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Abstract

This paper discusses data splitting for time series inference and outlier detection

for some time series models.
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1 Introduction

This section reviews autoregressive moving average (ARMA) time series models. We
follow Haile (2022) and Haile and Olive (2022a) closely for sections 1 and 2. A time
series Y1, ..., Yn consists of observations Yt collected sequentially at times 1, ..., n. We will
use the R software notation and write a moving average parameter θ with a positive sign.
Many references and software will write the model with a negative sign for the moving
average parameters. For the time series models described below, we will assume that the
errors et are independent and identically distributed (iid) with zero mean and variance
σ2. The backshift operator or lag operator B satisfies BWt = Wt−1 and BjWt = Wt−j .

A moving average MA(q) times series is

Yt = τ + θ1et−1 + θ2et−2 + · · · + θqet−q + et = τ + (1 + θ1B + · · · + θqB
q)et = τ + θ(B)et

where θ(B) = 1 + θ1B + θ2B
2 + · · ·+ θqB

q and θq 6= 0. Note that E(Yt) = µ = τ = θ0 for
t ≥ 1. Since the et are iid, the Yt are identically distributed, and Yj , Yj+q+1, Yj+2(q+1), ...
are iid.

An autoregressive AR(p) times series is

Yt = τ + φ1Yt−1 + φ2Yt−2 + · · · + φpYt−p + et or (1 − φ1B − · · · − φpB
p)Yt = τ + et,

or φ(B)Yt = τ + et where φ(B) = 1− φ1B − φ2B
2 − · · · −φpB

p and φp 6= 0. If E(Yt) = µ
for t ≥ 1, write Yt − µ =

∑p
j=1 φj(Yt−j − µ) + et to get τ = φ0 = µ(1 −∑p

j=1 φj).
An autoregressive moving average ARMA(p, q) times series is

Yt = τ + φ1Yt−1 + φ2Yt−2 + · · · + φpYt−p + θ1et−1 + θ2et−2 + · · · + θqet−q + et,

∗
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or φ(B)Yt = τ + θ(B)et where θq 6= 0 and φp 6= 0. The ARMA(0,q) model is the MA(q)
model, and the ARMA(p,0) model is the AR(p) model. Again τ = µ(1 − ∑p

j=1 φj) if
p ≥ 1, and τ = µ if p = 0. The ARMA(0,0) model is Yt = µ+et, often called the location
model.

The results in this paper also apply to a time seriesXt that follows an ARIMA(p, d, q)
model with known d if the differenced time series model Yt follows an ARMA(p, q) model.
To describe ARIMA models, let the difference operator 5 = (1 − B). Let Yt = 5dXt =
(1−B)dXt be the differenced time series. The first difference is Yt = 5Xt = (1−B)Xt =
Xt − Xt−1. The second difference is Yt = 52Xt = 5(5Xt) = Xt − 2Xt−1 + Xt−2. If
Xt follows an ARIMA(p, d, q) model, want Yt to follow a weakly stationary, causal, and
invertible ARMA(p, q) = ARIMA(p, 0, q) model. Typically d = 0 or 1, but occasionally
d = 2. Usually τ = 0 if d > 1. The ARIMA(p, d = 1, q) model is Xt = τ +(1+φ1)Xt−1 +
(φ2 − φ1)Xt−2 + · · · + (φp − φp−1)Xt−p − φpXt−p−1 + θ1et−1 + · · · + θqet−q + et. The
ARIMA(p, d, q) model can be written compactly as φ(B) 5d Xt = τ + θ(B)et. See Box
and Jenkins (1976) for more on these models.

A stochastic process {Yt, t ∈ T} is a collection of random variables where often T = Z,
the set of integers. The observed time series is {Yt} = Y1, ..., Yn. The mean function
µt = E(Yt) for t ∈ Z. The autocovariance function γt,s = Cov(Yt, Ys) = E[(Yt − µt)(Ys −
µs)] = E(YtYs) − µtµs for t, s ∈ Z. The autocorrelation function ρt,s = Corr(Yt, Ys) =

Cov(Yt, Ys)
√

V ar(Tt)V ar(Ys)
=

γt,s√
γt,tγs,s

for t, s ∈ Z.

A process {Yt} is weakly stationary if a) E(Yt) = µt ≡ µ is constant over time,
and b) γt,t−k = γ0,k for all times t and lags k. Hence the covariance function γt,s depends
only on the absolute difference |t − s|. For a weakly stationary process {Yt}, write
the autocovariance function as γk = Cov(Yt, Yt−k) and the autocorrelation function as
ρk = corr(Yt, Yt−k) = γk/γ0. Note that the mean function E(Yt) = µ and the variance
function V (Yt) = V ar(Yt) = γ0 are constant and do not depend on t. The autocovariance
and autocorrelation functions γk and ρk depend on the lag k but not on the time t.

We usually want the ARMA(p, q) model to be weakly stationary, causal, and invert-
ible. Let Zt = Yt − µ where µ = E(Yt) if {Yt} is weakly stationary and µ is some origin
otherwise. Then the causal property implies that Zt =

∑

∞

j=1 ψjet−j + et, which is an
MA(∞) representation, where the ψj → 0 rapidly as j → ∞. Invertibility implies that
Zt =

∑

∞

j=1 χjZt−j + et, which is an AR(∞) representation, where the χj → 0 rapidly as
j → ∞. We will make the usual assumption that the AR(∞) and MA(∞) parameters
are square summable. Thus if the ARMA(p, q) model is weakly stationary, causal, and
invertible, then Yt depends almost entirely on nearby lags of Yt and et, not on the distant
past. Also, the time series model ≈ AR(py) ≈ MA(qy) for some positive integers py and
qy that do not depend on the sample size n.

Consider θ(B) and φ(B) as polynomials in B. An ARMA(p, q) model is invertible if
all of the roots of the polynomial θ(B) = 0 have modulus > 1, and weakly stationary if
all of the roots of the polynomial φ(B) = 0 have modulus > 1. (Let the complex number
W = W1 +W2 i have modulus |W | = W 2

1 +W 2
2 .) Hence the roots of both polynomials

lie outside the unit circle. An AR(p) model is always invertible and an MA(q) model is
always causal. For the AR(1) model, need |φ1| < 1. For the MA(1) model, need |θ1| < 1.
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For the ARMA(1,1) model, need |φ1| < 1 and |θ1| < 1.
Let τi stand for θi or φi. Let k stand for q or p, and let ψ(B) = 1 − τ1B − τ2B

2 −
· · · − τkB

k stand for φ(B) or θ(B). A necessary but not sufficient condition for the roots
of ψ(B) = 0 to all be greater than 1 in modulus is τ1 + · · · + τk < 1 and |τk| < 1.

1.1 Large Sample Theory

Some notation is needed for the large sample theory. The Gaussian maximum likelihood
estimator (GMLE) will be used. The Yule Walker and least squares estimators will also
be used for AR(p) models. Let the ri be the m (one step ahead) residuals where often
m = n or m = n− p. Under regularity conditions,

σ̃2 =

∑m
i=1 r

2
i

m− p− q − c
(1)

is a consistent estimator of σ2 where often c = 0 or c = 1. See Granger and Newbold
(1977, p. 85) and Hannan and Rissanen (1982, p. 89). Let σ̂2 be the estimator of σ2

produced by the time series model. Let

Γn =











γ0 γ1 . . . γn−1

γ1 γ0 . . . γn−2
...

...
. . .

...
γn−1 γn−2 . . . γ0











.

The following large sample theorem for the AR(p) model is due to Mann and Wald
(1943). Also see McElroy and Politis (2020, p. 333) and Anderson (1971, pp. 210-217).
For large sample theory for MA and ARMA models, see Hannan (1973), Kreiss (1985),
and Yao and Brockwell (2006). There is a strong regularity condition for the GMLE
for the ARMA model. Assume the ARMA(pS, qS) model is the true model. If both
p > pS and q > qS, then the GMLE is not a consistent estimator. See Chan, Ling,
and Yau (2020) and Hannan (1980). Pötscher (1990) shows how to estimate max(pS , qS)
consistently.

Theorem 1. Let the iid zero mean ei have variance σ2, and let the time series have
mean E(Yt) = µ.

a) Let Y1, ..., Yn be a weakly stationary and invertible AR(p) time series, and let
β = (φ1, ..., φp). Let β̂ be the Yule Walker estimator of β. Then

√
n(β̂ − β)

D→ Np(0,V ) (2)

where V = V (β) = σ2Γ−1
p . Equation (2) also holds under mild regularity conditions for

the least squares estimator, and the GMLE of β.
b) Let Y1, ..., Yn be a weakly stationary, causal, and invertible MA(q) time series, and

let β = (θ1, ..., θq). Let β̂ be the GMLE. Under regularity conditions,

√
n(β̂ − β)

D→ Nq(0,V ). (3)
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where V = V (β) = σ2Γ−1
q .

c) Let Y1, ..., Yn be a weakly stationary, causal, and invertible ARMA(p, q) time series,
and let β = (φ1, ..., φp, θ1, ..., θq) with g = p + q. Let β̂ be the GMLE. Under regularity
conditions, √

n(β̂ − β)
D→ Ng(0,V ). (4)

The main point of Theorem 1 is that the theory can hold even if the et are not iid
N(0, σ2). The basic idea for the GMLE is that {Yt} satisfies an AR(∞) model which
is approximately an AR(py) model, and the large sample theory for the AR(py) model
depends on the zero mean error distribution through σ2 by Theorem 1a). See Anderson
(1971: ch. 5, 1977), Durbin (1959), Hamilton (1994, pp. 117, 429), Hannan and Rissanen
(1982, p. 85), and Whittle (1953). When the et are iid N(0, σ2

e), V = V (β) = I−1
1 (β),

the inverse information matrix. Then for the AR(p) model, V (φ) = σ2Γ−1
p (φ) = I−1

1 (φ),

while for the MA(q) model, V (θ) = σ2Γ−1
q (θ) = I−1

1 (θ). See Box and Jenkins (1976, p.
241) and McElroy and Politis (2020, pp. 340-344).

Section 2 reviews model selection.

2 Model Selection

Let I be a time series model. The AIC(I) statistic is used to pick a model from several
ARIMA models. The model Imin with the smallest AIC is always of interest but often
overfits: has too many unnecessary parameters. Imagine fitting an ARIMA(p, d, q) model
where d = 0, 1 or 2 is fixed and p and q run from 0 to j for small j. The number of
parameters in the model for fixed d is p+ q+2 where σ =

√

V (Xt), τ , φ1, ..., φp, θ1, ..., θq

are the parameters. AIC(I) tends to be large when the model does not have enough
terms, to drop as needed terms are added, and then to rise as unnecessary terms are
added. If ∆(I) = AIC(I) − AIC(Imin), then models with ∆(I) ≤ 2 are good, models
with 4 ≤ ∆(I) ≤ 7 are borderline. See Brockwell and Davis (1987, p. 269), Duong
(1984), and Burnham and Anderson (2004).

Haile and Olive (2022a) extend regression variable selection notation to ARMA time
series model selection as in the next few paragraphs. Consider regression models where
the response variable Y is independent of the p × 1 vector of predictors x given xT β,
written Y x|xTβ. Many important regression models satisfy this condition, including
multiple linear regression and generalized linear models (GLMs).

Following Olive and Hawkins (2005), a model for variable selection can be described
by

xT β = xT
SβS + xT

EβE = xT
SβS (5)

where x = (xT
S ,x

T
E)T , xS is an aS × 1 vector, and xE is a (p− aS)× 1 vector. Given that

xS is in the model, βE = 0 and E denotes the subset of terms that can be eliminated
given that the subset S is in the model. Let xI be the vector of a terms from a candidate
subset indexed by I , and let xO be the vector of the remaining predictors (out of the
candidate submodel). Suppose that S is a subset of I and that model (5) holds. Then

xTβ = xT
SβS = xT

SβS + xT
I/SβI/S + xT

O0 = xT
I βI
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where xI/S denotes the predictors in I that are not in S. Since this is true regardless of
the values of the predictors, βO = 0 if S ⊆ I . The model using xTβ is the full model.

To clarify notation, suppose p = 4, a constant x1 = 1 corresponding to β1 is always
in the model, and β = (β1, β2, 0, 0)

T . Then the J = 2p−1 = 8 possible subsets of
{1, 2, ..., p} that always contain 1 are I1 = {1}, S = I2 = {1, 2}, I3 = {1, 3}, I4 = {1, 4},
I5 = {1, 2, 3}, I6 = {1, 2, 4}, I7 = {1, 3, 4}, and I8 = {1, 2, 3, 4}. There are 2p−aS = 4
subsets I2, I5, I6, and I8 such that S ⊆ Ij. Also, β̂I7

= (β̂1, β̂3, β̂4)
T is obtained by

regressing Y on xI7 = (x1, x3, x4)
T .

Let Imin correspond to the set of predictors selected by a variable selection method
such as forward selection or backward elimination. If β̂I is a× 1, form the p× 1 vector
β̂I,0 from β̂I by adding 0s corresponding to the omitted variables. Also use zero padding

for the model Imin. For example, if p = 4 and β̂Imin
= (β̂1, β̂3)

T , then the observed

variable selection estimator β̂V S = β̂Imin,0 = (β̂1, 0, β̂3, 0)
T . As a statistic, β̂V S = β̂Ik,0

with probabilities πkn = P (Imin = Ik) for k = 1, ..., J where there are J subsets. For
example, if each subset contains at least one variable, then there are J = 2p − 1 subsets.

For ARMA model selection, let the full model be an ARMA(pmax, qmax) model. For
AR model selection qmax = 0, while for MA model selection pmax = 0. If model selection
is restricted to AR models, Granger and Newbold (1977, p. 178) suggest using pmax = 13
for nonseasonal time series, quarterly seasonal time series, and short monthly seasonal
time series. They recommend pmax = 25 for longer monthly seasonal time series. We
may use pmax = qmax = 5 for ARMA model selection, and qmax = 13 for MA model
selection. For ARMA model selection, there are J = (pmax + 1)(qmax + 1) ARMA(p, q)
submodels where p ranges from 0 to pmax and q ranges from 0 to qmax. For AR and MA
model selection there are J = pmax + 1 and J = qmax + 1 submodels, respectively. See
Example 1 where there are 36 submodels.

Assume the true (optimal) model is an ARMA(pS, qS) model with pS ≤ pmax and
qS ≤ qmax. Let the selected model I be an ARMA(pI, qI) model. Then the model
underfits unless pI ≥ pS and qI ≥ qS. For AR model selection, the probability of
underfitting goes to 0 if the Akaike (1973) AIC, Schwartz (1978) BIC, or Hurvich and
Tsai (1989) AICC criterion are used, at least if the et are iid N(0, σ2). Also see Claeskens
and Hjort (2008, pp. 39, 40, 45, 46), Hannan and Quinn (1979), and Shibata (1976).

More notation is needed for model selection. Let the full model be the AR(pmax),
MA(qmax), or ARMA(pmax, qmax) model. Let β be a b × 1 vector. For ARMA model
selection, let β = (φT , θT )T = (φ1, ..., φpmax

, θ1, ..., θqmax
)T with b = pmax + qmax. For AR

model selection, let β = (φ1, ..., φpmax
)T with b = pmax, and for MA model selection, let

β = (θ1, ..., θqmax
)T with b = qmax. Hence β = (β1, ..., βpmax

, βpmax+1, ..., βpmax+qmax
)T .

Let S = {1, ..., pS, pmax + 1, ..., pmax + qS} index the true ARMA(pS, qS) model. If
S = ∅ is the empty set, then the time series random variables Y1, ..., Yn are iid. Let
I = {1, ..., pI, pmax + 1, ..., pmax + qI} index the ARMA(pI, qI) model. Let β̂I,0 be

a b × 1 estimator of β which is a obtained by padding β̂I with zeroes. If βI =
(φ1, ..., φpI

, θ1, ..., θqI
)T , then β̂I,0 = (φ̂1, ..., φ̂pI

, 0, .., 0, θ̂1, ..., θ̂qI
, 0, ..., 0)T . If qI = 0, then

β̂I,0 = (φ̂1, ..., φ̂pI
, 0, .., 0)T . If pI = 0 then β̂I,0 = (0, ..., .., 0, θ̂1, ..., θ̂qI

, 0, ..., 0)T . If I = ∅
with pI = qI = 0, then define β̂I,0 = 0, the b × 1 vector of zeroes. The submodel I
underfits unless S ⊆ I . Note that the full model, e.g. the ARMA(pmax, qmax) model, is
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a submodel.
For example, if pmax = qmax = 5, then S = {1, 6, 7} corresponds to the ARMA(1,2)

model, and I = {1, 6, 7, 8} corresponds to the ARMA(1,3) model. Then β̂S = (φ̂1, θ̂1, θ̂2)
T ,

β̂S,0 = (φ̂1, 0, 0, 0, 0, θ̂1, θ̂2, 0, 0, 0)
T , and β̂I,0 = (φ̂1, 0, 0, 0, 0, θ̂1, θ̂2, θ̂3, 0, 0)

T .
The model Imin corresponds to the model that minimizes the AIC, AICC, or BIC

criterion. Then the model selection estimator β̂MS = β̂Imin,0. Assume β̂MS = β̂Ik ,0 with
probabilities πkn = P (Imin = Ik) for k = 1, ..., J . Haile and Olive (2022a) gave the large
sample theory for β̂MS, and used bootstrap confidence regions for hypothesis testing.

Example 1. Shown below is the aicmatrix of ∆(I) = AIC(I)−AIC(Imin) for the R
WWW usage time series, which gives the number of users connected to the Internet through
a server every minute where n = 100. First differences were used so d = 1. From this
output, Imin is the ARIMA(5,1,4) model. Some interesting models are the ARIMA(3,1,0)
model and the ARIMA(1,1,1) model.

aicmat(WWWusage,dd=1,pmax=5)

$aics q

p 0 1 2 3 4 5

0 119.86 38.67 8.74 9.13 8.24 7.72

1 18.10 3.16 5.11 3.44 3.96 5.14

2 11.04 5.15 6.22 4.63 2.10 6.95

3 0.85 2.80 4.48 3.27 3.62 5.29

4 2.79 1.74 5.04 7.94 4.26 6.99

5 4.72 6.50 2.40 10.50 0.00 1.63

3 Data Splitting

Data splitting is used to get valid inference. If the model was selected without using the
time series, then the model has an asymptotic normal distribution that can be used for
inference. If the entire time series is used to build or select the model, then the resulting
model tends not to have an asymptotic normal distribution due to selection bias. If the
first half of the time series is used to build or select the model, and that model is fit
on the second half of the time series, then inference is valid (the model for the second
half of the time series was selected without using the second half). Time series models
are often built or selected using the entire data set with transformations such as the log
transformation, model selection with AIC, BIC, or AICC. Plots such as the ACF and
PACF are also used to select the model.

A problem with using a half set is that the efficiency using n/2 is less than that of
using n. Sequential data splitting can be used as a remedy. Data splitting divides the
training data set of n cases into two sets H and the validation set V where H has nH

of the cases and V has the remaining nV = n − nH cases i1, ..., inV
. A common method

of data splitting randomly divides the training data into the two sets H and V . Often
nH ≈ dn/2e where dxe is the ceiling function = least integer function, e.g d7.7e = 8. See,
for example, Hurvich and Tsai (1989).
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An application of data splitting is to use a model selection method on H to get a
model I . On the validation set V , fit time series model I . Then use the standard time
series inference. For AR model selection and MA model selection, data splitting works if
the selected model does not underfit. For the GMLE and an ARMA model, assume the
ARMA(pS, qS) model is the true model. Then the selected model I is an ARMA(pI , qI)
models. The model I should not underfit (pI ≥ pS and qI ≥ qS), and needs pI = pS or
qI = qS for valid inference.

Sequential data splitting may be useful. Let bxc be the integer part of x, e.g., b7.7c =
7. Let the ceiling function dxe, e.g. d7.7e = 8. Initially, divide the data set into two sets
H1 with the first n1 ≤ n/2 cases Yt and V1 with the last n − n1 cases where n1 = 30
or n1 = 2(pmax + qmax). Apply model selection on H1 to get model I1, an AR(pI1),
MA(qI1), or ARMA(pI1, qI1) model if AR, MA or ARMA model selection is used. Let
a1 = pI1 + qI1 . If n1 ≥ 10a1, set H = H1 and V = V1. Otherwise, let n2 = 2n1, use
Y1, ..., Yn2

in H2 and the last n − n2 cases in V2. Apply model selection on H2 to get
model I2. Let a2 = pI2 + qI2. If n2 ≥ 10a2, set H = H2 and V = V2. Continue in this
manner, forming sets (H1, V1), (H2, V2), ..., (Hd, Vd) where Hi has ni = in1. Stop when
nd ≥ 10ad or nd+1 > n/2. For the second case, use nd = bn/2c. Then H = Hd and
V = Vd. Use the model Id for inference with the data in V = Vd.

Use simulation to examine whether the model underfits (and for ARMA data splitting,
picks pI = pS or qI = qS where I = Id).

Sequential data splitting was used for regression models in Zhang and Olive (2022).

4 Outlier Detection

Outliers are cases that lie far away from the pattern set by the bulk of the data, and can
be often be detected from the plot of t versus Yt and from the response plot of Ŷt versus
Yt with the identity line that has zero intercept and unit slope added as a visual aid. In
both plots Yt is on the vertical axis, and the vertical deviations of Yt from the identity
line are the residuals êt = Yt − Ŷt. The residual plot of Ŷt versus êt is also useful.

The sample median
MED(n) = Y((n+1)/2) if n is odd, (6)

MED(n) =
Y(n/2) + Y((n/2)+1)

2
if n is even.

The notation MED(n) = MED(Y1, ..., Yn) will also be used. The sample median absolute
deviation is

MAD(n) = MED(|Yi − MED(n)|, i = 1, . . . , n). (7)

Assume the time series Yt is weakly stationary with an MA(∞) representation. Let
up = MED(n) + kMAD(n) and low = MED(n) − kMAD(n) where k = 6 is the default.
Make a new time series Wt where if low ≤ Yt ≤ up, then Wt = Yt. Otherwise, make
Wt a missing value: let Wt = NA if Yt < low or Yt > up. This method is useful since
software methods for handling missing values are widely available. See, for example,
Jones (1980). The method may also be useful for handling heavy tailed time series,
where the first or second moment of the Yt does not exist. Since the Wt do not depend
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on the ARMA model, plug in W1, ...,Wn into the time series software in place of the
Y1, ..., Yn to to get robust estimators of other quantities, such as the ACF and PACF.
Compare Agnieszka and Magdalena (2018), Allende and Heiler (1992), Bhatia, et al.
(2016), Bustos and Yohai (1986), Chakhchoukh (2010), Chang, Tiao, and Chen (1988),
Chen and Liu (1993), Choy (2001), de Luna and Genton (2001), Denby and Martin
(1979), Deutsch, Richards, and Swain (1990), Fox (1972), Justel, Peña, and Tsay (2001),
Lawrence (2014), Ledolter (1989), Liu, Kumar, and Palomar (2019), Lucas, Franses, and
Van Dijk (2009), Ma and Genton (2000), Muler, Peña, and Yohai (2009), Stockinger and
Dutter (1987), Tsay (1986, 1988).

One alternative is to get a robustly Winzorize the time series Wt: if Yt > up, then
Wt = max(Yk ≤ up). If Yt < low, then Wt = min(Yk ≥ low). If low ≤ Yt ≤ up, then
Wt = Yt. Then fit the time series to Wt. A second alternative would set Wt = MED(n)
instead of NA. Variants would use the fitted time series to predict the Wt that were
changed, fit the time series again, and perhaps repeat this step. These methods impute
the potential outliers, but the existing methods for handling missing values likely impute
better.

For an MA(q) model, the Yj , Yj+q+1, Yj+2(q+1), ... are iid. Hence there are q + 1 iid
sequences starting at j = 1, ..., (q+ 1). Since the sample percentiles of the iid sequences
converge in probability to the population percentiles for fixed h, so do the sample per-
centiles of all of the data. Hence the sample median and sample median absolute deviation
converge to the corresponding population quantities, and similar results hold for MA(∞)
models. Haile and Olive (2022b) used similar results to justify a time series prediction
interval.

To see why k = 6 is recommended, examine the approximate proportion of cases
not changed to NA for several distributions when no outliers are present. See Table 1.
Let MED(X) and MAD(X) be the population median and median absolute deviation.
Notation for the random variables is as in Olive (2008, ch. 10; 2014, ch. 10).

Table 1: Probability X ∈ [MED(X) − 6MAD(X),MED(X) + 6MAD(X)]

distribution of X MED(X) MAD(X) prob
Cauchy(µ, σ) µ σ 0.8949

double exponential(θ, λ) θ log(2)λ 0.9844
exponential(θ, λ) θ + log(2)λ λ/2.0781 0.9721

logistic(µ, σ) µ log(3)σ 0.9973
N(µ, σ2) µ σ 0.9999

uniform(θ1, θ2) (θ1 + θ2)/2 (θ2 − θ1)/4 1

The AR(p) model is useful for illustrating problems outliers cause. Write the AR(p)
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equations Yt = φ0 + φ1Yt−1 + · · · + φpYt−p + et in matrix form Y = Xβ + e or











Yp+1

Yp+2
...
Yn











=











1 Yp Yp−1 . . . Y1

1 Yp+1 Yp . . . Y2
...

...
...

. . .
...

1 Yn−1 Yn−2 . . . Yn−p





















φ0

φ1
...
φp











+











ep+1

ep+2
...
en











where X is of full rank with more rows than columns p + 1 and β = (φ0,φ
T )T =

(φ0, φ1, ..., φp)
T . Note that if Yp+1 is an outlier, then Yp+1 is an outlier in the kth row

and kth column of X for k = 2, ..., p + 1. Differencing can cause even more outliers in
the data.

“Robust” multiple linear regression estimators can be applied to ARIMA(p, d, 0) data
or data from the dynamic linear model to create a “robust” estimator. These estimators
tend to work poorly for several reasons. First, the “robust” multiple linear regression
estimators that are practical to compute tend to be inconsistent with poor outlier resis-
tance. See Hawkins and Olive (2002), Huber and Ronchetti (2009), and Olive (2017b,
2022b).

The Olive (2017b) rmreg2 estimator will be used as the robust multiple linear re-
gression estimator. The (ordinary) least squares estimator β̂OLS = (XTX)−1XTY ,

φ̂0,OLS = Y − φ̂
T

OLSx, and φ̂OLS = Σ̂
−1

x Σ̂x,Y . Here Σ̂x and Σ̂x,Y are the usual estimated
covariance matrices used when wi = (xi, Yi)

T are iid from some population. The rmreg2
estimator plugs in robust covariance estimators in place of the classical estimators. More
details follow. Let

w =

(

x

Y

)

, E(w) = µw =

(

E(x)
E(Y )

)

=

(

µx
µY

)

, and Cov(w) = Σw =

(

Σx,x Σx,Y

ΣY,x ΣY,Y

)

.

Let (T,C) = (µ̃w, Σ̃w) be a robust estimator of multivariate location and dispersion.

Then the robust plug in estimator φ̃0 = µ̃Y − φ̃
T
µ̃x and φ̃ = Σ̃

−1

x Σ̃x,Y . The robust
estimator (T,C) used will be the RMVN estimator of Olive (2017b), Olive and Hawkins
(2010), and Zhang, Olive, and Ye (2012) that has been used to make robust estimators
of multiple linear regression and multivariate linear regression. See Olive (2017b). The
robust estimator has not yet been shown to be consistent for AR(p) data, but the robust
estimator can be used as an outlier diagnostic.

Example 2. Here we examine outliers for the AR(p) model and use the Cryer and
Chan (2008) R package TSA data set deere1 which gives 82 consecutive values for the
amount of deviation from a specified target value in an industrial machining process at
Deere & Co. If there is an outlier at Yk where k is not too close to 1 or n, then fitted
values will use the outlier for t = k + 1, ..., k + p. So the outlier appears p + 1 times in
the equations for the AR(p) model.

An AR(2) model will be used for the Deere time series, and the plot of the time series
in Figure 1 shows that there is one large outlier, corresponding to case 27. Figure 2 shows
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the response and residual plots for the AR(2) model. Only one outlier, instead of two,
appears in the fitted values since φ̂1 = 0.027 is quite small. The plots for the robust fit
are similar and are not shown.

Time
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Figure 1: The Deere Time Series Has One Outlier
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Figure 2: Response and Residual Plots for the AR(2) Model

The outlier Y27 is changed from 30 to a more reasonable value 8 to create “cleaned
data.” The robust AR(2) model was refit using the cleaned data resulting in “cleaned
fitted values.” In the original data, cases Y7 and Y76 were changed to 25 and 26. The fitted
values from the robust AR(2) models versus the cleaned fitted values showed some tilt.
Next cases Y7 and Y76 were changed to 250 and 260. Figure 3 shows fitted values from
the robust AR(2) models versus the cleaned fitted values with the identity line added as
a visual aid. The two sets of fitted values for the bulk of the data are similar since big
outliers are easier to detect.

The R code below corresponds to the following.
a) Gives the plot of the time series. See Figure 1.
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Figure 3: Fitted Values from the Cleaned Data Versus Robust Fitted Values from the
Data with 3 Outliers

b) Gives the output table for the AR(2) model as well as the response and residual
plots. See Figure 2.

c) The commands for this part fit a robust AR(2) model and gives the coefficient
values and the response and residual plots.

d) The command for this part change the outlier from 30 to a more reasonable value
8 and refits the AR(2) model producing the output table for the AR(2) model, and the
response and residual plots.

e) The commands for this part fit a robust AR(2) model on the cleaned data, giving
the coefficient values for the AR(2) model, and the response and residual plots.

f) The commands for this part plot the fitted values from the robust AR(2) model fit
to the data with the outlier versus the fitted values from the classical AR(2) model fit to
the clean data. The fitted values are similar except for the outlier in Yt and one of the
outliers in Ŷt.

g) The commands for this part change the values of two cases (7 and 76) to 25 and
26, and fits the robust estimator. Then the commands plot the fitted values versus the
fitted values of the robust estimator to the cleaned data. The fitted values are tilted
some.

h) Now the values of the two cases (7 and 76) are changed to 250 and 260. Then the
commands plot the fitted values versus the fitted values of the robust estimator to the
cleaned data. The fitted values for the bulk of the data are similar since big outliers are
easier to detect. See Figure 3.

i) These commands change the potential outliers to NA. For the deere1 data set, case
27 is changed to NA. The output table and response and residual plots are given.

j) These commands take the data set from g) and change the potential outliers to
NA. The three outliers got NA. The output table and response and residual plots are
given.

k) These commands take the data set from h) and change the potential outliers to
NA. The three outliers got NA. The output table and response and residual plots are

11



given.

source("http://parker.ad.siu.edu/Olive/tspack.txt")

#library("TSA")

#data(deere1)

#plot(deere1)

deere1 <- c(3,0,-1,-4,7,3,7,3,3,-1,-1,5,-4,1,-3,2,-3,1,-2,-3,

-4,-2,3,3,3,3,30,2,7,-7,3,2,3,0,3,0,3,-1,3,3,3,2,3,3,-1,3,3,

2,3,2,3,8,0,-1,0,0,1,2,2,0,8,0,1,-2,-3,4,0,4,-1,-1,1,-7,3,1,

3,1,0,-1,-4,-1,-1,3)

#a)

plot(deere1,type="l")

#b)

out2 <- arima(deere1,c(2,0,0))

resplots(deere1,out2)

#c)

outr1 <- robar(deere1,2)

outr1$phihat

#right click Stop on the plot twice

#For each Y outlier in an AR(p) model,

#there will be p outliers in the X matrix

#which could cause up to p outliers in the fitted values.

#So p+1 outliers in the XY matrix used to compute the robust estimator.

#d)

deerem2 <- deere1

deerem2[27] <- 8

out2m <- arima(deerem2,c(2,0,0))

resplots(deerem2,out2m)

#e)

outr2 <- robar(deerem2,2)

outr2$phihat

#f)

cleanfit <- as.vector(deere1) - as.vector(out2m$resid)

plot(as.vector(outr1$fit,),cleanfit)

abline(0,1)

#g)
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deerem3 <- deere1

deerem3[c(7,76)] <- c(25,26)

outr3 <- robar(deerem3,2)

plot(as.vector(outr3$fit),outr2$fit) #right click Stop 2 times, hit Enter

abline(0,1)

#identify(as.vector(outr3$fit),outr2$fit)

#NAs mean the identified points are off by 2

#74, 25, 5 instead of 76,27,7

#h)

deerem4 <- deere1

deerem4[c(7,76)] <- c(250,260)

outr4 <- robar(deerem4,2)

plot(as.vector(outr4$fit),outr2$fit) #right click Stop 2 times, hit Enter

abline(0,1)

#identify(as.vector(outr4$fit),outr2$fit

#works better with massive outliers

#outliers are easy to spot with response plot

#since there Y values are outlying

#i)

YNA <- tsNA(deere1)$W

out5 <- arima(YNA,c(2,0,0))

resplots(YNA,out5)

#j)

W2 <- tsNA(deerem3)$W

out6 <- arima(W2,c(2,0,0))

resplots(W2,out6)

#k)

W3 <- tsNA(deerem4)$W

out7 <- arima(W3,c(2,0,0))

resplots(W3,out7)

5 Dynamic Linear Models

Le Yi = β1 + β2xi,2 + · · · + βpxi,p + ei for i = 1, ..., n where the Yi, xi,j and ei each follow
a time series for j = 2, ..., p. Then Y = Xβ + e is a dynamic linear model in matrix
form. If the ei are iid, multiple linear regression methods with least squares (OLS) can
be used for inference. Unfortunately, the iid error assumption rarely holds for dynamic
linear model.
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6 Discussion

Plots and simulations were done in R. See R Core Team (2018). Programs are in the
collection of functions tspack.txt. See (http://parker.ad.siu.edu/Olive/tspack.txt). The
function robar fits a robust AR(p) model. The function tsNA changes potential outliers
to NA.
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