Math 501 Exam 3 Spring 2025
YOU ARE BEING GRADED FOR WORK

‘ 1) Suppose functions f, all have domain D=[0,1] for n = 1,2, .... Let the measure be
. L. measure dm. Let

[0, 1/n<z<1
f"(w)_{n, 0<z<1/n.

a) Find extended real valued function f such that f,(z) — f(z) everywhere: so for
all z € [0,1]. (Check f,(0) and f,(1) carefully. Note that f(z) = +oo is possible.)
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b) Compute [ f, dm. - » o oA = P !m " W fﬁjw«
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- % 2) Let function f be L. integrable in [a,b]. Let F(z / f(t)dt for all z € [a,b].

Show that f is of bounded variation.
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g 7~ 7, 3) Assume f is L. integrable. Prove that if m(F) = 0, then {5 f =0. Here the integral
’éf‘ is the L. integral, and you may use results from L. integrals for bounded functions and
for nonnegative functions in your proof.




4) a) State Lebesgue’s (Dominated) Convergence Theorem.
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b) Using the first half of the proof of the LDCT, let hn(z) = g{z) — fu(z). Then
hy 2 0 and by, — g — f ac on E. Since |f} < g, f is integrable. Apply Fatou’s lemma on

S E(Q’ - f) to prove that
1mLRSéﬁ

. » PO A
o , ' N -

{‘H’w A ._‘w]
!
£

e ? - E e
¢ he T Lo ﬁ”(” B

3,

oo £
o




5) Prove the following theorem. Theorem: A measurable function f is L. integrable
over a measurable set £ € Fyy iff |f] is L. integrable over E.




6) Th. Let u; > 0 be L. measurable functions over E € Fyr. Let f(z) = >0, u@(m)
forx ¢ E. Then [, f =

iui(a:)d:c = i wi(x)dz.
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Prove the above theorem using fo(z) = > o w(z), fo 2 0, fu T [ and f, are L.
measurable.




