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CHAPTER 1
INTRODUCTION

In Actuarial mathematics, Statistics has become increasingly important since large insurance
companies and banks have large data bases from which information needs to be extracted. Statisti-
cal Learning methods such as shrinkage estimators have become important. Chapter 2 derives the
large sample theory for ridge type estimators such as the Liu-Type Regression Estimators.

Chapter 3 gives frequentist prediction intervals based on the maximum likelihood estimator.
Actuarial texts often use Bayesian predictive distributions.

Chapter 4 gives some simple proofs for some formulas that are useful for the life contingen-

cies actuarial exams.



CHAPTER 2
LARGE SAMPLE THEORY FOR SOME RIDGE-TYPE REGRESSION ESTIMATORS

2.1 INTRODUCTION

This section reviews the multiple linear regression model, some ridge-type regression esti-
mators, and the large sample theory for the ordinary least squares estimator. Suppose that the
response variable Y; and at least one predictor variable x;; are quantitative with x;; = 1. Let
x! = (xi1,..%ip) and B = (B1,.... 3,)" where B corresponds to the intercept. Then the multiple

linear regression (MLR) model is
Yi =i+ xoBo+ -+ X8, + € = x] B+ 2.1)

fori = 1,...,n. Here n is the sample size, and assume that the random variables e; are independent
and identically distributed (iid) with mean E(e;) = 0 and variance V(e;) = 0. In matrix notation,
these n equations become

Y=XB+e 22)

where Y is an n X 1 vector of response variables, X is an n X p matrix of predictors, fisa p X 1
vector of unknown coefficients, and e is an n X 1 vector of unknown errors. The ith fitted value
Y, = xlTB and the ith residual r; = Y;— ¥; where ﬁ is any p X 1 estimator of . Ordinary least squares
(OLS) is often used for inference if n/p is large.

Liu (2003) defined the Liu-type estimator
A A A d A
Bi,=X"X+kD)"(X"Y —dP) = Br, — —n(X'X +kI)"'B (2.3)
’ Y oon

where k = k, > 0, d = d, 1s a real number, and the Hoerl and Kennard (1970) ridge regression

estimator ﬁR,k corresponds to d = 0. The Liu (1993) estimator
B.=X"X+D'X"Y +cB)

is another special case with k = 1 and d = —c where 0 < ¢ < 1.



Kurnaz and Akay (2015) showed that several ridge-type regression estimators in the literature
can be written as B, = (X" X + kI)"(X"Y + f(k)B) where k > 0 and f() is a continuous func-
tion of k, including ridge-type estimators given by Ozkale and Kagciranlar (2007), Sakallioglu and
Kagiranlar (2008), and Yang and Chang (2010). Note that 8, = B, , with d = —f(k). If B = By,
then B, = (X" X + kI)""(X" X + [k + f()IDBg,.

Kibria and Lukman (2020) defined the estimator

Bri = XX + kD (X"X = kDB
Since (XTX + kD) \(X"X — kI) = I - 2k(X" X + kI)™!,
Bir = = 2k(X"X + kI) " 1By = Bors — 2k(XTX + kD)™ B ;5. (2.4)

The OLS estimator ,inLS = (X" X)"'X"Y has large sample theory given, for example, by Sen
and Singer (1993, p. 280). Let the hat matrix H = X(X” X)"' X" and let the ith leverage h; = H,;
be the ith diagonal element of H. Consider the multiple linear regression model (2.1) where the e;

are iid with E(e;) = 0 and V(e;) = 0. Assume that max;(h,, ..., 1,) — O in probability as n — oo

and
X'x Ly
n
as n — oo. Then
ViBors — B) = N,(0,02 V). (2.5)

Note that n(X? X)™! — V, and if k/n — 0, then

X'X +kI
n

-1
) =nX'X+kD™ > V. (2.6)
Knight and Fu (2000) derived the large sample theory for ridge regression and the Tibshirani

(1996) lasso estimator with p fixed. The following section derives some large sample theory for

the Liu-type estimator Bk,d and for B KL-



2.2 LARGE SAMPLE THEORY
The large sample theory assumes that p is fixed and that Equation (2.5) holds for the OLS

estimator. Then B, ; = (X" X + kI)"(X"Y - dB) =
X'X+kD'X"TX)X"X)'XTY —d(X"X + kD)7'B =

ABos —dX"X + kD'

where A, = (X' X +kI)"'(X"X) = B, = I — k(X" X + kI)™" since A, — B, = 0. This identity
appears in Gunst and Mason (1980, p. 332) and was used by Pelawa Watagoda and Olive (2021)

to simplify ridge regression large sample theory. Thus
Ba=U-kX"X +kDBors —dX"X +kI)"'B =

R . k . d .
Bia =PBows - r—ln(XTX + kD) Bors — ;n(XTX + k7B (2.7)

Theorem 1. Assume Equations 2.5) and 2.6) hold, and that B 1s a consistent estimator of B. a)

If k/ \n — 0 and d/ \/n — 0, then B, , is asymptotically equivalent to B, with
ViBia=B) > Ny0,02 V).
b)Ifk/+vn — v >0and d/\n — 6, then
ViBia=B) = Ny(~(x + 6)VB, 0> V).

c)Ifk/n - 0and d/n — 0, then [Aik’d is a consistent estimator of £.

Proof. a) follows from b).

b) By Equation (2.7),

" N k A d A
\/ﬁ(ﬂk,d -p) = ‘/’Z(ﬂom -pB) - W n(X'X + kl)_lﬁOLS - % n(X'X + kI)_lﬁ

5 N,(0,07 V) —tVB - VB ~ N,(=(t + )VB, > V).

¢) By Equation (2.7), B, , — B — OVB — OV = .



Theorem 2. Assume Equations 2.5) and 2.6) hold. a) If k/ vn — 0, then B . 1s asymptotically

equivalent to B, ¢ with
A D
Vin(Bxr = B) = Ny(0,5° V).

b) If k/ Vi — 7 > 0, then
ViBy, - B) S N,(=2tVB, o> V).

c) If k/n — 0, then BKL 1s a consistent estimator of .

Proof. a) follows from b).
b) By Equation (2.4),

" o 2k N
VB, — B) = VnBors —B) - - nX"X + kD) Bors

3 Ny(0,02 V) = 2tVB ~ N,(—27VB, 02 V).

c) By Equation (2.4),

. . 2k A
Biw = Bows = — n(X"X + k) Bors = B=20VB = B.

2.3 CONCLUSIONS

Theorems 1 and 2 gave some large sample theory for many ridge-type estimators. Taking
d = —k is interesting in Theorem 1. Several of the ridge-type estimators can be computed if k > 0
even if X" X is singular, and such estimators can be useful if p > n. Li and Yang (2012) gave a
Liu-type estimator that replaced B by a vector b that represents prior information.

For many regression estimators, a method is needed so that everyone who uses the same
units of measurement for the predictors and Y gets the same (¥, B). Let the nontrivial predictors

ul = (xi2, ..., x;p) where x; = (1,u!

). A common method is to use the centered response Z = Y—Y
where Y = Y1, and the n X (p — 1) matrix of standardized nontrivial predictors W = (W;;). For
j=1,...,p—1,let W;; denote the (j+ 1)th variable standardized so that }|;_, W;; = Oand }7_, lej =

n. Note that the sample correlation matrix of the nontrivial predictors u; is Ry = W' W/n. Then



regression through the origin is used for the model Z = Wn + e where the vector of fitted values
Y =Y + Z. Large sample theory could be given for Z = W + e, as in Pelawa Watagoda and Olive
(2021), or for Y = XB + e, as in this chapter.

[margin=1.0in]geometry



CHAPTER 3
PREDICTION INTERVALS FOR CENSORED DATA FROM SOME PARAMETRIC
MODELS

3.1 INTRODUCTION

Assume that training data Y, ..., Y, are independent and identically distributed from a para-
metric distribution ¥ ~ D(0) where € is a d X 1 vector of parameters. This chapter presents a simple
large sample 100(1 — 6)% prediction interval (PI) for a future value Y, given Y1, ..., Y,. Apply the
nonparametric shorth prediction interval to Y7, ..., Yy where the Y are independent and identically
distributed (iid) from the distribution D(@)). If @ is a consistent estimator of 6, then this prediction
interval is a large sample 100(1 — 6)% PI that is a consistent estimator of the shortest population
interval [L, U] that contains at least 1 — ¢ of the mass as B,n — oo. This PI can be regarded
as a special case of the Olive, Rathnayake, and Haile (2021) prediction interval for a parametric
regression model that has no predictors. Consistent estimators of @, such as method of moments
estimators, maximum likelihood estimators (MLEs) or percentile matching estimators should be
used.

A large sample 100(1 —06)% prediction interval (PI) for Y, has the form [L,, U,] where P(ﬁn <
Y, < Un) — 1 — ¢ as the sample size n — oo. A Pl is asymptotically optimal if [L,,U,] = [L,,U,]
asn — oo where [L;, U] is the population shorth: the shortest interval covering at least 100(1—-6)%
of the mass. (A highest density region is a union of intervals such that the sum of the lengths is
minimized given at least 100(1 — 6)% coverage. For a unimodal error distribution with pdf, the
population shorth is the population highest density region.)

The shorth(c) estimator of the population shorth is useful for making asymptotically optimal
prediction intervals if the data are iid. Let Zy), ..., Z,, be the order statistics of Z, ..., Z,. Then let

the shortest closed interval containing at least ¢ of the Z; be

ShOI'th(C) = [Z(S), Z(S+C_1)]. (31)



Let [x] be the smallest integer > x, e.g., [7.7] = 8. Let
k, = [n(1 = 9)]. 3.2)

Frey (2013) showed that for large né and iid data, the shorth(k,) PI has maximum undercoverage

~ 1.12+/6/n, and used the shorth(c) estimator as the large sample 100(1 — 6)% PI where

¢ = min(n, [n[1 -6+ 1.12/5/n17).

The large sample 100(1 — 6)% Pl using Y7, ..., Y} uses the shorth(c) PI with

c=min(B,[B[1 =6 + 1.12+/6/B11). (3.3)

The prediction interval (3.3) can have undercoverage if n is small compared to the number of
estimated parameters d. The modified shorth PI (3.4) inflates PI (3.3) to compensate for parameter
estimation. We want n > 10d, and the prediction interval length will be increased (penalized) if

n/d is not large. Let ¢, = min(1 — 6 + 0.05,1 — 6 + d/n) for 6 > 0.1 and
g, = min(1 —6/2,1 — 6 + 106d/n), otherwise.
If1-6<0999and g, <1-06+0.001, set g, =1 — 6. Then compute the shorth PI with

Cmoa = Min(B, [Blg, + 1.12+/6/B 1 7). (3.4)

Olive (2007, 2013) and Pelawa Watagoda and Olive (2021) used similar correction factors since
the maximum simulated undercoverage was about 0.05 when n = 20d.

The prediction intervals (3.3) and (3.4) are computed using the parametric bootstrap. There
are not many references for prediction intervals for parametric models with censoring. The pre-
diction intervals tend to be constructed using predictive distributions, have complicated correction
factors, lack software, and may only be applicable when n > 10d. See Hall, Peng, and Tajvidi
(1999), Hall and Rieck (2001), Lawless and Fredette (2005), and Ueki and Fueda (2007).

Bayesian predictive distributions are often hard to compute. In the simplest setting, let Z =

Yelety = (Y4, ..., Y,)",and let Yy, ..., Y,, Z be iid with pdffZ|@(z|0) = f(z|@) when ® = 6. Then the

8



Bayesian predictive pdf fzy(zly) = f fZ|0(Z|0)”®|y(0| y)dO where n®w(0| y) is the posterior pdf and
0 is a g X 1 random vector. Hence the Bayesian predictive pdf is a continuous mixing distribution
weighted by the posterior pdf. See, for example, Geisser (1993), Klugman, Panjer, and Willmot
(2008, p. 406), and Kellison and London (2011, pp. 409-410). Frequentists could use the pdf
f (zl@n) where 8, is the MLE of 6. The Bernstein-von Mises theorem, also known as the Bayesian
central limit theorem, states that the posterior distribution @y ~ Ng(@',,, I ‘1(9n) /n), a multivariate
normal approximation, where / ~1(0) is the inverse information matrix and 9n 18 the MLE of 6. See,
for example, Ferguson (1996, pp. 140-141). Then for large n, the posterior pdf is approximately
the point mass at én, and fzy(zly) = f (zl@n). These heuristics suggest that the PIs based on the
Bayesian predictive distribution and the PIs (3.3) and (3.4) will be similar for large n.

Section 3.2 describes some parametric models where the prediction intervals (3.3) and (3.4)

are useful. Section 3.3 gives a simulation.

3.2 EXAMPLES

Suppose that Y1, ..., Y,, Yy are iid where Y; is a future value and Y,, = (Y4, ..., Y,)" is the data

S x(x)

S x(d)

x > d, and cumulative distribution function (cdf) Fy(x) = 1 — Sw(x) for x > d. For insurance,

for

vector. If X is (left) truncated at d then W = X|(X > d) has survival function S (x) =

losses are truncated if there is a deductible d.

Let ¥; = loss or time to event for ith person. Y = T; = min(Y;, Z;) where Y; and Z; are
independent and Z; is the censoring random variable for the ith person (for time until event, Z;
is the time the ith person is lost to the study for any reason other than the time to event under
study, often death). Let 6; = I(Y; < Z;) so 6; = 1 if T; is uncensored and ¢; = 0 if T; is censored.
Alternatively, the censored data is yy, y,+, y3, ..., Yu—1, ¥, + Where y; means the time was uncensored
and y;+ means the time was censored. For insurance, losses are right censored if there is a policy
limit u: if the amount of the policy holder’s loss exceeds u, then the benefit paid is # and the exact
value of the loss for the policy holder is not recorded (the loss for the insurance company is the
benefit paid).

Several random variables used in this section are briefly described next. We follow Klugman,



Panjer, and Willmot (2008) closely.

X ~ Gamma(a, ) if X has probability density function (pdf)
_ 1 a—1 _-x/60
fo) = FT@” ¢
where a, 6, and x are positive. Then E(X) = a6, and V(X) = a6’
X ~ Exponential(0) if X ~ Gamma(a = 1,6) or if X ~ Weibull(6,7 = 1). Thus the pdf is

1
f(x) = ée"‘/g where x,6 > 0. Then E(X) = 6, and V(X) = 6°.

6%
X ~ Pareto(a, 0) if the pdf of X is f(x) = —(9 f yar
X (04

o
po— fora > 1,and V(X) = @ 1a-2) for a > 2.

X ~ single parameter Pareto(a, 0) if the pdf of X is f(x) = ad o
x(l

where a, 6, and x are positive. Then

E(X) =

(02

I(x > 6) where @ > 0 and

92
0 is real. Note the support is x > 6. Then E(X) = 7 fora > 1 and V(X) = @ >
a - a -
9 2
(oz_l) for a > 2.

a —

0) e~ /0"
X ~ Weibull(, 1) if the pdf of X is f(x) = M where 0 > O and 7 > 0. Then
X

EX* = 6T(1 + k/7) for k > —7. V(X) = E(X*) — [E(X)]*.
Let X have a negative binomial NB(7, 8) distribution where 5, > 0. Then the probability

mass function (pmf) of X is po = (1 +6)", and fork = 1,2, ...,

i+ D (r k= DB 4o = (k+1—1)8
P k(1 + By M P - DI+ gy

Then the expected value E(X) = rB and the variance V(X) = rB(1 + ). The parameterization

1 r k
(r5) (25) =vr -0

-3k

for integer r.

with p = (1 + 8)~! is also used.

X ~ Poisson(A) if the pmf of X is p; = fork =0,1,..., where 4 > 0. Then E(X) =
A =V(X).

Example 1. Suppose that Vi, ...,Y,, Y, are iid Poisson(4). Following Klugman, Panjer, and
Willmot (2008, p. 412), if W = Y and the prior distribution 4 ~ Gamma(a, #), then the predictive

distribution
0
1+n6)

W|Y, ~ NB r:a+ZY,-,,8:
i=1

10



We could use PI (3.3) or (3.4) or generate Y7, ..., Y, from the above predictive distribution
and and apply the shorth interval (3.3). See Chen and Shao (1999). If r,8, — A and 3, — 0, then
the negative binomial distribution converges in distribution to the Poisson(1) random variable. See
Agresti (2002, p. 560). Since E(W|Y,) =~ V(W|Y,) = Y,, which is the MLE A of A, the Bayesian
and frequentist methods give similar results for large n.

Some MLE Formulas.

Let m = number of uncensored observations, ¢ = number of censored observations, n = m+c,
let d; be the truncation point for each observation (0 if untruncated). Let x; be the observation if
uncensored or the censoring point (i;) if censored. The following MLE formulas work if left
truncation and right censoring are present or not.

a) EXP(6): 6 = Lin(i = d)

S - d?))”’

m
—m

n 0+d;\’
Zi:l ln <9+x,~)

d) single parameter Pareto fixed 6: & =

b) Weibull fixed 7: § = (

¢) Pareto fixed 6: & =

—m

S In (=)

3.3 SIMULATIONS

R uses Y ~ Exponential(d) with E(Y) = 68 = 1/A. The simulation generated Y; ~
Exponential(1) and Z; ~ Exponential(4 = 0.1) with E(Z;) = 10. The MLE A = 1/6 was com-
puted. Then Y ~ Exponential(;l) were computed for i = 1,..., B. Then the 95% PI (3.4) was
computed with d = 1. 5000 runs were used and the average length of the 5000 PIs was computed.
The coverage is the percentage of times that the PIs contained the future value Y;. Coverage be-
tween 0.94 and 0.96 suggest that the actual coverage is close to the nominal coverage 0.95. The
population shorth is the interval [0, —61n(0.05)] = [0,2.9957/1]. Need n and B very large to get

the average length close to the length of the population shorth.

source("http://parker.ad.siu.edu/0Olive/survpack.txt")

args(exppisim)

11



function(n=100,nruns=100,B=1000,1lam=1,clam=0.1,alpha=0.05)
exppisim(n=100,nruns=5000,B=1000,lam=1)

$lam

[1] 1

$mle

[1] 1.104127

$fullpicov

[1] 0.956

$fullpimenlen

[1] 3.284781

3.4 CONCLUSION

Since PIs (3.3) and (3.4) are for a parametric model, it is crucial to check that the parametric
model is appropriate. In a similar application, Chen and Shao (1999) and Olive (2014, p. 364)
used the shorth estimator to estimate Bayesian credible regions.

The simulations were done in R. See R Core Team (2016). The collection of Olive (2022)
R functions survpack, available from (http://parker.ad.siu.edu/Olive/survpack.txt), has some useful

functions for the inference. The functions exppisim and mshpi were used to make Table 3.1 and

Table 3.2.

12



Table 3.1. 95% PIs for Right Censored EXP(1) Data

n A B 3/4 length coverage

50 1 1000 3 34442  0.9620

50 05 1000 6  6.8712  0.9574

50 2 1000 1.5 1.7143  0.9608

50 0.1 1000 30 35.0727 0.9650

20 - 10 1000 03 03425 0.9650

100 1 1000 3 3.2848  0.9560

100 0.5 1000 6  6.5807  0.9592

100 2 1000 1.5 1.6415 0.9632

100 0.1 1000 30 33.0942 0.9588

100 10 1000 0.3 0.3281  0.9546

1000 1 1000 3  3.1547  0.9508

1000 0.5 1000 6 63161  0.9568

1000 2 1000 1.5 1.5768  0.9530

1000 0.1 1000 30 31.5904 0.9542

1000 10 1000 0.3 0.3156  0.9640

13



Table 3.2. 95% PIs for Right Censored EXP(1) Data

n A B 3/4 length coverage

50 1 5000 3 33130 0.9632

50 05 5000 6  6.6383  0.9570

50 2 5000 1.5 1.6570  0.9578

50 0.1 5000 30 33.7727 0.9550

50 10 5000 0.3 03314 0.9614

100 1 5000 3  3.1814  0.9592

100 0.5 5000 6 63623  0.9552

100 2 5000 1.5 1.5918 0.9536

100 0.1 5000 30 322109 0.9618

100 10 5000 0.3 03180  0.9562

1000 1 5000 3 3.0665  0.9544

1000 0.5 5000 6  6.1398  0.9532

1000 2 5000 1.5 1.5337  0.9570

1000 0.1 5000 30 30.6792 0.9490

1000 10 5000 0.3 03070 0.9514

14



CHAPTER 4
KERNEL METHOD PROOFS

This chapter will use the kernel method to prove some results that are used in the life contin-

gencies actuarial exams.

4.1 THE KERNEL METHOD

Using the fact that a probability density function integrates to 1 is often useful for integration.
Similarly, a probability mass function (pmf) sums to 1. Notation such as E(Y|0) = E¢(Y) or fy(y|@)
is used to indicate that the formula for the expected value or pdf are for a family of distributions
indexed by 6 € ©.

Following Olive (2014, pp. 12-13), the kernel method is a widely used technique for finding
Ef[g(Y)].

Definition. Let fy(y) be the pdf or pmf of a random variable Y and suppose that fy(y|@) =
c(@)k(y|0). Then k(y|@) > 0 is the kernel of fy and c(#) > 0 is the constant term that makes fy sum
or integrate to one. Thus f_ 0:0 k(y|@)dy = 1/c(0) or X ey k(y10) = 1/c(0).

Often E[g(Y)] is found using “tricks” tailored for a specific distribution. The word “ker-
nel” means “essential part.”” Notice that if fy(y) is a pdf, then E[g(Y)] = f_ D:O g fO@dy =

fy g()f(y|@)dy. Suppose that after algebra, it is found that

Elg(¥)] = a c(6) f K1)y

for some constant a where T € ® and O is the parameter space. Then the kernel method says that

« 0) 0
Ble) =ac) [ Okoindy = 2 [ cmkommdy = 100

1

Similarly, if fy(y) is a pmf, then

Elg)l= ) g0)f010) = > g0)f(16)
yif()>0 yey
where Y = {y : fy(y) > 0} is the support of Y. Suppose that after algebra, it is found that
E[g(Y)] = ac®) ) ko)

yey

15



for some constant a where T € ©. Then the kernel method says that

B @ _ac() _ac()
Elg(V)] = a C(e)y; oo = y;dﬂk(ym =

1

The kernel method is often useful for finding E[g(Y)], especially if g(y) = y, g(y) = y*
or g(y) = e”. The kernel method is often easier than memorizing a trick specific to a distribu-
tion because the kernel method uses the same trick for every distribution: ..y, f(y) = 1 and
fy oy JO)dy = 1. Of course sometimes tricks are needed to get the kernel f(y|r) from g(y)f(y|0).

For example, complete the square for the normal (Gaussian) kernel.

Example. To use the kernel method to find the moment generating function of a gamma (v, 1)
distribution, note that

v—1_,-y/A4 1

S N S _
0 = Ee )_fo e YT )

o 1
f yo! exp[-y(5 — D]dy.
0

The integrand is the kernel of a gamma (v, i) distribution with

L1 _1-d 1
—=—-—t= so n = :
no A 1 T 1"
Now
o |
vl gy = = AT(v)
fo g YT
Hence
(1) : fm "Lexp[-y/nld ) !
m(t) = exp[— = c(v, =
T Jy T TP o)
1 ny 1y
Vr =|— =
o) T (/l) (l—ﬂt)
fort < 1/A.

4.2 LIFE CONTINGENCIES FORMULAS
Many of the following formulas can be found in Bowers et al. (1997), Camilli, Duncan, and
London (2014), Cunningham, Herzog, and London (2008), Dickson, Hardy, and Waters (2020),

and Weishaus (2010).
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For life contingencies, the exponential(5) random variable = the gamma(yv = 1,4 = 1/B)

random variable with pdf
f(x) = Bexp(=px) I(x > 0) where g > 0.

Then the expected value E(X) = 1/, the variance V(X) = 1/52, and the cumulative distribution
function F(x) = 1 —exp(—Bx), x > 0. Here I(x > 0) = 1 if x > 0 and I(x > 0) = 0, otherwise. The
force of mortality u(x) = g for x > 0. Often S is replaced by u.

Let T, correspond to the lifetime of an object at birth or when the object is made. Let 7', be
the time until failure of the object given that the object has survived to time x > 0. If Ty ~ EXP(u),
then T, ~ EXP(u). This result is known as the memoryless property of the exponential distribution.
We use Z when the exponential RV is used.

Let £ > 0. Let fu(t) = fr.(t), Fx(t) = Fr.(1), S «(t) = S7.(t) and p(t) = pur (¢).

a)

S +t
pe= 20D g S P> 1) = P(Ty > x4 4To > 3) = S,(0)
So(x)

X+t !
= exp(- f Uy dr) = eXP(—f Havs dS)
X 0

Note that So(x + 1) = So(x)S (7).

b)
di=1— p= —%(;” = P(T, < 1) = P(Ty < x + 1]y > x) = F.A(1)
5
_ Jolx+1) _d _d
fi(t) = So) tDx Mxst = thx(t) = dth(t)
a)
_ Jolx+1)

Mxst = SQ(X + t) = ﬂO(x + t) = /Jx(t)

Suppose (x) buys insurance and dies at t > 0 years from purchase so T = T, = t. Suppose

1
a unit payment (eg of $100000, $500000 or $1000000) is made. Then v = i e™® and
i

6 =log(1 + i) = —log(v). Often use v' = ¢ and v*' = ™',
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The rule of moments for b, € {0, 1} (unit payment insurance) is if E[ Z ] = A= g(0), then

E[(Z)’] = /A = g(j6). This rule is usually used for j = 2. Often Z is used instead of Z.

I) Continuous whole life insurance makes unit payment at time ¢ = k with v, = v/, > 0 and
b; =1,t > 0. Then z; = b,v, = V', t > 0. The present value random variable Z.=zr = v'. Then the
actuarial present value APV = EPV = NSP =

A, =EZ)=E(W)=EE"") = foo Vifr(t) dt = foo e fr(t) dr = foo V' 1Dy Mase dt, and
0

0 0

A, = E[(Z)*] = E[0")"]1 = E(e ™) = f VI (0 dt = f e fr(t) dt = f VP P My dt.
0 0

0

The moment generating function of a nonnegative random variable T is my(z) = E(e7) =
fom e“ fr(t) dt provided that mz(z) exists in a neighborhood of z = 0. Thus A, = my(=6) and
2A, = mp(=206). A problem with this formula is 7 = T, usually does not have a nice distribution
or moment generating function even if 7 has a nice distribution.

IT) Continuous n year term insurance makes unit payment at time ¢ > 0 only if # < n, other-

wise no payment is made. Now v, = V', ¢ > 0,

1, t<n Vi, t<n
b, = z; = by, = and Z
0, t>n, 0, t>n, 0, T>n.

Then the actuarial present value APV = EPV = NSP =
A = EZoymy) = f e (1) dt = f V() di = f V' Py fhsr dt, and
0 0 0

1 1 7l _ 7l 7l
2 = B = f ¢ fr(t) dit = f V2 fr(e) it = f Ve e di.
0 0 0
The 1 above the x means unit benefit is payable after (x) dies if death is not after time n.

III) Continuous n year deferred insurance makes unit payment at time ¢ > 0 only if ¢ > n,

otherwise no payment is made. Now v, = V', ¢t > 0,
bt = and Zi = tit =

18



The present value random variable

vI, T >n.

Then the actuarial present value APV = EPV = NSP =

n|Zx = E(n|zx) = f e_&fT(t) dt = f thT(t) dt = f vt tPx Mx+t dl’ and

n n n

2iAL = E[GIZ)Y = f e fr(1) dr = f Vi fr(1) di = f Vv Py M d.
n n n
IV) Discrete = continuous n year pure endowment insurance makes unit payment at time n
only if # > n , otherwise no payment is made. Now

Vi, t<n 0, t<n 0, t<n
Vv = b, = and z, = byv, =

Vi, t>n, 1, t>n Vit > n.

Then the actuarial present value APV = EPV = NSP =

A =EZ )= ,E, :v"P(Tx>n):v"f f:(0) dt:v”f (Px Mxre dt =V" Dy

x:n| x:n|
(=V'P(K,>2n)=v'"Y 2 P(K,=k)=v"S,(n) =S, (n) and
A =EWZ 1= VP> = v f Sty dt = v f D fhs A1 =V py

x|

= vV'"P(K, > n) = v Y2 P(K, = k) = v*"S(n) = ¢S (n). The 1 above the 71| means unit
benefit is payable after (x) dies if death is after time n.

Also V(Z -*'|) =", Px nx-
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V) Continuous n year endowment life insurance is a term insurance plus a pure endowment
insurance, and makes unit payment at time t > 0 if t < n and at time n if t > n. Then b, = 1,1 > 0

and

Vv, = and z, = by, =

Note that the n year endowment present value random variable
= =1
Zyy =Z.;+Z 1, the sum of the n year term and n year pure endowment present value RVs.

x:n| 2
x:n|

Then the actuarial present value APV = EPV = NSP =

— — —1

Ax:ﬁl = E[Zx:ﬁl] = Ax:ﬁ\ +A ll = f thT(t) dt + VnP(T > I’l) = f Vt tPx Mx+t dt + V" nPx-
X 0 0

Similarly, [Z,z] = [Zyn]? + [Z AT and A, = A+ A

x:n|

= f V¥ fr(t) dt + v P(T, > n) = f V' Dy s At + VD
0 0

VI) A continuous n year deferred m year term insurance pays 1 unit at time ¢ only if n < ¢ <
n+mwithb, =0fort <nmandt >n+mand b, = 1 forn <t < n+m. Then z; = b,v, and

Zr=vr=e%forn<T <n+mandZr =0forT <norT > n+m. Then

_ _ 1 N n+m B
E(ZT) = nlmAx = ﬂ|Ax:ﬁ| = Ax( nkEx — n+mEx) = f e &fT(I)dt

It

K [ H+0) _ gm(rmuro)]
u+0

VII) Continuous increasing whole life insurance pays ¢ units at time ¢ and has v, = v/ = ¢

and b, = t for t > 0. So z, = b,v, = 1" and the present value RV Z=B, = 7r, = T.v'*. Hence the

APV =E(Z)=E[B]=(A), = f te™ f(t)dt = f V' Py M d.
0 0
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VIII) A continuous whole life annuity makes a continuous payment at an annual rate of 1 unit

per year as long as (x) survives. The present value RV

- 1V 1-2Z,
Ye=dr = ——-= .

0 0

The APV isa, = E(Y,) = f Vi pidt = f e S (t)dt where S ((f) =
0 0

So(x + 1)/So(x) = Sr.(¢). Note the ¢ in the denominator of the continuous annuity. V({Y,) =
V(Z) _ A= (A
P

— 1-7,
Y, = .
6 = 2A A \2
o 1 — . VZ) *A,-(A)
E[Y,]=a, = oS (Hdt £ ——. V(Y,) = = .
[]afoer() e V= .

Multiple life functions consider failure or survival of a sfatus of multiple lives. Insurance

is payable when the status fails. Annuities are payable as long as the status survives. For 2 life
functions the x and y are separated by a colon. So think of (xy) as (x:y), and (xy) as (x:y).
Notation x + n : y + n is also used. Let T, Il T, mean that 7, and T are independent. Usually
assume T, LT, 1L... UL T,,.

A joint life status for (xy) fails as soon as x or y dies. Let T, = min(7',, Ty) = time until 1st
death. A two life last survivor status for (xy) fails after both x and y die. Let T = max(7,, Ty) =
time until 2nd death. Then 7', + T = T, + T).

If Ty ~ EXP(uy) L Ty, ~ EXP(uy), then Ty, = min(Ty, Ty) ~ EXP(u, + ).

Let T,,,...,T,, be independent EXP(u;) RVs. Letu = (x;---x,) or u = x;---x,. Then

T = TL[ = Txl---x,,, = min(Txla ooy Txm) ~ EXP(Z/JI) Then ,LlT(t) = Z;’Zl,ui’ ST(t) = exp(_t Z:’il Mi)’

i=1

ew=E(T) = 1/() m) and V(T) = 1/(ZL, m)*.
i=1

IX) For whole life insurance, A, = E[Z,] = Zi:—l,,,lli, and ?A, = E[(Z,)*] = —Zizlnlj —.
O+ 2| Mi 20 + 200 i
_ 1 _ ZZM _ Zu 2
X) For a whole life annuity, a, = E[Y,] = ——;—, and V[Y,] = #
0+ 2y Mi 62
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4.3 SOME PROOFS
Let T ~ EXP(u) with S () = ™ for t > 0. Then E(T) = [~ tue™dt = [~ e™dt = 1/u. So
fow tDe P dt = fooo e dt = 1/D for D > 0. Use Z when the exponential RV is used.

0) Continuous whole life insurance with the exponential(u) distribution often has Z=bv =

u

e~ where b, = ¢” and v, = ¢*. Then E[Z] £ —L——
u+o-16

'L#'_gjprovidedu+§j—6j>0.

Proof: Nowf ue Hdt =1 sof e™dt = 1/uif u > 0. Hence
0 0

provided u + 6 — 6 > 0. Also

E[2Z)] =

E[Z] = f be™ ' ue™dt = f e ue™Mdt = ,uf P R P provided u+6—6 >
0 . 0 . 0 /010 +0-0

0. Also E[(Z)'] = f [bie™" Ve 'dr = f e e M dt = p f iy = K

0 0 0 H+6j—0j

provided u+6j—-6j>0. O

Notes: i) If b, = ce” and Z = byvy, then E[Z'] = E[(brvy)] = ¢/E[(evr)/]. So multiply
¢ = 1 formulas by ¢/. Usually want j = 1,2.

ii) If T = T, has moment generating function my(z), then E (Zj) =mr(@j—0)) = mp([0—05])).

I) Continuous whole life insurance: special case of 0) with 8 = 0.

u

Z.=e¢°T. A, = EZ) = E°T) £ £
u+

<, and *A, = E[Z)?) = Ee>) £ £

u+25
V(zx) = ZZx - (Zx)2~

Proof: Note that § = 0 corresponds to unit payment, b, = ¢” = 1. E[Z,] = f e e dt =
0

,uf e g = E provided y+6 > 0. Also E[(Z,)'] = f e Mye M dt = uf e "Wrody =
0 M+ 0 0 0

provided u+6j>0. O

H+oj
b b
Often fooo is replaced by fa ’ Thus E[Z] = f be e dt = f e ue™dt

b
u f e" W0 gy = %[e-aw-‘” — 7?91 provided u + 6 — 60 > 0. And E[(Z)] =
a M -
b b b
—o0t1j,, ,—Ht — @jt —ojt,, —ut — —t(u+06j—-07) —
[be™ Y ue™dt e’e M ue™dt = u e dt
H —a(u+8,j—0j —b(u+6j—0j

—[e(.u]])_e(ﬂjj)]
u+0j—0j

provided u + 6j—6j > 0.
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1 00 3 1 3
If D > 0, f De™Pdt = 1 — P, f De Pdt = ¢7"P, f ePdt = — f De Pdt =
1 0 n 0 D 0

© 1 0 1
—[1 - P, andf e Pdr = —f De Pdt = — P,
D ; DJ, D

. . -1 =1 - - -
IT) Continuous n year term insurance: A,z = E(Z ;) £ f e e dt = p f e gt =
0 0

=26t oM gy — f ~1(u+20) gy _ M 1 —
fo ¢ He ) R PR

7l )

|ty

[1 _ e—n(ﬂ+6)] and 2217 — E[(ZLEI)Z]

x:n|

u+o
e—n(}1+25)]'

IIT) Continuous n year deferred insurance:

A= EGZNE [ etperdr=p [ e = g
n n H+0

and

2 A, = E[IZ)"] = f e e dt = pi f e W gy = B [pntur2on,
n n M+ 20

IV) Discrete = continuous n year pure endowment insurance:

A L =E@Z )= B =V'P(T > n) = &S (n) = e " = ¢4

x:n| x:n|
and

A 4= EIZ 1= V"P(T > n) = ¢S () = ¢ g = 20,

Note: If S ,(¢) is easy to derive, then the above quantities can be obtained. Hence the expo-
nential distribution does not need to be used in hand calculations.

V) A continuous n year endowment life insurance with the exponential(u) distribution has

Zx:ﬁl = Zi;ﬂ +A .71| = Zi;ﬂ + 2By = Zx"' nEx(1 _Zx+n) = Zx""A .jl(l _Zx+n) £ ,Llli 5 +(e—6ne—,un)(1 -
H_y_ K sy O _ p+ 6T
u+o  u+o u+0o u+0

VI) A continuous n year deferred m year term insurance with the exponential(w) distribution

—_ — —1 _ n+m n+m
has EZr) = wwAc = alAum = A 4Ex = ninEy) = f e e 'dt = p f e W0 =

_[e—n(;1+6) _ e—(n+m)(y+6)].
u+o

VII) Continuous increasing whole life insurance: If T ~ EXP(u), then (IA), L ﬁ
VIII) A continuous whole life annuity makes a continuous payment at an annual rate of 1 unit

— 1
per year with the exponential(u) distribution has a, = E(Y,) L s
u
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_ 00 00 00 1
Proof: a, = E(Y,) = f V' padt Z f e e dt = f et = ——.
0 0 0 u+o

O

Proofs for IX) and X):
For a multiple whole life insurance with 7, ,...,T, as independent EXP(u;,) RVs and u =

(xi-xp)oru = x-x, withT =T, = Ty, = min(Ty,...Ty) ~ EXP(Z,u[), we
i=1

have Zu — E[Zu] — f e_&(Zﬂi)e_(zﬁlﬂi)tdt — Zﬂlf e_t(6+2:ilﬂi)dt — M and
0 i=1 i=1 0

6+ X i
24— 7 \21 — ” —(20)t N —(ZE mi)t — N ” 126+ 272 1) _ ?;1 Hi
A, = E[(Z,)"] = f e () ppe  ==1tdt = ,u,-f e =1Hdt = ———-——. For
0 ; ; 0 26 + 2 Mi
— 0 m 0 m 1
a multiple whole life annuity, a, = E[Y,] = f e e~ Ximml gy = f ORIt =
0 0 O+ 2y i

by using the kernel method. O
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