Examination B
Analysis
January 1994

Instructions: All candidates should attempt 4 of the 5 problems in Part A. Those tak-
ing the 2-hour examination should work 4 of the 10 problems in Part B. Those taking the

3-hour examination should work 8 of the 10 problems in Part B. Clearly indicate which

problems you wish to have scored.

PART A. Work 4 of the 5 problems.

Al. (a) Prove that if {a,} is an increasing sequence of real numbers bounded from above,

2 then {a,} is convergent.
7377/
D&~ . :
‘( 4 R (b) Use the result in part (a) to prove that {an} given by a; =1, @, = V2, forn > 2,
| ‘}':\'-‘ A . .
/Lﬁ; | 1s convergent.
3 . . .
A2. (a) If f(z) = =T o 3 < z < 6, prove directly that f is uniformly continuous on [3, 6].
i % 21, (b) Prove, using the definition of uniform continuity, that f(z) = S is not uniformly
a { k. continuous on (1, 3]. Can you quote a theorem which yields the same conclusion?
L E‘ r A : ‘ ‘
A3. Let
sinl/z |, z#£0
flz) =
0 y =1
Prove that f is continuous and differentiable for all z and that f’ is continuous, but also
that f’ is not differentiable at z = 0.



A4. Let f: R* — R! be given by
fz,y) =3z +4°
(a) Prove that f is uniformly continuous on Dy =10,1] x [0,1] (an e — ¢ argument!)
(b) Prove that f is not uniformly continuous on Dy = fO, 1] x [0, c0).
bz
AS5. Let fk(.’l?) = m
(a) Find the pointwise lim fe(z) for z € R.
k—o00

(b) Show that fi(z) does not converge uniformly on any interval of the form [0,¢), ¢ > 0,

but does converge uniformly on [1, co).



PART B. Work 4 of the 10 problems for the 2-hour examination. Work 8 of the 10 problems

B1.

B2.

B4.

for the 3-hour examination. Clearly indicate which problems you wish to have scored.

Let G be an open set and E be a measurable set in R with m(E) = 0. Prove

mG = m(G \ B),

where 4 is the closure of set A.

Let f be a measurable function in a set E. Suppose that G is an open set and F is a

closed set. Are
E(fEG)E{xEE:f(m)EG} andE(fEF)E{xEE:f(z)eF}

measurable? Justify your answers.

. Let E and E; (i = 1,2,.. .) be measurable sets in R and [ be Lebesgue integrable over

E. If E; C E for all 4 and l_1)r£1° mE; = mE < oo, show

lim [ f(z)dz = /Ef(z) dz.

i—00 E;
Let f and f, be measurable and non-negative functions in [0, 1]. Suppose
Am fo(z) = f(z) a.e. in [0,1] and Jim - fodz = /[0’1] fdz < oco.

Show that if E is any measurable set in [0,1], then

/Efnd:v—}[Efdx.

- Let f be Lebesgue integrable in [a,b]. Set

F(z) = / “f(#)dt, for 5 € [a, )],

Show that F' is of bounded variation.
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