Math 581 Exam 1 Fall 2021 | Name

1) Suppose A, Ag, ... are independent, that )~ P(A,) < oo and ¥ P(4°) = .
Find P(limsup, A,), find P(liminf, A,) and if P(A,) — ¢, find ¢. Was independence
needed?
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where m is the smallest positive integer such that a + -~ < 6 — — since ie,d] =0 ife>d. |
m m

I'is equal to an interval. Find that-interval.
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Let {A;}2; be a sequence of sets such that P(A4,) =0 Vn. Prove
P UA7; = (. 5
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b) Let {B;}°; be a sequence of sets such that P(B,) = 1 ¥n. Then P(BE) = 0 ¥n,
and by a), P ({J:2, Bf) = 0. Prove P (
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4) For an arbitrary sequence of events {4,},

P{liminf, An) < liminf, P{A,) < limsup, P(A,) < P(limsup, A,).

Also, limy, oo Zn, = z iff liminf, z, = limsup, ¥, = ¢ where z,,z € R

) Use these results to prove that if lim,_,.c A, exists, then P{lim,, . A,) = lim, .o P(4y)
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b) let {A,} be a sequence of events with the same probablhty P(A ) = p ¥n. Prove

P(limsup, Ay) > p.
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5) Let A be an arbitrary nonempty index set, and for A € A, let Fy,

2. Prove that F = ﬂ F is a o—field on Q.
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7) Prove DeMorgan’s law ﬂ Ax| = U A}, where N > n, n is a positive integer,

k=n k=n
and N = oo is allowed. e e, +ee A Lo

o
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8) Let p be a measure on (Q,F), and let 4, B, A; be F sets. You may assume
finite additivity: if Ay, ..., A, are disjoint, then p(Uj_, A;) = S0 p(A;). If A C B and
#(B) < o0, prove u(B — A) = p(B) — p(A).
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