that Wi = xj), see, for example, Cook and Forzani (2024, pp. 106-107).
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2.8 Outlier Resistance

To make outlier resistant analogs for many statistical techniques, including envelopes,
lasso, PCA, and PLS, suppose the cases are w1, ..., wn. Find the Euclidean distances Di

of the wi from the coordinatewise median of the n cases. Find the nR cases that satisfy
Dj ≤ MED(D1, ..., Dn) + 5MAD(D1, ..., Dn), and apply the statistical technique on the
nR cases. For variants, R code, and more explanation, see Olive (2025).

3 CONCLUSIONS

Outliers are important, and outlier resistant methods should be used for low and high
dimensional statistics.
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