Math 581 HW 9 Fall 2025. Due Friday, Nov. 7.

Exam 2 and 3 reviews may be useful. For quiz 9, the exam reviews and oral exam
problems from the course website may be useful. 5 sheets of notes for the quiz.
Final: Monday, Dec. 8, 2:45-4:45.

1) A much better proof for showing convergence in rth mean implies convergence in
probability is given in this problem. If h(¢) is an increasing function (at least on the
range of W), then P(W > ¢) = P(h(W) > h(c)). Let € > 0. Then P(|X,, — X| > ¢) =
P(|X,, — X|" > €"). Now apply the Generalized Chebyshev’s Inequality from Exam 1
review 23) to show that if X,, = X, then P(|X,, — X|>¢€) — 0 as n — oo.

2) For eachn € N, let X,,1, ..., X, be independent RVs on probability space (2,,, F,,, Py)
with E(Xuk) = pink, V(Xur) = Urzzlw T, = 271:1 Xk, E(T) = pn = 2271:1 Pk, and
V(T,) = 0% = S, o

a) If v, > 0 and o, /v, — 0 as n — oo, use Chebyshev’s inequality to prove

P, {
Ve>0asn— .
b) (6.5 slightly modified): Let A, A, ... be independent events With P(A;) = p; and
Dp= x> pio Let Xop = Xp =1a, and T,, = > ) Xp = >0 Ia,. Let r, = n and
P, = P for all n. Use a) to prove

Tn — HUn
Un

Ze]—>0

P[n~'T, —p,| >¢ — 0

for all e > 0 as n — oo.

3) (27.4 a) modified slightly) For each n € N, let W, be independent with E(W,;) =
0, V(Wpi) = 02, and s2 =", 02,. Suppose |Wnk| < M, wpl and M,/s,, — 0. Verify
that Lyapounov’s condition holds.

Hint: [W, [>T < MSW?2, wpl for § > 0. Take expectations of both sides.

Y,
4) Let Y,, ~ x2. Find the limiting distribution of \/n ( ——1 )
n
Hint: See exam 2 review 92).
5) Suppose that Xi,..., X, are iid and that ¢ is a function such that E(t(X1)) = .
Is there a constant ¢ such that
i t(X) o,

— C !
n

Explain briefly.
Hint: Similar to Old Quiz 8 3a).
6) Let P(X,, =n) = 1.
a) Show Fl, (x) — H(z) as n — oo.
b) Let Mx, (t) be the moment generating function of X,,. Find lim, Mx, (t) for all ¢.
Hint: examinet < 0, ¢t =0, and t > 0.
c¢) Does X,, converge in distribution?



