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Abstract

Although envelopes, lasso, partial least squares, sufficient dimension reduction,

and variable selection are very useful, some qualms about the explanations and

theory are given. Balms are needed.
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1 INTRODUCTION

Some notation for dimension reduction methods is needed. Let y = (Y1, ..., Yr)
T be a

vector of r response variables and let x = (x1, ..., xp)
T be a vector of p predictor variables.

For example, predict Y1 = mussel muscle mass and Y2 = mussel shell mass from x1 =
height, x2 = width, and x3 = length of the mussel shell. Then r = 2 and p = 3.

Let A be an d × c matrix and let A = span(A) be the subspace of R
d spanned by

the columns of A. Let Id be the d × d identity matrix. For a symmetric d × d matrix
C, let C > 0 and C ≥ 0 denote that C is positive definite or positive semidefinite,
respectively. Then the projection onto A in the C inner product is P

A(C)
= PA(C)

=

A(ATCA)−1AT C provided ATCA > 0. Let Q
A(C)

= Id − P
A(C)

be the orthogonal

projection. If C = Id, let P c = PA = PA = A(AT A)−1AT and Qc = Id − P c.
Let the p×p covariance matrix of x be Cov(x) = Σx = E[(x−E(x))(x−E(x))T ] and

the p×1 vector Cov(x, Y ) = ΣxY = E[(x−E(x)(Y −E(Y ))] = (Cov(x1, Y ), ..., Cov(xp, Y ))T .
Let the estimators be

n − 1

n
Σ̂x = Sx =

1

n

n
∑

i=1

(xi−x)(xi−x)T and
n − 1

n
Σ̂xY = SxY =

1

n

n
∑

i=1

(xi−x)(Yi−Y).
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Let Cov(x, y) = Σxy = E[(x −E(x)(y − E(y))T ] be estimated by

n − 1

n
Σ̂xy = Sxy = cov(x, y) =

1

n

n
∑

i=1

(xi − x)(yi − y)T .

Remark 1. The following results are useful for several multiple linear regression and
multivariate linear regression estimators. Let wi = Anxi for i = 1, ..., n where An is a
full rank k × p matrix with 1 ≤ k ≤ p.

a) Let Σ∗ be Σ̂ or Σ̃ = S. Then Σ∗
w = AnΣ

∗
xAT

n , Σ∗
wY = AnΣ

∗
xY , and Σ∗

wy =
AnΣ

∗
xy.

b) If An is a constant matrix, then Σw = AnΣxAT
n , ΣwY = AnΣxY , and Σwy =

AnΣxy.
c) Let r > 1, and let zi = Dnyi where Dn is a full rank k× r matrix with 1 ≤ k ≤ r.

Then Σ∗
xz = Σ∗

xyDT
n . If Dn is a constant matrix, then Σxz = ΣxyDT

n .
d) Let a > 0 and b > 0. Then the sample correlation cor(x, y) = cor(ax, by) =

cor(−ax,−by) = −cor(−ax, by) = −cor(ax,−by).

The response envelope for the regression of y on x is the predictor envelope for the
regression of x on y. Let L be a subspace of R

p. Let {γ1, ..., γq} be a basis for L, and
let {γ1, ..., γq, γq+1, ..., γp} be a basis for R

p. Then several dimension reduction methods
involve estimating q and γ̂i for i = 1, ..., q. Let S = [γ1...γq] be the basis matrix for
L. Let PS = P L and QL = QS . Let y x|Ax indicate that the response vector y

is independent of the predictors x given Ax. Then a subspace L ⊆ R
p that satisfies

y x|P L x is a dimension reduction subspace for the regression of y on x. Thus the
reduced predictors w = P L x hold all of the information that x has about y. If the
intersection of all dimension reduction subspaces is a dimension reduction subspace, then
that subspace is called the central subspace, denoted by Ly|x.

For a predictor envelope L = Ex, we want a) y x|P L x, and b) P L x QL x.
Hence w = P L x is (wanted or) material for the regression of y on x while u = QL x

is (unwanted or) immaterial for the regression of y on x. Then L ⊆ R
p reduces Σx if

and only if Cov(PS x, QS x) = 0. Assume Ly|x ⊆ span(Σx). The predictor envelope
(subspace) Ex for the regression of y on x is the intersection of all dimension reduction
subspaces that reduce Σx and contain Ly|x. Hence Ly|x ⊆ Ex. The envelope subspace
may be larger than the central subspace, but tends to handle high predictor collinearity
better than sufficient dimension reduction (SDR) estimators of the central subspace.

For partial least squares (PLS), PLS1 algorithms are for regression with a univariate
response Y , and while PLS2 algorithms are for a multivariate response y, and are also
PLS1 algorthms. These algorithms produce estimated basis vectors γ̂ i sequentially, using
the response variables. Let Âk be the matrix with ith row γ̂T

i for i = 1, ..., k. Let the

estimated coefficient matrix B̂k = Â
T

k (ÂkSxÂ
T

k )−1ÂkSxy for k = 1, ..., J where k = q

is especially important. Then B̂k can also be obtained by the OLS multivariate linear
regression of y on w = Âkx = (W1, ..., Wk)

T where Wi = γ̂T
i x. J ≤ min(n−1, p) needs to

be small enough so that (ÂkSxÂ
T

k )−1 exists. If S−1
x exists, then B̂k = P ˆA

T

k (Sx)
B̂OLS,

and if Â
−1

p exists, then B̂p = B̂OLS = S−1
x Sxy. Replace B by β if r = 1 so Y is used

instead of y.
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The NIPALS algorithm uses γ̂1 = 1st eigenvector of SxyST
xy. For k < q, the SIM-

PLS algorithm uses γ̂1 and γ̂k+1 = argmaxγ∈Rp γTSxyST
xyγ subject to γTSxÂ

T

k = 0

and γT γ = 1. By Remark 1,

γT Sxy = SγT x,y = (cov(γT x, Y1), ..., cov(γ
Tx, Yr)),

and

Qy(γ) = γT SxyST
xyγ =

r
∑

i=1

[cov(γT x, Yi)]
2 =

r
∑

i=1

[cor(γTx, Yi)]
2V̂ (γT x)V̂ (Yi)

where V̂ is the sample variance. Thus the SIMPLS algorithm maximizes

V̂ (γTx)
r
∑

i=1

[cor(γTx, Yi)]
2V̂ (Yi) (1)

subject to γTSxÂ
T

k = 0 and γT γ = 1. For r = 1, V̂ (Y ) is a constant with respect to γ,
and this result was given by Chun and Keleş (2010) with V̂ (Y ) omitted. So PLS is a model
free way to get predictors γ̂T

i x that are fairly highly correlated with the response variables
Y1, ..., Yr, and the absolute correlations tend to decrease quickly. Scaling the response
variables to have the same sample variance is often a good idea. Cook and Forzani (2024,

pp. 99, 103) recommend using the scaled response vector z = S
−1/2
y y = (Z1, ..., Zr)

T

if n >> r. Dividing each response variable by its standard deviation is common, and
equivalent to using z = [diag(Sy)]−1/2y = (Z1, ..., Zr)

T . Then the SIMPLS criterion is

Qz(γ) = V̂ (γT x)

r
∑

i=1

[cor(γTx, Zi)]
2 = V̂ (γT x)

r
∑

i=1

[cor(γTx, Yi)]
2. (2)

Hence Qz(γ̂ i) is a model free variable importance criterion for Wi = γ̂T
i x.If γ̂ i = bi =

ith column of the p × p identity matrix Ip, then Wi = xi. Note that V (γTx) =
Cov(γTx, γT x) = γT Cov(x)γ. Another model free variable importance criterion is an
MMLE criterion

QM(γ) =
r
∑

i=1

[cor(γT x, Yi)]
2.

Applying SIMPLS to (ui, zi) minimizes
∑r

i=1[cor(γ
Tu, Zi)]

2 where ui = S
−1/2
x xi if Sx

is nonsingular. Probably want n ≥ 10p.

For a univariate response Y , span(AT
k ) and span(Â

T

k ) are the same for the SIMPLS,
NIPALS, and HPLS PLS1 algorithms for k = 1, ..., q. See Cook and Forzani (2024, p. 96).
HPLS uses γi = Σi−1

x ΣxY and γ̂ i = Si−1
x SxY with S0

x = Σ0
x = Ip. Thus γ̂1 = SxY

and Wi = γ̂T
i x.

Let the multiple linear regression (MLR) model

Yi = α + xi,1β1 + · · · + xi,pβp + ei = α + xT
i β + ei (3)
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for i = 1, ..., n. In matrix form, this model is Y = Xδ +e, where Y is an n× 1 vector of
dependent variables, X is an n×(p+1) matrix of predictors, δ = (α, βT )T is a (p+1)×1
vector of unknown coefficients, and e is an n× 1 vector of unknown errors. Assume that
the ei are independent and identically distributed (iid) with expected value E(ei) = 0
and variance V (ei) = σ2. A multiple linear regression model with heterogeneity has the
zero mean ei independent with V (ei) = σ2

i .
Suppose Σx has eigenvalue eigenvector pairs (λ1, d1), ..., (λp, dp) where λ1 ≥ λ2 ≥

· · · ≥ λp. Let the eigenvalue eigenvector pairs of Sx be (λ̂1, d̂1), ..., (λ̂p, d̂p) where λ̂1 ≥
λ̂2 ≥ · · · ≥ λ̂p. Then a common principal component analysis (PCA) uses γ̂ i = d̂i. The
SIMPLS criterion Qz(γ̂i) can also be used to order the PCA components.

Although envelopes, lasso, PLS, SDR, and variable selection are very useful, there
are some qualms about the explanations and theory.

2 Qualms

2.1 Predictor Envelope – PCA Relationship

A very interesting property of the predictor envelope is that if the eigenvalues of Σx are
unique, and if dim(Ex) = q, then Ex is spanned by q eigenvectors of Σx. See Cook and
Forzani (2024, p. 38). Hence the predictor envelope and PCA have some similarities.

Then PCA replaces the variables x1, ..., xp by W1, ..., WJ where Wi = d̂
T

i x for i = 1, ..., J
where J is chosen using a scree plot or some other method. A version of the estimated

predictor envelope replaces the variables x1, ..., xp by W1, ..., Wq where Wi = d̂
T

j x for
i = 1, ..., q where q is chosen in some way using the response variables Y1, ..., Yr. Hence
q is often much smaller than J . In particular, let r = 1 so there is a single response
variable Y . If Σx = diag(1, ..., p), then the eigenvectors of Σx are the columns bi of the
identity matrix Ip (up to spans). Suppose the MLR model Y = α + βT x + e holds with
β = (1, ..., 1)T = 1 where the zero mean errors are iid with variance V (ei) = σ2. Then
the central subspace = span(β), but PCA needs all p eigenvectors. This result appears
to imply that q = p for the predictor envelope. For PCA, the assumption that β ∈ R

p is
a much weaker assumption than β ∈ R

q where 1 ≤ q < p. As r increases, the regularity
conditions get stronger.

Intuitively, since PCA does not use the response variables to form the γ̂i = d̂i, then
SDR methods, response envelopes, and PLS should outperform PCA at least if n ≥ 10p
and r is small.

Let PCA W1, ..., Wp be the linear combinations d̂
T

k x ordered with respect to the
highest squared correlations r2

1 ≥ r2
2 ≥ · · · ≥ r2

p where the sample correlation ri,Y =
cor(xi, Y ). Then for the predictor envelope, does wi = Wi for i = 1, ..., q?

The above ordering is marginal maximum likelihood estimator (MMLE) variable se-
lection. See Fan and Lv (2008) and Fan and Song (2010), who give some drawbacks of
the method.

For r ≥ 1, let the PCA Wi be ordered using Equation (2). Then for the predictor
envelope, does wi = Wi for i = 1, ..., q?
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For r > 1, let W1, ..., Wp be the linear combinations γ̂T
k x ordered with respect r2

1 ≥
r2
2 ≥ · · · ≥ r2

p where r2
i,y = 1

r

∑r
j=1[cor(xi, Yj)]

2 for i = 1, ..., p. Let U1, ..., Up be the

linear combinations γ̂T
k x ordered with respect to m2

1 ≥ m2
2 ≥ · · · ≥ m2

p where m2
i,y =

maxj=1,...,r[cor(xi, Yj)]
2. Hence m2

i = m2
(i),y, the order statistics of the m2

i,y. Then m2
i is

a variable unimportance criterion, and is used to detect unimportant predictor variables.
These two methods of ordering variables appear to be new, although the r2

i can be
motivated by MMLE variable selection if each response variable is divided by σi/τ where
σi =

√

V (Yi) for i = 1, ..., r. The Olive (2025) SC scree plot of i versus r2
i behaves like

a scree plot of i versus the eigenvalues. Hence quantities like
∑j

i=1 r2
i /
∑p

i=1 r2
i are of

interest for j = 1, ..., p, and scree plot techniques could be adapted to choose q for PCA.
The scree plot of i versus m2

i is interesting for detecting unimportant predictor variables
if r > 1.

Let G = [di1, ..., dik ] consist of k linearly independent orthonormal eigenvectors of
Σx with corresponding eigenvalues λij for j = 1, ..., k. Let P k = G(GTG)−1GT and
Qk = Ip − P k. Claim: Cov(P kx, Qkx) = P kΣxQk = 0.

Proof: Need to show that P kΣxP k = P kΣx. Note that

GT Σx =







dT
i1
...

dT
ik






Σx =







λi1d
T
i1

...
λikd

T
ik






= diag(λi1, ..., λik)G

T , and

GTΣxG =







λi1d
T
i1

...
λikd

T
ik






[di1...dik ] = diag(λi1 , ..., λik).

So P kΣxP k = G(GTG)−1diag(λi1 , ..., λik)G
TG(GTG)−1GT =

G(GT G)−1diag(λi1 , ..., λik)G
T = G(GT G)−1GT Σx = P kΣx.

2.2 Envelopes and PLS

Cook and Forzani (2024, pp. 83, 92, 111): to establish the link between envelopes and
PLS, and for the theory for β̂1PLS, a very strong regularity condition for a univariate
response is that ΣxY is an eigenvector of Σx, e.g., Σx = τ 2Ip. The Cook and Forzani
(2024, equation (4.1)) model is Y |x = α1 + βT

1PLSx + e. OLS is a consistent estimator
for such models, hence (4.1) forces βOLS = Σ−1

x ΣxY = λΣxY = β1PLS. If Σx =
diag(1, ..., p), then the eigenvectors of Σx are the columns bi of the identity matrix Ip

(up to spans). Hence βOLS and ΣxY have p − 1 zero elements and one nonzero element
under (4.1) if Σx = diag(1, ..., p).

Note that if ΣxY is an eigenvector of Σx, then for HPLS, span(γ1, ..., γp) = span(ΣxY )

which is equal to span(βOLS) if Σ−1
x exists. For SIMPLS, NIPALS, HPLS, and r = 1,

perhaps a necessary condition to get linearly independent population basis vectors is that
ΣxY is not an eigenvector of Σx.

Consider HPLS and multiple linear regression with r = 1 response variable Y .
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Theorem (del Val, Berrendero, and Suárez (2026)): Let q be the number of distinct
eigenvalues of Sx such that the corresponding eigenvectors are not orthogonal to SxY ,
then for MLR β̂qPLS = β̂OLS and q = dimension of the predictor envelope space.

If the eigenvalues are distinct and the eigenvectors are orthogonal, the above theorem
implies that usually q = p since usually SxY is a linear combination of all p eigenvectors.
If the predictors are standardized so u = S

−1/2
x x = (U1, ..., Up)

T , then Su = Ip and

β̂OLS(u, Y ) = SuY , and the above theorem implies q = 1 with respect to (u, Y ). The
result q = 1 will usually not be correct if heterogeneity is present. Also, there is not
much dimension reduction going on. The Ui are uncorrelated, so variable selection on
the Ui should work better than using β̂OLS(u, Y ) = SuY .

2.3 What Is Variable Selection Actually Doing?

Variable selection is the search for a subset of predictor variables that can be deleted
without important loss of information if n/p is large, and the search for a useful subset
of predictors if n/p is not large. Model selection generates M models. Then a model is
selected from these M models. Variable selection is a special case of model selection.

Ridge regression, lasso, and elastic net often fit the model on a grid a λi values
with 0 ≤ λ1 < λ2 < · · · < λM . The model selection estimator uses λ̂ chosen from the
grid. Several dimension reduction methods, including PLS and PCR, consider p linear
combination γT

1 x, γT
2 x, ..., γT

p x. Then the regression method performs the regression of

Y on (W1 = γ̂T
1 x, W2 = γ̂T

2 x, ..., Wk = γ̂T
k x) and a constant for k = 1, ..., M . Then the

model selection estimator uses k̂. Model selection and variable selection can also be used
for classification models.

2.3.1 The regularity conditions for a variable selection estimator to estimate

β are quite strong.

Consider a regression model where the response variable Y depends on the predictors x

through SP = xT β. Such models include MLR, generalized linear models (GLMs), and
several survival regression models. A model for variable selection can be described by

xT β = xT
SβS + xT

EβE = xT
SβS (4)

where x = (xT
S , xT

E)T is a p × 1 vector of predictors, xS is a dS × 1 vector, and xE

is a (p − dS) × 1 vector. Given that xS is in the model, βE = 0 and E denotes the
subset of terms that can be eliminated given that the subset S is in the model. In
Equation (4), there is a “true submodel” S where all of the elements of βS are nonzero,
but all of the elements of β that are not elements of βS are zero. The full model has
SP = SP (F ) = xTβ, the submodel S has SP = SP (S) = xT

SβS , and SP (F ) = SP (S).
Note that β = βF . Assume that S is unique. S = F is possible.

Since S is unknown, candidate subsets will be examined. Let xI be the vector of dI

terms from a candidate subset indexed by I , including a constant, and let xO be the
vector of the remaining predictors (out of the candidate submodel). Then

xT β = xT
I βI + xT

OβO.
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Suppose that S is a subset of I and that model (4) holds. Then

xTβ = xT
SβS = xT

SβS + xT
I/Sβ(I/S) + xT

O0 = xT
I βI (5)

where xI/S denotes the predictors in I that are not in S. Since this is true regardless of
the values of the predictors, βO = 0 and the sample correlation cor(xT

i β, xT
I,iβI) = 1 for

the population β and βI if S ⊆ I .
Let Imin correspond to the set of predictors selected by a variable selection method

such as forward selection or lasso variable selection. If β̂I is dI × 1, use zero padding to
form the p×1 vector β̂I,0 from β̂I by adding 0s corresponding to the omitted variables. For

example, if p = 4 and β̂Imin
= (β̂1, β̂3)

T , then the observed variable selection estimator

β̂V S = β̂Imin,0 = (β̂1, 0, β̂3, 0)
T . As a statistic, β̂V S = β̂Ik,0 with probabilities πkn =

P (Imin = Ik) for k = 1, ..., J where there are J subsets, e.g. J = 2p − 1.
Assume p is fixed. Suppose model (4) holds, and that if S ⊆ Ij where the dimension

of Ij is dj, then
√

n(β̂Ij
− βIj

)
D→ Ndj

(0, V j) where V j is the covariance matrix of the
asymptotic multivariate normal distribution. Then

√
n(β̂Ij ,0 − β)

D→ Np(0, V j,0) (6)

where V j,0 adds columns and rows of zeros corresponding to the xi not in Ij, and V j,0

is singular unless Ij corresponds to the full model. This large sample theory holds for
many models, including multiple linear regression fit by least squares (OLS), GLMs fit
by maximum likelihood, and Cox regression fit by maximum partial likelihood. See Olive
(2025) for references.

Remark 2. If A1, A2, ..., Ak are pairwise disjoint and if ∪k
i=1Ai = S = the sample

space, then the collection of sets A1, A2, ..., Ak is a partition of S. Then the Law of Total
Probability states that if A1, A2, ..., Ak form a partition of S such that P (Ai) > 0 for
i = 1, ..., k, then

P (B) =
k
∑

j=1

P (B ∩ Aj) =
k
∑

j=1

P (B|Aj)P (Aj).

Let sets Ak+1, ..., Am satisfy P (Ai) = 0 for i = k + 1, ..., m. Define P (B|Aj) = 0 if
P (Aj) = 0. Then a Generalized Law of Total Probability is

P (B) =

m
∑

j=1

P (B ∩ Aj) =

m
∑

j=1

P (B|Aj)P (Aj),

and will be used in the proof of Theorem 1.

Pötscher (1991) used the conditional distribution of β̂V S|(β̂V S = β̂Ik ,0) to find the

distribution of wn =
√

n(β̂V S − β). Let β̂
C

Ik ,0 be a random vector from the conditional

distribution β̂Ik,0|(β̂V S = β̂Ik ,0). Let wkn =
√

n(β̂Ik,0−β)|(β̂V S = β̂Ik,0) ∼
√

n(β̂
C

Ik,0−β).
Denote Fz(t) = P (z1 ≤ t1, ..., zp ≤ tp) by P (z ≤ t). Then Pötscher (1991) and Pelawa
Watagoda and Olive (2021) show the following result.
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Theorem 1. Using the above notation,

Fwn
(t) = P [n1/2(β̂V S − β) ≤ t] =

J
∑

k=1

Fwkn
(t)πkn.

Hence β̂V S has a mixture distribution of the β̂
C

Ik,0 with probabilities πkn, and wn has a
mixture distribution of the wkn with probabilities πkn.

Proof: Let W = WV S = k if β̂V S = β̂Ik ,0 where P (WV S = k) = πkn for k = 1, ..., J.

Then (β̂V S:n, WV S:n) = (β̂V S, WV S) has a joint distribution where the sample size n is
usually suppressed. Note that β̂V S = β̂IW ,0. Then by Remark 2,

Fwn
(t) = P [n1/2(β̂V S − β) ≤ t] =

J
∑

k=1

P [n1/2(β̂V S − β) ≤ t|(β̂V S = β̂Ik ,0)]P (β̂V S = β̂Ik ,0) =

J
∑

k=1

P [n1/2(β̂Ik,0 − β) ≤ t|(β̂V S = β̂Ik ,0)]πkn

=
J
∑

k=1

P [n1/2(β̂
C

Ik ,0 − β) ≤ t]πkn =
J
∑

k=1

Fwkn
(t)πkn. �

Charkhi and Claeskens (2018) showed that wjn =
√

n(β̂
C

Ij ,0−β)
D→ wj if S ⊆ Ij for the

maximum likelihood estimator (MLE) with AIC, and gave a forward selection example.
They claim that wj is a multivariate truncated normal distribution (where no truncation
is possible) that is symmetric about 0. Hence E(wj) = 0, and Cov(wj) = Σj exits.
This claim does not seem to be correct: wj should be a distorted multivariate normal
distribution where some of the probabilities are increased and some are decreased, but
the probabilities are not driven to 0.

Under the assumptions of Theorem 2, note that
√

n(β̂V S − β) is selecting from the

ukn =
√

n(β̂Ik ,0−β) and asymptotically from the uj where ujn =
√

n(β̂Ij ,0−β)
D→ uj ∼

Np(0, V j,0) where the ujn correspond to the πj. See Equation (6). The selection bias
changes or distorts the distribution of the selected ujn and uj to that of wjn and wj.
The Rathnayake and Olive (2023) Theorem 2 proves that w is a mixture distribution of
the wj with probabilities πj.

Theorem 2. Assume P (S ⊆ Imin) → 1 as n → ∞, and let β̂V S = β̂Ik,0 with
probabilities πkn where πkn → πk as n → ∞. Denote the positive πk by πj. Assume

wjn =
√

n(β̂
C

Ij ,0 − β)
D→ wj. Then

wn =
√

n(β̂V S − β)
D→ w (7)

where the cdf of w is Fw(t) =
∑

j πjFwj
(t).
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Proof. Since wn has a mixture distribution of the wkn with probabilities πkn by
Theorem 1, the cdf of wn is Fwn

(t) =
∑

k πknFwkn
(t) → Fw(t) =

∑

j πjFwj
(t) at

continuity points of the Fwj
(t) as n → ∞. �

Remark 3. a) The assumption that wjn
D→ wj may not be mild.

b) If P (S ⊆ Imin) → 1 as n → ∞, then β̂V S is a
√

n consistent estimator of β since
selecting from a finite number J of

√
n consistent estimators (even on a set that goes to

one in probability) results in a
√

n consistent estimator by Pratt (1959).
c) The assumption P (S ⊆ Imin) → 1 as n → ∞ holds for some criterion, such as the Cp

criterion for MLR. The lasso variable selection and elastic net variable selection estima-
tors are

√
n consistent if lasso and elastic net are consistent. These two estimators have

been proven to be consistent for MLR.

Example. This is an example where the πkn → πk as n → ∞. Assume S ⊆ I where I
has a predictors, including a constant. Let FI be the partial F statistic for testing whether
the p − a predictor variables left out of model I can be deleted. Then for a wide variety

of iid error distributions, FI
D→ X/(p − a) where X ∼ χ2

p−a. Let F denote the full model
with p predictors including a constant (often in this manuscript the full model has p + 1
predictors including a constant), and let S = I = Ii be the model that deletes predictor

xi with a = p − 1. Then Cp(I)
D→ X + p− 2 where X ∼ χ2

1. Let F denote the full model
and consider all subsets variable selection with Cp. Since only S and F do not underfit,
only πS and πF are positive. Since Cp(F ) = p, I = S is selected if Cp(I) < p. Hence
πS = P (χ2

1+p−2 < p) = P (χ2
1 < 2) = 0.8427, and πF = 1−πS = 0.1573. This result also

holds for backward elimination since the probability that xi will be the first predictor
deleted goes to 1 as n → ∞ because Cp(Ii) = Cp(S) is bounded in probability while
Cp(Ij) diverges as n → ∞ for j 6= i. For forward selection with correlated predictors,
expect that πS < P (χ2

1 < 2), and hence πF > 1 − P (χ2
1 < 2) with πS + πF = 1

For the R code below, β = (1, ..., 1, 0, ..., 0)T is a p × 1 vector with k + 1 ones and
p − k + 1 zeroes. Hence k = p − 2 deletes the predictor xp. The function belimsim

generates 1000 data sets, performs backward elimination, and finds the proportion of
time the full model was selected, which was 0.158 ≈ 0.1573.

belimsim(n=100,p=5,k=3,nruns=1000)

$fullprop

[1] 0.158

2.3.2 Cast Some Methods as a Variable Selection Method

To cast MMLE, SDR, envelopes, PLS, and regression after PCA in a variable selection
framework, suppose r = 1 so there is a single response variable Y , and let the regression
model depends on x through SP = α + βT x. Let Wi = γ̂T

i x for i = 1, ..., p. For PLS,

let γ̂ i = Σ̂
j−1

x Σ̂xY with Σ̂
0

x = Σ0
x = Ip. For PCA, let d̂i be orthogonal eigenvectors of

Σ̂x where the di are orthogonal eigenvectors of Σx. Then γ̂i = d̂i.
The k-component estimator (α̂k, β̂k) is obtained by fitting the working model

WSP = αk + θ1kW1 + · · · + θkkWk = αk + θ1W1 + · · · + θkWk = αk + θT
k w

9



if the second subscript is suppressed where θk = (θ1, ..., θk)
T and w = (W1, ..., Wk)

T . Then
the dimension reduction method becomes a variable selection method in the θi = θik and
the Wi. The variable selection problem only considers the p models with k = 1, ..., p.

Let ESP (k) = α̂k + β̂
T

k x and SP (k) = αk + βT
k x. Then ESP (k)

P→ SP (k) could
happen in several ways. i) For the k-component estimator, we could fix a basis γ1, ..., γp,

assume θ̂k
P→ θk, and assume the k × p matrix

Âk,n = Âk =







γ̂T
1
...

γ̂T
k







P→ Ak =







γT
1
...

γT
k






.

Then Âkx = w = (W1, ..., Wk)
T , and ESP (w) = α̂k+θ̂

T

k w = α̂k+θ̂
T

k Âkx = α̂k+β̂
T

k x =

ESP (x) with β̂k = Â
T

k θ̂k. Assume θ̂k
P→ θk.

ii) Assume that θ̂jγ̂j
P→ θjγj . For example, if γ̂j = η̂j or γ̂j = −η̂j is an orthonormal

eigenvector of some matrix and |θ̂j| P→ |θj| and η̂j
P→ ηj, then the result holds.

iii) Assume that α̂k
P→ αk and

∑k
j=1 θ̂jγ̂

P→∑k
j=1 θjγ.

For example, fit a GLM, logistic regression, a support vector machine, multiple linear
regression, et cetera. The θik depend on the method used to fit the working model. Parts
e), f), and g) of Theorem 3 and part b) of Theorem 4 may be new.

Theorem 3. Consider the above notation. Assume ESP (k)
P→ SP (k). For the OLS

results, assume Σ−1
x and V −1

x exist in f) and g) respectively.

a) ESP (k) = α̂k + β̂
T

k x = α̂k + (
∑k

j=1 θ̂jkγ̂
T
j )x.

b) SP (k) = αk + βT
k x = αk + (

∑k
j=1 θjkγ

T
j )x.

c) β̂k =
∑k

j=1 θ̂jkγ̂j = Â
T

k θ̂k.

d) βk =
∑k

j=1 θjkγj = AT
k θk.

e) β̂kPLS = (
∑k

j=1 θ̂jkΣ̂
j−1

x )Σ̂xY

f) Under iid cases, βkPLS = (
∑k

j=1 θjkΣ
j−1
x )ΣxY = (

∑k
j=1 θjkΣ

j
x)βOLS.

g) If Σ̂x
P→ V x and Σ̂xY

P→ V xY , then

β̂kPLS
P→ βkPLS = (

∑k
j=1 θjkV

j−1
x )V xY = (

∑k
j=1 θjkV

j
x)βOLS.

Proof. Fit WSP to get the ESP = α̂k + θ̂1kW1 + · · ·+ θ̂kkWk = α̂k + θ̂1kγ̂
T
1 x + · · ·+

θ̂kkγ̂
T
k x = α̂k + β̂

T

k x. Equating terms gives the result. �

When the cases are not iid, β̂ = Σ̂
−1

x Σ̂xY may be estimating β = βOLS 6= Σ−1
x ΣxY .

When the errors ei are iid, a common assumption for OLS MLR theory is

n(XTX)−1 = V̂ =

(

V̂ 11 V̂ 12

V̂ 21 V̂ 22 = nΣ̂
−1

x /(n − 1)

)

P→ V =

(

V 11 V 12

V 21 V 22

)

.

Thus Σ̂
−1

x
P→ V 22, Σ̂x

P→ V −1
22 , and Σ̂xY

P→ V −1
22 β since β̂ = Σ̂

−1

x Σ̂xY
P→ β. Hence

V x = V −1
22 , V xY = V −1

22 β, and β = βOLS = V −1
x V xY .
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The following theorem shows that if the p components Wi are plugged into a model
that uses maximum likelihood estimation, such as a GLM, the p-component estima-
tor β̂p = β̂x, the MLE. Similar theory holds for other maximization or minimization
problems, such as quasi-likelihood and partial likelihood. The profile likelihood func-
tion LP (βx|x) = L(βx, η̂|x) where L is the likelihood function of all of the parameters
(βx, η) and η̂ is the MLE of η. As above, use θ̂ = θ̂w to denote the MLE with w

instead of β̂w. The OLS result in Theorem 4 b) needs Σ−1
x to exist.

Theorem 4. Suppose the profile likelihood function LP (βx|x) =
∏n

i=1 f(xi|βx) =
∏n

i=1 g(xT
i βx) depends on x and βx only through xTβx. a) If the maximum likelihood

estimator is computed using w = Âpx instead of x, then β̂x = Â
T

p θ̂ = β̂p provided that

Âp is nonsingular. b) Thus β̂x = β̂pPLS = (
∑p

j=1 θ̂jΣ̂
j−1

x )Σ̂xY if the PLS components

are used, and under iid cases, βx = (
∑p

j=1 θjΣ
j−1
x )ΣxY = (

∑p
j=1 θjΣ

j
x)βOLS.

Proof. a)

LP (θ|w) =
n
∏

i=1

g(wT
i θ) =

n
∏

i=1

g(xT
i Â

T

p θ) =
n
∏

i=1

g(xT
i β∗).

Since the second to last term is maximized by Â
T

p θ̂ = β̂p and the last term is maximized

by β∗ = β̂x, it follows that β̂x = Â
T

p θ̂ = β̂p, and θ̂ = (Â
T

p )−1β̂x. Nonsingularity was
used so that β∗ varies through R

p as βx varies through R
p.

b) Plug in β̂x = β̂p = β̂pPLS from Theorem 3 e), and also use Theorem 3 f). �

2.3.3 “Everything Sensible Works” in Low Dimensions

All we know about the world teaches us that the effects of A and B are always different
– in some decimal place – for any A and B. Thus asking “Are the effects different?” is
foolish. Tukey (1991)

In any hypothesis testing situation, a reason can be found why a small difference might
exist or a small effect may have taken place. Nester (1996)

Also, remember that most effects cannot be zero (at least in social science and public
health). Gelman and Carlin (2017)

For real data, an important question in variable selection is whether βi = 0 is a
reasonable assumption. If X has full rank p + 1, then having βi equal to zero for 20
decimal places may not be reasonable. See, for example, Tukey (1991), Nester (1996),
and Gelman and Carlin (2017). Then the probability that the variable selection estimator
chooses the full model goes to one if the probability of underfitting goes to 0 as n → ∞.
Thus S = F .

Variable selection when some of the βi = 0 is interesting, but so is variable selection
when none of the βi = 0, but some of the βi are very small in magnitude but nonzero,
denoted by βi = 0∗. For the working model WSP = αk + θ1W1 + · · · + θkWk, we might
have WSP = αk + θ1W1 + · · · + θqWq + 0Wq+1 + · · · + 0Wp, or

WSP = αk + θ1W1 + · · · + θqWq + (0∗)Wq+1 + · · · + (0∗)Wp. (8)
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Consider Equation (8), perhaps with 0∗ = 10−6 and corresponding observed |Wj | ≤
10. If Wi = xi, then S = {1, ..., p} = F in Equation (4). For SDR and predictor
envelopes with Wi = γ̂T

i x, we must have that the central subspace and the predictor
envelope satisfy Ly|x = Ex = R

p. If I is the model selected by the variable selection
method, and P (S ⊆ I) → 1 as n → ∞, then the variable selection methods, including
SDR and envelope estimators, are asymptotically equivalent to the regression using the
full model.

Remark 4. The above result may seem nice, but in low dimensions, good variable
selection estimators do not select the full model with very high probability for moderate
(to perhaps enormous) n under Equation (8). Instead, good variable selection methods
divide the predictors Wi into wanted predictors that are kept in the model I and unwanted
predictors O that are deleted out of the model such that a) cor(ESP (I), ESP (F )) is high
and b) cor(Y − ESP (I), Y − ESP (F )) is high.

Using the results from Remark 4, Olive and Hawkins (2005) suggested 6 plots to
compare the submodel I with the full model F . Let a plot of x versus y indicate that
y is on the vertical axis. Use the residual plot for both models, use the response plot of
ESP versus Y for both models, make the EE plot of ESP (I) versus ESP (F ), and the
plot of Y − ESP (I) versus Y −ESP (F ).

For Remark 4 a) and b), SP (F ) = SP (I) by Equation (5) if S ⊆ I . Hence the
population correlation Cor(SP (I), SP (F )) = 1 if S ⊆ I . Suppose P (S ⊆ Imin) → 1
as n → ∞. This condition holds for AIC, BIC, lasso variable selection, and elastic
net variable selection if lasso and elastic net are consistent estimator of β = βF . The
condition also holds for MLR with the Jones (1946) and Mallows (1973) Cp criterion.
Under this condition, the population correlation Cor(SP (Imin), SP (F )) → 1 and the
sample correlation cor(SP (Imin), SP (F )) → 1 as n → ∞. Hence the sample correlation
cor(ESP (Imin), ESP (F )) → 1 as n → ∞.

For MLR, b) is the correlation of the residuals rI and r = rF from the submodel and
the full model, and Theorem 5 gives a lower bound on the correlation if the Cp criterion
is used.

The “sensible” variable selection methods need to include the full model as one of
the models considered, and the full model needs to fit the data “well” (have a good
response plot or be useful for predictions). By Theorem 4, the γ i need to be linearly
independent and the γ̂i need to be linearly independent for models that use Wi = γ̂T

i x

so that β̂p(wF ) = β̂p(xF ) and βp(wF ) = βp(xF ) = βF where wF = (W1, ..., Wp)
T ,

xF = (x1, ..., xp)
T , and β(z) means that Y was regressed on z. Then Âp is nonsingular.

Wi = xi corresponds to γ̂i = γ i = bi where bi is the ith column of Ip. A good variable
selection criterion needs to be used, such as AIC, BIC, k−fold cross validation, or Cp for
MLR.

For MLR and Wi = xi, consider the Tibshirani (1996) lasso and Chatterjee, Hastie,
and Tibshirani (2025) unilasso variable selection estimators that select I predictors and a
constant to be in the model. Fit OLS to that model, and use model I if Cp(I) ≤ Cp(F ) =
p + 1. Otherwise use the full model F that uses all p predictors and the constant with
βF = β = βOLS. Many variants using the lasso or unilasso paths are possible. Other
variable selection criterion can be used for GLMs or the Cox proportional hazards model.
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The following theorem appeared in Olive (2025) and applies to the Wi. Olive and Hawkins
(2005) got the result for the xi.

Theorem 5. Assume X is full rank so that the OLS full model can be computed.
Let r be the residuals from the OLS full model and let rI be the residuals from OLS
submodel I that uses β̂I with k predictors including a constant where 2 ≤ k ≤ p + 1. If
Cp(I) ≤ 2k, then the sample correlation

cor(r, rI) ≥
√

1 − p + 1

n
. (9)

Since the correlation gets arbitrarily close to 1 as n → ∞, the model selection es-
timator and full OLS estimator are estimating the same population parameter β, and
P (S ⊆ Imin) → 1 as n → ∞. This result holds if β̂OLS is a consistent estimator of β:
heterogeneity is allowed and the cases do not need to be iid.

For moderate sample size n, predictors Wj will often be omitted as long as cor(rI , r)
stays high. The Cp criterion selects wanted predictors I to be in the model, and unwanted

predictors O to be out of the model. Under Equation (8), βI,0 6= βF , but often β̂I is a
good estimator of βI , and model I fits the data well. Very weak predictors often degrade
the full model in that the model is improved when these predictors are omitted.

The PLS literature often assumes (a1): Y |x = α + xT βkPLS + e for some k. If
Y |x = α+xT β+e, then under mild regularity conditions, β = βOLS . Hence assumption
(a1) forces βkPLS = βOLS. For k = 1, (a1) forces βOLS = β1PLS = an eigenvector of the
covariance matrix Cov(x) = Σx.

Let an OLS working model for β̂kPLS be Yi = αk + θk1W1i + · · · + θkkWki + eki

where Wji = xT
i Σ̂

j−1

x Σ̂xY with Σ̂
0

x = Σ0
x = Ip. Then β̂kPLS = (

∑k
j=1 θ̂kjΣ̂

j−1

x )Σ̂xY

and βkPLS = (
∑k

j=1 θkjΣ
j−1
x )ΣxY (under iid cases) using Y = αkPLS + xTβkPLS + ek.

This result suggests that the βkPLS are typically different for each k = 1, ..., p, but
βkPLS = βqPLS for k ≤ q ≤ p if θpj = 0 for k + 1 ≤ j ≤ p.

Note that β ∈ R
p is a much weaker assumption than β ∈ R

m where 1 ≤ m < p. The
model selection result of Equation (9) implies that β ∈ R

m approximately true in that
θpj ≈ 0 for k∗ + 1 ≤ j ≤ p for some m = k∗ < p. Hence the predictors Wj are “weak” or
“almost immaterial” for m + 1 ≤ j ≤ p.

2.3.4 Variable Selection with d Linear Combinations

Suppose the regression or classification model has d ≥ 1 linear combinations. Denote

the jth linear combination by SPj(I) = αj + βT
j xI and ESPj(I) = α̂j + β̂

T

j xI . For
multivariate linear regression there are d = r linear combinations, one for each response
variable Yj. For linear discriminant analysis (LDA) there are d = r linear combinations,
one for each of the r groups. In low dimensions, Barker and Rayens (2003) proved that
PLS-LDA with p components and LDA using x = (x1, ..., xp)

T give identical results when
Sx > 0. See Cook and Forzani, (2024, p. 207).

The variable selection model given by Equations (4) and (5) can be extended to d
linear combinations as follows. Let V SP (I) = (SP1(I), ..., SPd(I))T and V ESP (I) =
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(ESP1(I), ..., ESPd(I))T . Then a model for variable selection can be described by

V SP (F ) = V SP (S) + V SP (E) = V SP (S) (10)

where x = (xT
S , xT

E)T is a p × 1 vector of predictors, xS is an dS × 1 vector, and xE is a
(p−dS)×1 vector. Given that xS is in the model, βjE = 0 for j = 1, ..., d, and E denotes
the subset of terms that can be eliminated given that the subset S is in the model.

Since S is unknown, candidate subsets will be examined. Let xI be the vector of dI

terms from a candidate subset indexed by I , including a constant, and let xO be the
vector of the remaining predictors (out of the candidate submodel). If S ⊆ I , then

V SP (F ) = V SP (S) = V SP (I). (11)

Some notation is needed for sample quantities. Let Cor(x, y) be the population
correlation of random variables x and y, and let cor(x, y) = cor(x, y) be the sample
correlation computed from the data vectors x and y. Let cor(ESPi(I), ESPi(F )) =
cor(vi(I), vi(F )), and let v(I) = (v1(I)T , v2(I)T , ..., vd(I)T )T . Let

V Cor(V SP (I), V SP (F )) = (Cor(SP1(I), SP1(F )), ..., Cor(SPd(I), SPd(F )))T ,

and

V cor(V ESP (I), V ESP (F )) = (cor(ESP1(I), ESP1(F )), ..., cor(ESPd(I), ESPd(F )))T =

(cor(v1(I), v1(F )), ..., cor(vd(I), vd(F )))T .

If S ⊆ I , then V Cor(V SP (I), V SP (F )) = 1 = (1, ..., 1)T . Note that vi(I) =

(α̂i + β̂
T

i x1I , ..., α̂i + β̂
T

i xnI)
T where the n cases are (x1, y1), ..., (x1, y1).

In low dimensions, good variable selection estimators keep V cor(V ESP (I), V ESP (F ))
near 1 and cor(v(I), v(F )) high, by keeping wanted predictors I in the model and omit-
ting unwanted predictors O. The plotted points in a plot of v(I) versus v(F ) should
cluster tightly about the identity line. For the multivariate linear regression estimator,

v(I) = (Ŷ
T

1 (I), ..., Ŷ
T

r (I))T = vec(xT
I B̂I), which has the nr fitted values from model I

stacked into a vector.
Heuristically, if the full model is good in that it gives good predictions, then a sub-

model I with V cor(V ESP (I), V ESP (F )) near 1 and cor(v(I), v(F )) high, gives good
predictions that are nearly identical to those of the full model. Thus “everything sensible
works for prediction.”

Let Ij = {1, ..., j} so that wIj
= (W1, W2, ..., Wj)

T . Then the k−component estimator
has V SP (Ik) and V ESP (Ik). If the γ̂i come from PCA or if γ̂i = bi = the ith column of
Ip, then the Wi = γ̂T

i x can be ordered using, for example, the SIMPLS criterion Qz(γ̂i).
Suppose that q̂ of the Wi are selected. Then even in high dimensions, cor(v(Ij), v(Iq̂))

and V cor(V ESP (Ij), V ESP (Iq̂)) can be computed for i = 1, ..., J for some J . For SDR
and envelopes, would like the correlations to be high for j = q + 1, ..., J .
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2.3.5 Variable Selection Summary

For part b) in the following remark, assume that model I is the model selected after
variable selection. Then fix I as n → ∞. This result is useful for data splitting. (Model
Imin, that optimizes a variable selection criterion among models searched, has P (Imin =
Ik) = πkn. So condition on model I = Ik selected. It is possible the P (Imin = F ) → 1 as
n → ∞.) In low dimensions, “good regression variable selection estimators” use the full
model, and include lasso variable selection, unilasso variable selection, forward selection,
and k−component estimators with k−fold cross validation, AIC, BIC, or Cp. Using the
full model insures that the collection of models (the coefficient path) considered includes
a “good model.”

Remark 5. a) In low dimensions where the full model is “good”, good variable
selection estimators keep cor(ESP (I), ESP (F )) high and cor(Y −ESP (I), Y −ESP (F ))
high, by keeping wanted predictors I in the model and omitting unwanted predictors O.
b) The estimator β̂I often estimates βI where often βI,0 6= β = βF .
c) In high dimensions, variable selection is a search for a useful subset I of predictors.

2.4 Oracle Property

The oracle property or variable selection consistency is P (Imin = S) → 1 as n → ∞.
See Claeskens and Hjort (2008, pp. 101-114) and Fan and Li (2001) for references. A
necessary condition for P (Imin = S) → 1 is that S is one of the models considered with
probability going to one. This condition holds under very strong regularity conditions for
fast methods if S 6= F . See Wieczorek and Lei (2022) for forward selection and Hastie,
Tibshirani, and Wainwright (2015, pp. 295-302) for lasso, where the predictors need a
“near orthogonality” condition.

Finding the central subspace or predictor envelope seems to be a problem that could
be more difficult than finding S, since the γ̂ i that estimate the unknown γ i must be
found.

2.5 Everyone is Trying to Estimate β, and Nearly Nothing

Works in High Dimensions

In high dimensions, it is very difficult to estimate a p × 1 vector θ. This result is a form
of “the curse of dimensionality.” If a

√
n consistent estimator of θ is available, then the

squared norm

‖θ̂ − θ‖2 =

p
∑

i=1

(θ̂i − θi)
2 ∝ p/n. (12)

When p is fixed, p/n → 0 as n → ∞ and θ̂ is a consistent estimator of θ. In high
dimensions, often the estimator has not been shown to be consistent, except under very
strong regularity conditions.

Here θ = β or θ = γ are possible. For example, the sample eigenvectors d̂i tend to
be poor estimators of the population eigenvectors di of Σx. An exception is when the
correlation Cor(xi, xj) = ρ for i 6= j where ρ is close to 1. See Jung and Marron (2009).
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2.6 Bigger Model

Often there is a smaller constrained model and a bigger model without the constraints.
Sometimes the bigger model greatly increases the applicability of the model.

2.6.1 Bet on Sparsity Principle

The “don’t bet on sparsity principle” is S = F because βi = 0 is not reasonable for any
i.

The “bet on sparsity principle” makes the following assumption. Let I be the model
selected, e.g., by lasso or elastic net.
a) S ⊆ I .
b) β = βF = βI,0.

c) The number of variables a in I is small compared to n so that β̂I,0 is a good estimator

of βF . Hence β̂I is a good estimator of βI .
A useful bigger model is β̂I is a good estimator of βI . This assumption can be checked

if n ≥ Ja where J ≥ 5. As always, sometimes J much larger than 5 is needed. The
bigger model greatly increases the applicability of lasso since assumptions a) and b) are
not needed. The response plot of ESP (I) versus Y is useful to check the model. See, for
example, Olive (2013).

The “variable selection principle” is that in low dimensions, sensible variable selec-
tion estimators keep the sample correlation cor(ESP (I), ESP (F )) high. This principle
corresponds to the bigger model, and can be checked.

Lasso selects no more than n predictors and a constant to be in the model. Lasso uses

a grid λ1 < λ2 < · · · < λM . When p is fixed, λ̂1,n/
√

n
P→ τ does not do variable selection

well. For variable selection, want λ̂1,n/
√

n → ∞, but λ̂1,n/n → 0. See Fan and Li (2001).
Let λ1 = 2nλ. Guan and Tibshirani (2020) (and likely glmnet) use λ < Cn−1/4 for some
large constant C . Hence λ1,n = λ1 ∝ n3/4, and the consistency rate of the lasso algorithm
is as best n1/4, but variable selection lasso has the

√
n rate (if the OLS full model is added

as one of the models considered).
Adding λ0 = C

√
n/ log(n) or λ0 = n0.49 to the grid does not seem to be a good

idea, because k−fold cross validation chooses λ0 too often, and lasso with the modified
grid does not do variable selection well: lasso selects the full model too often compared
to forward selection with Cp. Heuristically, in low dimensions, lasso with λ0 is

√
n

consistent while lasso with λ1 is n1/4 consistent, and k−fold cross validation prefers the√
n consistent estimator. Using λ1 makes the lasso variable selection estimator more like

forward selection with Cp in low dimensions. Getting rid of weak (but population active)
predictors that degrade the performance of the full model is more important than having√

n consistency or minimizing lasso without the λ1 constraint. Empirically, researchers
have decades of experience showing that sparse fitted models from variable selection
often work better than the full model. Variable selection is an important widely used
technique.

The unilasso estimator finds the marginal estimators (α̂i, η̂i) from regressing Y on
xi, like the MMLE. Then the leave one out estimators (α̂−i

i , η̂−i
i ) are computed. Let

θ = (θ0, θ1, ..., θp)
T . Fit lasso with an intercept, no standardization, and nonnegativity
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constraints:

min
θ

{

1

n

n
∑

i=1

[Yi − θ0 −
p
∑

j=1

(α̂−i
i + η̂−i

i xij)θj]
2 + λ

p
∑

j=1

θj

}

with θj ≥ 0 ∀j ≥ 1.

Perform the minimization over a grid of λ values and select λ̂ using k−fold cross valida-
tion. Let I = {i1, ..., ik} correspond to the k predictors with nonzero β̂i where the unilasso

estimator β̂I = (β̂i1, ..., β̂ik)
T and β̂U = β̂I,0 = (β̂1, ..., β̂p)

T . Then ESP (I) = α̂+ β̂
T

I xI =

α̂ + β̂
T

Ux = α̂ +
∑p

i=1 β̂ixi = α̂ +
∑k

j=1 β̂ijxij where β̂i = θ̂iη̂i and α̂ = θ̂0 +
∑p

j=1 α̂j θ̂j. As

λ decreases to zero, the limiting estimator is called the unireg estimator β̂UR, and still
has nonnegativity constraints.

The unilasso estimator has some interesting properties. Let ESP (F ) = α̂F + β̂
T

Fx

for a full model that depends on x through SP = αF +βT
Fx. Such models include MLR,

the Nelder and Wedderburn (1972) GLMs, and the Cox (1972) proportional hazards
regression model. The predictors xi are replaced by Wi = α̂−i

i + η̂−i
i xi for i = 1, ..., p

in the lasso type criterion. The full model βF often changes the sign of the marginal
estimator to get a better fit. The unilasso estimator does not allow sign changes from
the marginal model because of the nonnegativity constraints. Hence the unilasso β̂j

may become 0 because of lasso type regularization or to avoid the sign change. Then the
unilasso k is often less than the lasso a = number of nonzero lasso coefficients. In general,
βU 6= βF , and unilasso does not satisfy the bet on sparsity principle for the population
model. Unilasso variable selection (where the full model is added as one of the models
considered) is useful in low dimensions by Subsection 2.3.3. In high dimensions, sparse
fitted models are useful if they can be checked or have a better value for k−fold cross
validation than competing models.

2.6.2 Central Subspace and Predictor Envelope

For MLR in low dimensions, the plotted points in a response plot of Σ̂
T

xY x versus Y

tend to be linear if the plotted points in a response plot of β̂
T

OLSx versus Y are linear,

even when heterogeneity is present. Then the plotted points in a response plot of β̂
T

kPLSx

versus Y tend to be linear for k = 1, ..., p. This empirical result also often hold for SDR
and predictor envelopes estimators.

Let Wi = γ̂T
i x and let the working model be WSP = α + θ1W1 + · · · + θpWp. For

the central subspace and predictor envelope (and often for PLS), an assumption for the
k−component estimator β̂k is that the βk are equal for k ≥ q. Thus βq = βq+1 =

· · · = βp, and β̂k estimates βp = βF for k ≥ q. This assumption is equivalent to

θq+1 = θq+2 = · · · = θp = 0. When this assumption is true, cor(ESP (β̂k), ESP (β̂p))
should go to 1 as n → ∞ for fixed p.

Section 2.3.3 shows that these correlations can be very high if the Wi are weak predic-
tors for i > q. The predictors tend to weak for i > q for some q by construction. See Equa-
tion (1) for PLS. A bigger model is that β̂k estimates βk (that are not necessarily equal)
for k ≥ q for some q. In low dimensions for k ≥ q, often each cor(ESP (β̂k), ESP (β̂p))
is high.
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Having a bigger model increases the applicability of the model. The SDR and predic-
tor envelope estimators can be useful even if the central subspace and predictor envelope
can not be estimated well or if the central subspace and predictor envelope are equal to
R

p. See the following subsection for an example.

2.7 MLR with Heterogeneity

A model for MLR with heterogeneity is Y = α + x1β1 + · · · + xpβp + e = α + βTx + e
where the errors ei are independent, but V (Y |xi) = V (ei) = σ2

i = σ2
i (xi). The variance

function V (Y |x) = σ2(x) can be so complicated that q = p for the central subspace and
predictor envelope.

Under reasonable regularity conditions, β̂OLS is a consistent estimator of β = βOLS for
the MLR with heterogeneity model. Then Y |βTx = α+x1β1+· · ·+xpβp+ε = α+βTx+ε
where V (Y |βTxi) = V (εi) = σ2

i = σ2
i (α + βT xi). Hence the conditional model depends

on x only through α + βTx where β = βOLS. The k−component estimators will often
select q̂ < p, and the estimators β̂k are useful for prediction by Theorem 5. Olive et al.
(2025) and Abid, Quaye, and Olive (2025) are useful for testing MLR with heterogeneity
when the cases are iid. See the following subsection.

2.8 Testing

Assume that the cases (xi, Yi) are iid with E(Y ) = µY and E(x) = µx. Let Cov(x, Y ) =
ΣxY . Then β = βOLS = Σ−1

x ΣxY , β1PLS = θΣxY where θ is a constant, and for
MLR, ΣxY = Σxβ, even when heterogeneity is present. Since Σx is positive definite,
β = 0 iff ΣxY = 0. This hypothesis can be tested by applying a one sample test to
vi = (xi − x)(Yi − Y ) for i = 1, ..., n. Theorem 4 b) helps show that this test can
be useful for regression and classification models where the response Y depends on the
predictors x through SP = α = βT x. See Olive and Zhang (2025), Olive et al. (2025),
and Abid, Quaye, and Olive (2025).

2.9 High Dimensional Multivariate Linear Regression

Let the multivariate linear regression model be y = α+BTx+ε where B = [β1β2 · · ·βr].
As before, let Âkx = w = (W1, ..., Wk)

T where Âk is the matrix with ith row γ̂T
i for

i = 1, ..., k. Let Dk = [θ1θ2 · · ·θk]. Let, for example, Σ̂x = nSx/(n−1). Fit the working
model

y = αk + DT
k w + ε = αk + DT

k Âkx + ε

with B̂
T

k = D̂
T

k Âk. Then D̂k = Σ̂
−1

wΣ̂wy, and B̂k = Â
T

k D̂k = Â
T

k (ÂkΣ̂xÂ
T

k )−1ÂkΣ̂xy

by Remark 1. PLS2 algorithms can be used to get B̂k.

Alternatively, let r univariate MLR’s be fit to get B̂U = Â
T

H = [η̂1η̂2 · · · η̂r] and

ŷ = α̂ + B̂
T

Ux.
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Then ÂHx = w = (W1, ..., Wr)
T where ÂH is the matrix with ith row η̂T

i for i = 1, ..., r.
Let DH = [θ1θ2 · · · θr], and fit the working model

y = α + DT
Hw + ε = α + DT

HÂHx + ε

to get D̂H = Σ̂
−1

wΣ̂wy, and B̂H = Â
T

HD̂H = Â
T

H(ÂHΣ̂xÂ
T

H)−1ÂHΣ̂xy . PLS1 algo-

rithms could be used to get the η̂i. Note that the jth column of B̂H is β̂j =
∑r

i=1 θ̂ijη̂i.

If the predictor envelope estimators of η̂i are good, then perhaps η̂i ≈ β̂j with θ̂j ≈ bj =
(0, ..., 0, 1, 0..., 0)T , the jth column of Ir.

If r is too large, then we might randomly select J of the Yi, update J of the η̂i by
applying B̂H on the J response variables. Then repeat many times.

The new estimator B̂H may be competitive with B̂q if n ≥ Jr with J ≥ 5, r ≥ 2,
and if the η̂i are not obtained from a working model for a multivariate linear regression.
J much larger than 5 may be needed. Univariate lasso estimators could be used to give
a competitor for the glmnet lasso estimator with “mgaussian.” See Qian et al., (2022)

For a comparison of using r MLR’s (e.g. PLS1) and multivariate linear regression of
y on w using γ̂ix = Wi (possibly with γ̂i = γj = jth column of the identity matrix Ip so
that Wi = xj), see, for example, Cook and Forzani (2024, pp. 106-107).

2.10 Outlier Resistance

To make outlier resistant analogs for many statistical techniques, including envelopes,
lasso, PCA, and PLS, suppose the cases are w1, ..., wn. Find the Euclidean distances Di

of the wi from the coordinatewise median of the n cases. Find the nR cases that satisfy
Dj ≤ MED(D1, ..., Dn) + 5MAD(D1, ..., Dn), and apply the statistical technique on the
nR cases. For variants, R code, and more explanation, see Olive (2025, 2026).

3 CONCLUSIONS

Olive (2026) is an online text of course notes that is trying to collect some of the better
methods and results of high dimensional statistics with R code. The text is not nearly
ready, but has a lot of important ideas. For example, outliers are important, and outlier
resistant methods should be used for low and high dimensional statistics. A good book
for robust statistics in Olive (2017).

Some useful R packages include glmnet Friedman et al. (2015), and pls Mevik et al.
(2015).
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