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Abstract

Although envelopes, lasso, PLS, SDR, and variable selection are very useful,
some qualms about the explanations and theory are given. Balms are needed.
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1 INTRODUCTION

Some notation for dimension reduction methods is needed. Let y = (Yi,...,Y;)T be a
vector of r response variables and let & = (1, ..., z,)” be a vector of p predictor variables.
For example, predict Y7 = mussel muscle mass and Yo = mussel shell mass from z; =
height, ro = width, and x5 = length of the mussel shell. The » = 2 and p = 3.

Let A be an k x ¢ matrix and let A = span(A) be the subspace of R* spanned by
the columns of A. For a symmetric k x k matrix C, let C > 0 and C' > 0 denote
that C' is positive definite or positive semidefinite, respectively. Then the projection
onto A in the C inner product is P, oy = P4y = A(ATCA)"'ATC provided
ATCA > 0. Let Q_A(C) =1, — P_A(C) be the orthogonal projection. If C = I,., let
Py=Pj,=A(A"A)'A".

Let the px p covariance matrix of & be Cov(z) = Xz = E[(z—FE(z))(x— E(x))’] and
the px 1 vector Cov(z,Y) = Zgy = E[(x—E(x)(Y—E(Y))] = (Cov(x1,Y), ..., Cov(z,, Y))T.
Let the estimators be

n

n
i=1 i=1

Let Cov(x,y) = Xgy be estimated by Sgy.
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The response envelope for the regression of y on @ is the predictor envelope for the
regression of & on y. Let £ be a subspace of R”. Let {v,,...,7,} be a basis for £, and
let {1, Ygs Yqi1> > Yp} be a basis for RP. Then several dimension reduction methods
involve estimating ¢ and 4; for i = 1,...,q. Let S = [v,...7,] be the basis matrix for
L. Let Pg=P,and Q;, = Qg. Let y Il x| Az indicate that the response vector y
is independent of the predictors & given Ax. Then a subspace £ C RP that satisfies
y I x|P, x is a dimension reduction subspace for the regression of y on x. Thus the
reduced predictors w = P, x hold all of the information that x has about y. If the
intersection of all dimension reduction subspaces is a dimension reduction subspace, then
that subspace is called the central subspace, denoted by Ly

For a predictor envelope £, we want a) y 1L | Py @, and b) P, « 1. Q, x. Hence
w = P, x is (wanted or) material for the regression of y on « while u = Q, x is
(unwanted or) immaterial for the regression of y on . Then £ C RP reduces Xy if
and only if Cov(Pg x,Qg x) = 0. Assume Ly C span(Xg). The predictor envelope
(subspace) Ex for the regression of y on @ is the intersection of all dimension reduction
subspaces that reduce X and contain Lyaz. Hence Ly C Ex. The envelope subspace
may be larger than the central subspace, but tends to handle high predictor collinearity
better than sufficient dimension reduction (SDR) estimators of the central subspace.

For partial least squares (PLS), PLS1 algorithms are for regression with a univariate
response Y, and while PLS2 algorithms are for a multivariate response y, and are also
PLS1 algorthms. These algorithms produce estimated basis vectors 4, sequentially, using
the response variables. Let A be the matrix with ith row AT for i = 1,...,k. Let the
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estimated coefficient matrix By = A, (AkS;I;Ak)‘lAkSq;y for k=1,...,J where k = ¢
is especially important. Then By, can also be obtained by the OLS multivariate linear
regression of y on w = Agx = (W, ..., W;,)T where W; = 47 «. J < min(n—1, p) needs to

be small enough so that (AkSmAZ)_l exists. If S7! exists, then By = PAT(S )BOLS,
RO

and if A;lexists, then Bp = Bois = S;Smy. Replace B by B if r =1 so Y is used
instead of y.
The NIPALS algorithm uses 4, = 1st eigenvector of Smysg;y. For k < ¢, the
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SIMPLS algorithm uses A, and v, , = ')nfle%égv Sq;ySmyfy = %%Ryg(v Sgxy)” subject to
AT
~TSx A, =0 and v'~ = 1. From canonical correlation analysis, finding

ma(z)( Cor(y"x,Y) is equivalent to maximizing
#
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which has a maximum at v = X3'Sgy = BoLs. This result suggests that for PLS1
algorithms, the [Cor(4] «,Y))? are fairly high for i near 1. See Olive (2025).

For a univariate response Y, span(A}) and span(AZ) are the same for the SIMPLS,
NIPALS, and HPLS PLS1 algorithms for £ = 1,...,q. See Cook and Forzani (2024,
p. 96). The Helland algorithm (HPLS) uses v, = X4 'Sy and 4, = Sg' Szy with
8% = X% =1, Thus 4, = Sgy and W; = 4] x.

2



Suppose Xz has eigenvalue eigenvector pairs (A1, d4), ..., (Ap, dp) where Ay > Ao
-+ > \p. Let the eigenvalue eigenvector pairs of Sz be (5\1, Ell), e (5\;,,, Elp) where \;
Ay > -+ > A,. Then a common principal component analysis (PCA) uses 4, = d;.

Although envelopes, lasso, PLS, SDR, and variable selection are very useful, there
are some qualms about the explanations and theory.

>
>

2  Qualms

2.1 Predictor Envelope — PCA Relationship

A very interesting property of the predictor envelope is that if the eigenvalues of X4 are
unique, and if dim(Ex) = ¢, then &g is spanned by ¢ eigenvectors of 3g. See Cook and
Forzani (2024, p. 38). Hence the predictor envelope and principal component analysis
(PCA) have some similarities. Then PCA replaces the variables z1, ..., x, by wi, ..., wy

~

where w; = d, © for « = 1,...,J where J is chosen using a scree plot or some other
method. The estimated predictor envelope replaces the variables x4, ..., x, by wi, ..., w,

~T . . . . .
where w; = d; x for i = 1, ..., ¢ where ¢ is chosen in some way using the response variables
Y1, ..., Y,. Hence ¢ is often much smaller than J. In particular, let » = 1 so there is a single
response variable Y. If ¥ = diag(1, ..., p), then the eigenvectors of 3z are the columns
of the identity matrix I, (up to spans). Suppose the MLR model Y = « + B 'z + e holds
with B8 = (1,...,1)T = 1 where the zero mean errors are iid with variance V(e;) = o2.
Then the central subspace = span(8), but PCA needs all p eigenvectors. This result
appears to imply that ¢ = p for the predictor envelope. For PCA, the assumption that
B € RP is a much weaker assumption than 3 € R? where 1 < ¢ < p. As r increases, the
regularity conditions get stronger.

Intuitively, since PCA does not use the response variables to form the 4, = Eli, then
SDR methods, response envelopes, and PLS should outperform PCA at least if n > 10p
and r is small. -

Let Wy, ..., W, be the linear combinations d, x ordered with respect to the highest
squared correlations 7§ > 73 > --- > r2 where the sample correlation r;y = cor(z;,Y).
Then for the predictor envelope, does w; = W, for i =1, ..., ¢7

The above ordering is marginal maximum likelihood estimator (MMLE) variable se-
lection. See Fan and Lv (2008) and Fan and Song (2010), who give some drawbacks of
the method.

For r > 1, let W7, ..., W, be the linear combinations 'S/;;Fac ordered with respect r? >
r3 > .-+ > r2 where riy = %Z;Zl[cor(ati,Y»)]z for i = 1,...,p. Let Uy,...,U, be the
linear combinations 4 ordered with respect to m? > m2 > ... > m where miy =
max;—y, _[cor(x;, Y;)]>. Hence m? = m?i)y, the order statistics of the miy. These two
methods of ordering variables appear to be new, although the r? can be motivated by
marginal maximum likelihood estimator (MMLE) variable selection. The Olive (2025)
SC scree plot of i versus r? behaves like a scree plot of 7 versus the eigenvalues. Hence
quantities like Zgzl r?/ 5P r? are of interest for j = 1,..., p, and scree plot techniques

1=1"1

could be adapted to choose ¢ for PCA.



2.2 Envelopes and PLS

Cook and Forzani (2024, pp. 83,92,111): to establish the link between envelopes and PLS,
and for the theory for Bl pLss & very strong regularity condition for a univariate response
is that gy is an eigenvector of g, e.g., Xp = 7‘2Ip. The Cook and Forzani (2024,
equation (4.1)) model is Y|z = ay + B1p. ¢ +e. OLS is a consistent estimator for such
models, hence (4.1) forces By s = Zg Sxy = \Bxy = Bprs- If Tx = diag(l, ..., p),
then the eigenvectors of Xz are the columns of the identity matrix I, (up to spans).
Hence B¢ and Xy have p — 1 zero elements and one nonzero element under (4.1).
Note that if ¥ gy is an eigenvector of Xg, then for HPLS, span(v, ...,7,) = span(Zzy)

which is equal to span(Bp ) if B exists. For r = 1, SIMPLS, NIPALS, and HPLS, to
get linearly independent population basis vectors, a necessary condition is that gy is
not an eigenvector of 3.

2.3 What Is Variable Selection Actually Doing?

Currently, this discussion is from Olive (2025b).

Some simple results hold for model selection estimators when the number of predictors
p is fixed. Several methods, including PLS, use p linear combinations nix, ..., n} .
Performing the ordinary least squares (OLS) regression of Y on (9] &, A, ..., fj} «) and
a constant gives the k-component estimator.

Consider the OLS regression of Y on a constant and w = (W, ..., W,)T where, e.g.,
W; =xjor W; = ﬁJTar: Let I index the variables in the model so I = {1, 2,4} means that
wy; = (W, Wo, Wi)T was selected. The full model I = F uses all p predictors and the
constant with B8, = B = Borg- Let r be the residuals from the full OLS model and let r;
be the residuals from model I that uses B ; with &k predictors including a constant where
2 < k <p+1. Olive (2025a) noted that if the Mallows (1973) criterion C,(I) < 2k, then
the sample correlation

1
cor(r,rr) >4/1— ptl . (1.1)
n

Since the correlation gets arbitrarily close to 1 as n — 0o, the model selection estimator
and full OLS estimator are estimating the same population parameter 3. This result
holds if B¢ is a consistent estimator of 3: heterogeneity is allowed and the cases do
not need to be independent and identically distributed (iid). For moderate sample size
n, “weak” predictors W; will often be omitted as long as cor(rr,r) stays high.

The PLS literature often assumes (al): Y|z = o + ! B,p.s + € for some k. If
Y|z = a+x’B+e, then under mild regularity conditions, 8 = B,.¢. Hence assumption
(al) forces Biprs = Borg- For k =1, (al) forces Byrs = B1prLg = an eigenvector of
the covariance matrix Cov(x) = Xg. Assume instead that the cases (x;, Y;) are iid with
E(Y) = py and E(x) = pg. Let Cov(x,Y) = Sgy. Then 8 = Bprs = Sz Sy,
Biprs = 02 xy where 0 is a constant, and 3gy = Xz, even when heterogeneity is
present. Since g is positive definite, 3 = 0 iff ¥y = 0. This hypothesis can be tested
by applying a one sample test to v; = (x; — Z)(Y; —Y) for i = 1,...,n. See Olive and
Zhang (2025), Olive et al. (2025), and Abid, Quaye, and Olive (2025).



Let an OLS working model for Byp.g be Yi = ay + 0uWii + -+ + 0 Wi + e
where Wj;, = w?ﬁ]]w_lﬁ]my with ﬁ]ow = %9 = I,. Then BkPLS = (25:1 ékjﬁ]jw_l)ﬁ]my
and Byprs = (Zle 01,52 ) Sey (under iid cases) using Y = apprs + €' Bprg + €k
This result suggests that the B,p;¢ are typically different for each £ = 1,...,p, but
Brprs = Byprs for k<q<piff,;=0for k+1<j5 <p.

Note that 8 € RP is a much weaker assumption than 8 € R™ where 1 < m < p. The
model selection result of Equation (1) implies that 3 € R™ approximately true in that
0p; = 0 for k* +1 < j < p for some m = k* < p. Hence the predictors W; are “weak” or
“almost immaterial” for m +1 < 75 <p.

2.4 Oracle Property
2.5 Bigger Model
2.6 MLR with Heterogeneity

2.7 High Dimensional Multivariate Linear Regression

Let the multivariate linear regression model be y = a+ Bz +€ where B = [3,8, - - - 3,].
As before, let Az = w = (Wi, ..., W)T where A}, is the matrix with ith row AT for
i=1,...k Let D) = [0:102---04]. Let, for example, Sz = nSz/(n—1). Fit the working
model

y:a—l—Dgw—l—e:a—l—DgAkw—l—e

PLS2 algorithms can be used to get By.
A AT
Alternatively, let r univariate MLR’s be fit to get By = Ay = [ny7),---7,] and

.. AT
Y=o+ Byx.

Then Ayz = w = (Wi, ..., W,)T where Ay is the matrix with ith row 0l fori=1,..r.
Let Dy = (010 - - - 0,], and fit the working model

y:a—l—Dﬁw—l—e:a—l—DﬁAHm—l—e

to get DH = ﬁ];}ﬁ]wy, and BH = AJI;DH = Az(AHﬁ]mAz)_lAHﬁ]my PLS1 algo-
rithms could be used to get the 7),.

The new estimator By may be competitive with Bq if n > Jr with J > 5, r > 2,
and if the 7, are not obtained from a working model for a multivariate linear regression.
J much larger than 5 may be needed. Univariate lasso estimators could be used to give
a competitor for the glmnet lasso estimator with “mgaussian.”

For a comparison of using » MLR’s (e.g. PLS1) and multivariate linear regression of
y on w using Y& = W, (possibly with 4; = ; = jth column of the identity matrix I, so
that W; = x;), see, for example, Cook and Forzani (2024, pp. 106-107).



2.8 Outlier Resistance

To make outlier resistant analogs for many statistical techniques, including envelopes,
lasso, PCA, and PLS, suppose the cases are wq, ..., w,. Find the Euclidean distances D;
of the w; from the coordinatewise median of the n cases. Find the ng cases that satisfy
D; < MED(Dx, ..., D,) + 5MAD(Dx, ..., D,,), and apply the statistical technique on the
ng cases. For variants, R code, and more explanation, see Olive (2025).

3 CONCLUSIONS

Outliers are important, and outlier resistant methods should be used for low and high
dimensional statistics.
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