MATH 530- Dr. Z. Ye Final Exam  Fall 1993

1. (40 pts) True-False. If the assertion is true, quote a relevant theorem or reason, or give
a proof; if false, give a counterexample or other justification.

a) If f is a bounded function in [0, 1], then f is measurable in [0, 1].
b) If O is an open set in R, then m(0) is positive.
c) Any continuous function f in an interval I is a measurable function in I.

d) Let f be bounded in [0, 1]. If f is measurable over [0, 1], then f is continuous at
least at one point z with 24 € [0, 1].

e) Let f be a measurable in a set E. If |f] is integrable over E, then f is integrable
over F.

f) Let E be a bounded set in R, then every characteristic function of the set F is
integrable over R in the sense of Lebesgue.

g) Every absolutely continuous function on [a, b] is differentiable almost everyWhere
on [a, b].

h) Every absolute continuous function in [0, 1] is uniformly continuous in [0, i

2. (20 pts) Assume a set A is measurable and m(A) < co. Set ¢(z) = m(AN (~o0, z]).
Prove.

(i) ¢ is continuous in R.

(ii) If A is a bounded set with m(A) > 0, then, for any » with 0 < 5 < m(A), there
exists a set B C A such that m(B) = n.

3. (25 pts) Let f be integrable over E. Prove.
(2) tlirgm({x €EE: [fl>t})=0.

(i)  lim If] = o0.

t=oo J{zeE: |f|2t)

4. (20 pts) Let Q be a set of rational numbers in R. Let

- 1’ 1f:v€Qﬂ[01,
f(z) = { In(1 +.$), ifz €0, 1]\ Q.

1
Find (R)/{; f(z)dz and /{0 5 f(z)dz if they exist.

5. (30 pts) Let p € (1, 00). Let f, be a sequence of functions such that fn — f ae. with
f €L, and f, € L,. Then ||f, — f||, — 0 if and only if fulle = 11 £]lp, as 7 — oco.



6. (25 pts) Let

f(z) = /Ooo sin(z? + t2)e~? dt.

Prove f is continuous in R.

7. (20 pts) Let f be continuous and differetiable in

[0, 1]. If there is a positive constant

M such that |f'(z)] < M for all z € [0, 1], then f is absolutely continuous in [0, 1.

T
8. (20 pts) Prove / e Yising do < 7%/4,
0
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Examination B
Analysis
June 1993

Instructions: All candidates should attempt 4 of the 5 problems in Part A. Those tak-
ing the 2-hour examination should work 4 of the 10 problems in Part B. Those taking the
3-hour examination should work 8 of the 10 problems in Part B. Clearly indicate which
problems you wish to have scored.

PART A. Work 4 of the 5 problems.

/

4
Al. Let {z,}32, be a sequence of real numbers.

(a) What does it mean to say that {22332, is a Cauchy sequence of real numbers?

(b) Suppose that [z,4; — z,| < 1 /2" for all n. Prove that the sequence {2n}32, converges.

A// ;Let A be a non-empty subset of R, and let f+A— R be a function.

\/ (a) What does it mean to say that f is uniformly continuous on A?

Determine whether each of the following functions is uniformly continous on the
indicated domain:

o e = & Copr L e D&
(b) f(z) = 1722 A=R T &€ ¢ | v
(c) f($)=$*11-,11={z:0<x<1}

A3. Let a and b be real numbers, with a > 0. Prove that the equation z3 4 az + b = 0 has

exactly one real solution. Carefully state any theorems that you use in reaching your

conclusion.

A4. Consider the transformation f : R2 — R? defined by f(z,y) = (xz, :BZ_Z-T)

(a) Find the range of f = {f(m,y) (z,y) € Rz}, and show that each point in the range
of f is the image under f of either one or two points in R?,
(b) Determine the set of points in R where f has a local inverse function. At such points,

compute an explicit formula for the inverse function.



V)
~Q
"\\/\\
/’\/

oo
A35. Consider the infinite series of functions Z —z—
n=1 n(d} + n)

(a) Show that the series converges pointwise on [0,00) to a function f(z). Show that the

convergence is uniform on any bounded interval [0, 8], where 0 < b < oco.
N

(b) Let Sw(a) = 3~ —2 Z[l— - I

=in(z+n) =n=1 n z4n
1 N 1
Show that /0 Sn(z)dz = [Z ;J —In(N +1).
n=1

- .
(c) Using (a) and (b), show that Nlim ([Z %} —In(N + lgexists and is finite.

n=1



PART B. Work 4 of the 10 problems for the 2-hour examination. Work 8 of the 10 problems

for the 3-hour examination. Clearly indicate which problems you wish to have scored.

BT. Let E be a Lebesgue measurable subset of [0, 1].
\/B (a) Show that if m(E) = 1, then E must be dense in [0,1].
(b) Show that if m(E) = 0, then E must have empty interior.

(c) Is the converse to either (a) or (b) true? Give reasons for your answer. (.

B2. Let f: R — R be a function which is differentiable at every point.

L(a) Show that f/: R — R is a Lebesgue measurable function.

Ab) Will ' always be a Lebesgue integrable function? Give reasons for your answer.
w

B3. Let B be a Borel set in R. Show that there is a sequence {F,}2  of closed subsets of R

such that B is a member of the smallest o-algebra of subsets of R which contains all the -
E;.

B4. Let {£,}32, be a sequence of real-valued Lebesgue integrable functions defined on R such

J that for each n, 0 < f,11(z) < fa(z) a.e. Prove that {f,}%, converges pointwise a.e. to
f(z) = 0 if and only if lim /R fa=0. *

t
S

1
- Define f: [0,1] — R by f(z) ={ A (:v_z)’ z 70
0, =10

(a) Show that f is differentiable at every point of [0, 1], but is not a function of bounded

variation on [0, 1].

(b) Isit true that f(z) = /Ox f'(t) dt for each 2, 0 < z < 17 Give reasons for your answer.
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