Math 501 Final Spring 2025 Name
; YOU ARE BEING GRADED FOR WORK

Tl 2]

1) Suppose functions f, all have domain D=[0,1] for n = 1,2, .... Let the measure be

L. measure dm. Let / )
10, /<<l
fn($)~{ n, 0<z<1/n

a) Find extended real valued function f such that fulz) — f(z) everywhere: so for
t all z € [0, 1]. (Check f.(0) and f,(1) carefully. Note that f(z) = co is possible.)
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2) a) State Lebesgue’s (Dominated) Convergence Theorem.
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b} Using the second half of the proof of the LDCT, let k,(z) = g(z) + fo(x). Then
kn > 0 and k, — g+ f ae on E. Since |f| < g, f is integrable. Apply Fatou’s lemma on

fE(g + f) to prove that
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3) Let" A be a class of subsets of X. The o—algebra generated by A, denoted by
o(A), is the intersection of all c—algebras containing 4. Thus o(A) = NyeaFy where A
is the collection of o—algebras F) that contain A. Prove that o(A) is a o—algebra. .
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4} Let J be any nonempty interval with endpoints a < b where a = —oc and b = oo
are possible. Prove that the nonempty interval J is uncountable.
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5) Let c € R, f € L(D), g € L(D), and f; € £{D) be measurable functions with

domain D). O T GESent & B Ja EX2
a) Prove max(f, g) ¢ £{D).
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~% b) Prove | f| € L{D).
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6) The function f : D — Y is a measurable function (f € £(D)) if for each t € R,
[t 00)| = {z € D: f(z) >t} € Fu.
2 a) Prove that f € L(R) if f~'[[t,00)] = {z € D : f{z) >t} € Fy for each t € R.
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_ﬁ 7) Unless otherwise stated, assume f(z), g(z), and f;(z) are measurable and Lebesgue
integrable, and that all indicated sets are measurable.
a) Using linearity, if £ = U, E; where the E; are disjoint, then prove that || p fla)de =

2?:1 fEi flz)dz. y
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b) If f(z) < g(x) almost everywhere on F, then prove monotonicity: [, f(z)dz <
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8) A function f : [a, b] — R is absolutely continuous on [a, b] if given € > 0, 36 > 0 such
that Y o, | f(@i+h)—f(z:)] < e for every finite collection {(2;, 2;+h;) } of nonoverlapping
intervals with >"7 . |hs| < 0, wdtefe e Fny st ‘

;E a) Take n = 1 to show that an absolutely continuous function f is continuocus on
- U [a,b]. (The same proof can be used to show that f is uniformly continuous on [a, b].)
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/‘7 b) Let f be L. integrable on [a,b] and let F{z
a=Tg << x11l < -

= [T f(t)dt for z € [a,B]. Let
- < 2n = b be any partition 7 of [ ] Then

t—DF :U?,JI— / G dt‘

Use this result to prove that ¢ < ¢ < oo by finding ¢.
(Hence T' = sup, t < ¢ < oc and F is of bounded variation.)
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9) Prove that the outer measure m* is not finitely additive (and thus not countably
additive).
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