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Abstract

Let the response variable Y be the time until an event such as death. Assume
that there are p predictors x1, ..., x, and that the response variable is right censored.
Several survival regression models, including accelerated failure time models, have
the form Z = log(Y) = az + ! B, + e. This paper gives a simple method for
estimating the covariances Cov(z;, Z) for some of these models.
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1 INTRODUCTION

This section reviews some survival regression models. The response variable Y > 0
is the time until an event such as death. Let the p x 1 vector of predictor variables
x = (z1,...,7p)". Let the sufficient predictor SP = &3, and let the estimated sufficient
predictor ESP = z7 3.

Assume that the response variable is right censored so Y is not observed. Instead, the
right censored survival time 7; = min(Y;, W;) where Y; is independent of the censoring
time W;. Also §; = 0 if T; = W; is censored and §; = 1 if T; = Y; is uncensored. Hence
the data is (7}, 0;, ;) for i = 1,...,n.

For an accelerated failure time model, the log transformation of the response variable
results in a multiple linear regression model. Hence multiple linear regression models
will be useful. Now let the response variable Y be for multiple linear regression, so Y
need not be a nonnegative time until event. A useful multiple linear regression model is
Yiz'B=a+x'B+eorY;=a+xlB+e; or

Yi=a+zi1b+ - trpbhte=a+z B+e (1)
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for i = 1,...,n. Assume that the e; are independent and identically distributed (iid) with
expected value E(e;) = 0 and variance V(e;) = 0%, In matrix form, this model is

Y =Xo¢p+e, (2)

where Y is an n x 1 vector of dependent variables, X is an n x (p + 1) matrix with ith
row (1, 27), ¢ = (o, B) T is a (p + 1) x 1 vector , and e is an n x 1 vector of unknown
errors. Also F(e) = 0 and Cov(e) = 02I,, where I, is the n x n identity matrix.

For a multiple linear regression model with heterogeneity, assume model (1) holds with
E(e) = 0 and Cov(e) = Xe = diag(c?) = diag(c},...,02) is an n x n positive definite
matrix. When the o? are known, weighted least squares is often used. Under regularity
conditions, the ordinary least squares (OLS) estimator ¢p;q = (X7 X) ' XTY can be
shown to be a consistent estimator of ¢. See, for example, White (1980).

For estimation with ordinary least squares, let the covariance matrix of « be Cov(x) =
¢ = E[(x — E(z))(x — E(x))"] and Cov(z,Y) = gy = E[(x — E(z)(Y — E(Y))].
Let
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Z(wi —Z)(x; —%)" and gy = ﬁ (x; —E)(Y; = Y).
=1 i=1

n—1

Then the OLS estimators for model (1) are ¢, = (X7 X) ' XY, doLs = Y—Bgmi,
and ) L
Bors = Xg Ly
For a multiple linear regression model with iid cases, BOLS is a consistent estimator of
Bors = ¥ Yy under mild regularity conditions, while Gors is a consistent estimator
of B(Y) — B61sE().
For a parametric accelerated failure time (AFT) model,

Zi =log(V;) = a+ 5%%’ + oe; (3)

where the e; are iid from a location scale family. The parameters are estimated by
maximum likelihood.
The Weibull proportional hazards regression model or Weibull regression model is

Y|SP ~W(vy=1/0,\exp(SP))
where Y has a Weibull W (~, \) distribution if the probability density function of Y is

fly) = Xy exp[-Xy’] for y > 0.

This regression model can also be fit using the nonparametric Cox (1972) proportional
hazards regression model. Let the sufficient predictor SP = 2T B8p. If Y|x? B, satisfies
a Weibull regression model, then Z = log(Y) = a + 23, + e; satisfies a Weibull AFT
with A\g = exp(—«/o) and Bp = —B4/0. Exponential regression is the special case where
o=1

Two other important AFTs are i) the lognormal AFT where log(Y)|zT3, ~ N(a +
x?3,,0?) where the Y; are lognormal and the e; ~ N(0,1) are normal, and ii) the
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loglogistic AFT where log(Y)|x? 8, ~ L(a + 73,4, 0) where the Y; are loglogistic and
the e; ~ L(0,1) are logistic. For the loglogistic AFT, Y follows a proportional odds
model. Y does not follow a proportional hazards regression model for the loglogistic and
lognormal AFTs.

The Buckley and James (1979) estimator (apy, Bp,) is a nonparametric survival
regression method for models of the form (3), and is a competitor for the parametric
AFTs. When there is no censoring, this estimator is equivalent to the ordinary least
squares estimator for multiple linear regression.

Often the log transformation results in a linear model with heterogeneity:

Z; = lOg(Y;) =z + w?ﬁz + € (4)

where the e; are independent with expected value E(e;) = 0 and variance V(e;) = o?.
For the AFT and the Buckley James estimator, the variance is constant: V(e;) = o does
not depend on 1.

2 Estimating Yz, for Some Censored Survival Re-
gression Models

This section derives an estimator for Xz, = Cov(x, Z) where the right censored Z; are
not observed. Let the ordinary least squares (OLS) estimator be B, g. Assume that the
cases (x;,Y;) are iid. Since model (4) is a multiple linear regression model, under mild
regularity conditions, B, = Bpors = g Dxz. Thus gz = Cov(z)3, = ZxB,. When
the response Y; is censored, several models give consistent estimators B 4 of B,. Hence

Saz = SxBy (5)

If an accelerated failure time model is used, then two estimators are f]q;z(A) = f]q;BA
and Bgz(B) = XzBy,. These two estimators require consistent estimators of 8, =
¥ Yz, which occurs, for example, if the cases (x;,Y;) are iid from some population
with covariance matrix g and covariance vector g 7. The survival times Y; can be
right censored, but the predictor variables zi,...,x, are not censored. Note that the
predictor variables that have the highest absolute correlation with Z have the highest

values of |(/3<;f(:vi, )|V ().

3 Example and Simulations

It is important to check that a parametric AFT model is reasonable with the Buckley
James before using Equation (5). Make an EE plot of ESPBJ = 2”8, versus ESPA =
ar;TBA. For the Weibull AFT, also plot ESPPH = —&acTBP versus the above two ESPs,
where PH stands for the Cox proportional hazards estimator. The plotted points in the
EE plot should scatter tightly about the identity line with zero intercept and unit slope.
The identity line is included in the EE plots as a visual aid.



Example. The ovarian cancer data is from Collett (2003, p. 187-190) and Edmunson
et al. (1979). The response variable is the survival time of n = 26 ovarian cancer
patients in days with predictors age in years and treat (1 for cyclophosphamide alone
and 2 for cyclophosphamide combined with adriamycin). See Figure 1 for the three EE
plots for the ovarian cancer data, where ESPW=ESPA. The Weibull AF'T appears to be
appropriate for this data set. Then Cov(age, Z) = —0.1286, Cov(treat, Z) = —7.90408,

@(age, Z)/\/V(age) = —0.2522, and @(tr@at, Z)/\/V (treat) = —0.7840. Hence
|Cor(treat, Z)| = 3|Cor(age, Z)|.
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Figure 1: Three EE Plots for the Ovarian Cancer Data

3.1 ﬁ]mz Simulation

R code similar to that of Zhou (2001) was used to generate a Weibull regression data
set with parameter vector Bp. Then the Weibull AFT parameter vector 8 = B, =
Ba = —0Bp = —(1/7)B,. Hence Xgz = —yCov(x)Bp. The simulation used B, =
—(1/7, ..., 1/7,0,...,0)T with p — k zeroes and Bp = (1,...,1,0,

...,0)T with k ones and p — k zeroes. The population Xz, = X3, was computed.

In the simulations, for i = 1, ..., n, we generated w; ~ N,(0, I') where the p elements of
the vector w; are iid N(0,1). Let the pxp matrix A = (a;;) with a;; = 1 and a;; = ¢ where
0 <1t < 1fori#j. Then the vector ; = Aw; so that Cov(z;) = Xz = AAT = (o))
where the diagonal entries o;; = [1+p?] and the off diagonal entries o;; = [2¢)+(p—1)¥?].
Hence the correlations are cor(x;,z;) = p = (2¢ + (p — D)v?) /(1 + py?) for @ # j. If
Y =1/,/cp, then p — 1/(c+1) as p — oo where ¢ > 0. As 1) gets close to 1, the predictor
vectors x; cluster about the line in the direction of (1, ..., 1)7.



Then 5000 runs are used to get the estimators. The means and standard deviations
of the estimators are given. In the simulation, the uncensored values of Z are known.
Hence the first estimator is the usual sample covariance vector Sxz. For real data,
this estimator can not be computed since only censored values of Z are known. The
second estimator is f]q;z(A) = f]q;BA from the Weibull AFT. The third estimator is
Szz(BJ) = Xg3,, using the Buckley James estimator. Let Zgzz = (012, ..., 0pz)"
Table 1 gives 2 lines per simulation scenario. The first line gives the means while the
second line gives the standard deviations. A value of 0+ means the absolute value was
less that 0.00005.

Table 1: Sgy = (—1,0,0,0)7

(n,p, v, k) est o1z 027 037 Ouz
(100,4,0,1) samp -0.9993 -0.0022 -0.0024 -0.0010
SD  0.1935 0.1620 0.1623 0.1630
(100,4,0,1) AFT -1.0030 -0.0014 -0.0014 0+
SD  0.1855 0.1491 0.1496 0.1505
(100,4,0,1) BJ -1.0019 -0.0023 -0.0016 -0.0009
SD  0.2024 0.1688 0.1689 0.1694

All three estimators worked well. It is not surprising that a correctly specified AFT
would slightly outperform the Buckley James estimator (have the smallest standard de-
viations).

4 Conclusions

The Harrell (2015) rms library is useful for the Buckley James estimator. For more on
estimators for model (4), see, for example, Heller and Simonoff (1990), Lai and Ying
(1991), Lin and Wei (1992), and Yu, Liu, and Chen (2024).

Under iid cases, By, ¢ still estimates 37 Xy when heterogeneity is present. Hence
I ﬁ]wéz where, for example, BZ is one of the estimators studied by Yu, Liu, and
Chen (2024).

In the literature, there are several estimators for the correlation Cor(X,Y) where X
and Y are survival times. These estimators usually use maximum likelihood estimation or
multiple imputation assuming that (X,Y’) are iid from a bivariate normal distribution.
See, for example, Barchard and Russell (2024), Li, Gillespie, Shedden, and Gillespie
(2018), and Lyles, Fan, and Chuachoowong (2001).

Software

The R software was used in the simulations. See R Core Team (2024). Programs are in
the Olive (2025) collection of R functions survpack.tzt, available from (http://parker.ad.
siu.edu/Olive/survpack.txt). The function BJcovzz generates a Weibull regression data
set with right censored survival times using a method similar to that of Zhou (2001).



Some R code for producing the simulation and Figure 1 appears in Johana Lemonge
(2025). The data set is available from (http://parker.ad.siu.edu/Olive/survdata.txt).
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