Math 581 Final Fall 2021

1) Prove (limsupnA,)° = liminf, B, and find B,.
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{a}, (a,a) = 0.
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2) Simplify the following sets. Answers might be (a,b),[a,d), (a,b],[q, bl, a, a
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3) Fix (2, F,P). For a random variable X, prove that the induced probability

i Px(B)=P[X B )] for Be B(R) is a probablhty measure on (R, B(R)). You may use
* without proof i) X~(R) = €, ii) X~ L) =0, and 111) XY m_lB) = U2 XY(B).
) If Acw% dre Dot yEen X ard 518 are desjond.
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(\1\4 Let o(X) = = the collection {X~YB): B € B(R)}. Prove that o(X) is a o-field. You |
 may use Wlthout proof i) X~H(R) = , ii) X1(0) = 0, iii) X~ (U2, B:) = U2, X~H(By),
- o iv) if A and C are disjoint, then X~*{A) and X~1{C) are dlSJOlIlt g d

V) e DEE xTe),
0’\7 xR = € ok ]

f) Lot b om) Thes
%g. - )(M { JZ Lo GoE B e [&%Z/i

« | e O R R o R
)O /-E% ) . k ’) ’\f?\ fr‘:; ; } ;w >< | / L ,} : H(fx‘n f{”_m {M} {:}( /)
N - ¢ ‘ I o




i.};m 5) Suppose A;, Ay, ... are independent, that P(A,) = oo and > P(A%) < oo.
Find P(limsup, A,), find P(liminf, A,) and if P(A,) — ¢, find ¢.
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6) Prove the following theorem: If X,, > 0, then E[> 2, X,] = 320 E[X,].
Hint: Let 0 <Y, =37 Xpyandlet 0 <Y =3 X,,.
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7} Let X, ~ binomial(n, p). Find the limiting distribution of v/n ( Zn _
n

P) . Note

that X,, £ Yoo, Y; where the Y; ~ binomial(1,p) are iid.
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. 8) Let W ~ N{pw, 0% ) and let X ~ N,{(u, ). The characteristic function of W is
) 14?
ow (y) = E(e"") = exp (iyuw - 56&1) :

Suppose W = t7X. Then W ~ N(uw, 0%,). Find py and o2,. Then the characteristic
function of X is

ox () = Bt X) = ow(1). L.
Use these results to find ¢ x (). ,
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9) Suppose X1, ..., X, are iid kx 1 random vectors where B(X;) =1 = (1, ..., )T and
Couv(X;) = Ity = diag(l, ..., 1), the k x k identity matrix. Find the limiting distribution
of /n(X — ¢) for appropriate vector c.
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o ’i 10) Suppose X is an integrable random variable on (Q, F, P) and that o-field G C F,

G e G, and A € F. Then BE(X) = [ XdP = [, XdP. Use the definitions of E(X|G)
and P(A|(G) to find the followmg integrals. Simplify. .
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% 12) Fix (Q, F,P). Let X : @ — R. Then X is a measurable function or random

variable if X71((~00,t]) = {X <t} ={w e Q: X(w) <t} e FViteR If X and ¥ are
random variables, prove that W = max(X,Y) is a random variable.
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