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5.2.1. Fräıssé’s Theorem 113
5.2.2. Ehrenfeucht-Fräıssé Games and 0–1 Laws 116
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Preface

In the late 19th and early 20th centuries, logic and probability were frequently
treated as closely related disciplines. Each has, in an important sense, gone its own
way, so that neither, in its modern form, is in any proper sense a systematization
of the “Laws of Thought,” as Boole called them.

However, the last four decades have seen a remarkable rapproachment. On the
most obvious level, the various probability logics have developed as formal systems
of reasoning in the modern sense of logic.

At a deeper level, though, attempts have been made to formulate logics in
which model theory of random variables, stochastic processes, and randomized
structures can be explored from the perspective of model theory. Continuous first-
order logic as a context for stability theory on metric structures is perhaps the most
conspicuous example, but others exist.

At the same time, algorithmic randomness in its various forms has come to play
a core role in computability theory, while probabilistic computation of various kinds
(randomized computation, interactive proofs, and others) has come to dominate
major parts of computational complexity. The older recursion-theoretic program of
machine learning, initiated by Gold in the 1960s, has become much more important
thanks to Valiant’s reformulation in probabilistic terms to allow for reasonable
errors.

The model theory of random objects, Fräıssé limits, and pseudofinite structures,
each of which embodies some important aspect of 0-1 laws, has been important for
longer, but advances in stability, simplicity, and the transition from finite to infinite
model theory have enriched this subject.

In set theory, too, the study of dynamics that respect probability measures has
played a central role in the study of equivalence relations. Probability is frequently
at the center of modern descriptive set theory.

Nor have these developments been independent. The PAC learning theory of
Valiant is inextricably linked to the model theory of NIP theories. The dynamics of
computable Polish spaces have become an important emerging area in computabil-
ity. Randomized computation is the natural computation on metric structures.
Notions of random structures have become intertwined with algorithmic random-
ness, and are naturally described in continuous first order logic.

Many of these developments have been adequately treated in isolation by vari-
ous books. Probability logic has been discussed at length from various perspectives
in [10, 241, 244, 397, 422]. Bayesian networks are well-covered, for instance,
in [221, 400, 401], and a monograph on adapted distributions also exists [181].
Randomized computation has a detailed treatment in [31]. Algorithmic random-
ness is the subject of three relatively recent books, [159, 390, 196]. Zero-one
laws are treated at length in [166, 232], and other places, and [268] includes an
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extended treatment of Fräıssé limits. Random graphs are extensively covered in
[75, 126, 341]. The definitive reference on PAC learning is [300]. In the field of
set-theoretic dynamics, there have been several treatments at several levels of de-
tail, among which [56, 262, 301, 306] merit special mention. There is no shortage
of book-length treatments of subjects within the range of this book.

However, a reader in a well-stocked library might well pass all these separate
books without knowing that they had anything substantive in common. Indeed,
one could read most of them in detail — in addition to the long papers that give
strong expositions on many related subjects (the seminal paper [62] on continuous
first-order logic comes to mind) — without finding a commonality.

It is true that [240] describes connections between probability logics and Bayesian
networks. However, it is silent on the rest of these issues.

The present book, then, attempts to take a unified — or, at least, unifying
— approach to this subject. The expanding literature in each of these fields has
seen more interaction between them, so that a model theorist might well want to
know more about the frontier of probabilistic work in set theory, or a computability
theorist more about the relevant work in model theory.

We focus here on mathematical logic and probability. Probability logic and
its relatives seem frequently to arise as works of philosophical logic, and this has
implications for the questions that are asked about it. Frequently it is seen in
connection with the theory of rational decision, as in [244]. Mathematical logic,
by contrast, asks about computability and undecidability; about theories and their
models; about reducibilities and regularity of sets. Alternate logics are of inter-
est to mathematical logic inasmuch as they provide the necessary infrastructure
for carrying out this program in interesting settings. Applications of logic to ar-
tificial intelligence and other modeling contexts are important, but they arise as
applications of the theory, not as its defining elements.

Chapter 1 begins to lay out the central thesis of the book: that all the other
chapters have something to say to one another. This is done by identifying several
important cross-cutting themes that come up in several of the other chapters.

In the next chapter, we begin the technical section of the book by describing
the various logics useful for probability. Continuous first-order logic has a central
role, not least because it generalizes many others. Probability logic is extensively
studied, and is explored here as well, as are some other approaches.

In a third chapter, we will consider the theory of algorithmic randomness, with
special attention to normal numbers, Martin-Löf randomness, and their relation
to computation. This treatment will not be complete, of course — the subject is
well-covered elsewhere. Rather, the focus will be on those aspects of algorithmic
randomness that interact with other areas of advance in the logic and probability
community.

The chapter on randomized computation involves the leap of reasoning that
computability and complexity still have something to say to one another. Recent
work on generic and coarse computability, as well as that on derandomization,
descriptive complexity, and continuous first-order logic support this hypothesis.

The following two chapters will take up the various approaches to random struc-
tures. The investigation of random structures seems to have arisen historically from
the study of random graphs, which invited generalization to 0-1 laws, and which



PREFACE ix

connected with the earlier beginnings of Fräıssé limits. More recent approaches con-
sider the “random” structure as a single structure that somehow embodies the pos-
sible variation — graphons, Keisler randomizations, invariant random subgroups,
and the like. Others use algorithmic randomness to define the structure.

In taking up the problem of learning theory, there is a fair viewpoint from
which learning after the tradition of Gold, probably approximately correct (PAC)
learning after the tradition of Valiant, and the model theory of NIP structures are
wildly different fields. The chapter devoted to these topics takes the opposite view.
Valiant’s definition is a natural extension of Gold’s framework, and the theory of
Vapnik-Chervonenkis dimension governs both PAC learning and NIP theories.

The final chapter surveys the general area of dynamics. An introduction to
orbit equivalence relations and Borel cardinality is given, and several topics on
the relation of measure to equivalence relations are considered, including the im-
plications of ergodicity and Hjorth’s notion of turbulence. Recent model-theoretic
approaches to Szemeredi Regularity and Furstenberg Correspondence belong here,
too, as does the characterization of 1-randomness by the Ergodic Theorem and the
emerging theory of computable Polish spaces.

Of course, some limits must be set on the content of such a book. For instance,
a new line of thought has arisen in recent years over categorical treatments of
probability [201, 202, 398]. In view of traditional [353] and recent [120, 250,
249] work on connections between category theory and logic, this work is certainly
interesting and relevant, but it is hard, at this stage of the theory, to explain its
relationship to the other work.

The book is to be formally self-contained, but realistically anticipates a reader
who has completed a first course in logic at the graduate or upper undergradu-
ate level. Such a reader will, after reading the book, be prepared to understand
the frontier of the research literature in probability-related areas of computability,
model theory, set theory, and logical aspects of artificial intelligence. There is an
important place in the world for a reader equipped in this way: A major part of
logic in the coming years will involve connections between these fields, and those
who understand something of all of them will be well-poised to contribute.



CHAPTER 7

Learning and Independence

7.1. The Learning Problem

The basic problem of machine learning is to create an algorithm that can im-
prove its own performance on some task. This is desirable in cases where the
programmer cannot predict all of the situations in which the algorithm should be
able to perform well, or in which the algorithm is looking for things that the pro-
grammer does not understand at the outset.

The second situation is becoming quite common. It happens — and has hap-
pened to this author — that scientists collect an enormous body of data, and then
ask a convenient mathematician, statisitician, or computer scientist, “What is im-
portant here?”

At least for a broad range of applications, we can model the learning task by
the idea of learning sets. There is a large set, called the instance space, from which
individual inputs will be drawn. The target is a particular subset of the instance
space.

The target should, on the whole, be unknown to the programmer. Possibly we
may allow some guarantees about the form of the target, but the set itself should
be unknown. Then the algorithm is given some examples, called the training set.
In some models, it is given only elements of the target. In others, it is given
both elements and non-elements, labeled. These two classes are forms of supervised
learning. In other models still, the learner receives some feedback from changes
that it makes, so that it can see when it has improved its hypothesis, in what is
known as reinforcement learning. Depending on the particular model, there may
be restrictions on how the training set is selected.

The ultimate goal of the algorithm is to identify the target set from the training
set. Of course, without some restriction this is impossible. Certainly if the training
set is finite and the instance space (as usual) is not, then many different sets agree
with it, and are equally possibilities for the target set. We can address this by
allowing the training set to be infinite (usually given one element at a time), but
then the difficulty is one of convergence: If, at any finite point, the algorithm halts,
it has seen only a finite training set.

Consequently, most models of learning either weaken the convergence criterion
for the algorithm or weaken the sense in which the algorithm must identify the
target set correctly. Sometimes both weakenings are made simultaneously.

In the case of a convergence criterion weaker than halting with output specifi-
cally identifying a set, we usually ask that the algorithm output a sequence of iden-
tifiers which converge, in some sense, to a description of the target. In this sense,
the convergence is the sense in which the algorithm is improving its performance.
If we do require the algorithm to halt, then it has still improved its performance if

183



184 7. LEARNING AND INDEPENDENCE

the set it identifies is somehow closer to the target than any identification it could
reasonably have made before the computation.

This type of learning problem, in which a set is to be learned, is called a
classification problem. Many classical learning tasks are not transparently the
learning of sets, but could be understood this way. For instance, one sometimes
asks a robot to learn the layout of a maze. While there may be many more efficient
representations, this is equivalent to learning a set. Indeed, we could understand
the instance space to be the set of pairs of locations in the maze, and the target set
is the set of pairs immediately accessible from one another, using only unobstructed
paths.

This brings up another important point about the machine learning literature.
One can productively think about what formal definitions to use in order to model
learning and in order to prove whether a particular learning task is possible or not.
On the other hand, there is a large literature that takes the possibility of learning
as given, and then approaches how to do it most efficiently. Those familiar with
the division of computability and complexity on one hand, and algorithms on the
other will recognize a similar difference here.

While there is probably important work to be done in logic in this second area
of how to make an algorithm that will learn efficiently, the bulk of the literature to
date seems to be in the first direction, and that is where the present chapter will
place its focus.

7.2. Learning c.e. Sets to Equality and Almost Equality

In 1967, E. Mark Gold attempted a mathematical model of the problem of child
learning of grammar. He took as a starting point the (disputable) observation that
children are seldom informed of their grammatical errors, and any corrections they
do receive seem to have limited impact on their language learning. Intuitively, it
should be very difficult — even impossible — to learn a language in this way.

Of course, the idea that a language has static underlying rules of grammar with
a well-defined set of “correct” sentences might well be considered more problematic
than Gold gave it credit for. In fairness, this model arises in a broader school of
thought in which Chomsky [123], for instance, likened a grammar to a scientific
theory, where the set of grammatical sentences should represent a theoretical pre-
diction of how the natural language will work. Later work in the same theoretical
framework extended it to account more completely and explicitly for the contin-
gency of language on a particular “speech community,” for the distinction between
the observed external utterances used (the E-language) and the language as it is
internally understood by its users (the I-language), and many other features [124].

He asked, “Is there enough information in a text, even one of unlimited length,
to allow the identification of a context-free language?” That is, if we are presented
only with many instances of grammatically correct sentences, can we learn the true
rules of grammar from this? His paper [222] proposes several models for learning,
including models that would distinguish the case of having only positive examples
from those that would involve some kind of correction of errors.

To model the situation of language learning, Gold identified a language with its
set of grammatically correct sentences. Up to routine issues of representation, this
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set could be understood as a set of natural numbers. It is a routine assumption, at
least since Chomsky, that the grammar should be computably enumerable.

The problem, then, is, given an unknown computably enumerable set, to de-
termine its index. The exact conditions under which an unknown set is “given”
and the exact standard for “determining” its index vary from model to model. In
all of these models, an algorithm, called the learner, is presented with a surjective
enumeration η : N → S. The learner computes a function L : N<ω → N. We will
give various definitions of success for the learner, expressed as conditions on the
convergence of the sequence (L(η �t) : t ∈ N) and on the form of η. Harizanov’s
survey [245] contains a useful collection of models and recent results, and [278] is
a standard reference.

Notice, also, that if we make a “promise” about S, that may change things.

Example 7.2.1. Suppose that the learner knows at the outset that S is {n}
for some n ∈ N. In this case, as soon as we see an element enumerated into S, we
can be confident that we know S.

The “promise” is given as a “concept class.” That is, we have a set C ⊆ P(N)
such that the learner knows at the outset that S must be an element of C.

Gold proposed several variant models of learning, which vary, at least, in the
conditions of training, learner power, and conditions of correctness. In the training,
we can consider the following conditions:

Arbitrary Text: η may be an arbitrary surjective function
Computable Text: η may be any computable function
“Nice” Computable Text: η may be any computable function with prop-

erty P , where P ranges over any complexity or regularity properties one
might care to specify.

We also consider the power of the learner. If the learner is restricted to a
computable function L, then Gold called it “effective.” He also considered the
broader class of unrestricted (“ineffective”) learners.

Considering conditions of correctness, Gold identified the following variations:

Tester: ϕgt = χS
Generator: S = Wgt .

Even at this level of generality, some results are possible on conditions of learn-
ing.

Definition 7.2.2 (Gold). The Collapsing Uncertainty Condition is satisfied if
and only if the following holds: Let Ct be the set of all elements of C which are
consistent with η �t. Then Ct must be a decreasing sequence, with a singleton limit.

Theorem 7.2.3 (Gold). For ineffective identifiability in the limit, the collapsing
uncertainty condition is sufficient.

Proof. Recall that, since all target sets under consideration are computably
enumerable, we can enumerate C = {cn : n ∈ N}. Then we define L(η �t) to be
the least element of Ct. Note that if the enumeration of C is computable, then L is
computable.

To show that this works, note that S ∈ C. Suppose that S = cn. Then
there are at most n − 1 different objects before this position, and the collapsing
uncertainty condition implies that there is some finite time at which each of these
is eliminated. �
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There have been many sets of notation proposed for the learning theories arising
out of Gold’s work. There seems, in the more recent literature, to be a convergence
on the notation found in [278], which draws on some of the earlier notation tradi-
tions, and which is used here. The first notion we will consider is called explanatory
learning. The idea is that the learner’s sequence of guesses should converge to a
single index, representing a single algorithm to generate S.

Definition 7.2.4. A learner L : N<N → N Ex-learns a c.e. set S from text
(we sometimes write that L TxtEx learns S) if and only if for any enumeration
η : N� S, the sequence (L(η �t) : t ∈ N) converges to an index for S.

Again, context matters. It is not hard to learn a set in isolation, with no
credible distractors.

Proposition 7.2.5. Every c.e. set S is EX-learnable from text.

Proof. Let e be the index for S. Then define L to be the constant function
with value e. �

To provide the necessary context, we generally speak of a concept class, or a
class of c.e. sets.

Definition 7.2.6. A learner L learns a class of c.e. sets C if and only if L learns
every element of C.

The following result, due to Lenore and Manuel Blum [73], demonstrates a
sense in which TxtEx learning is really as hard as it intuitively feels like it should
be. It is interesting, in our present discussion, to note that the Blums identified
the “philosophical basis” of their work as arising from Popper’s Logic of Scientific
Discovery [410], which contained some ideas on algorithmic randomness that we
discussed in Section 3.1.1.

Theorem 7.2.7 (L. Blum and M. Blum). If L can TxtEx learn a c.e. set S,
then there is a finite sequence σ of elements of S, called a locking sequence, such
that if the learner outputs e after seeing σ, then S = We and L(τ) = e for any
τ ⊇ σ.

Proof. Suppose that L converges on all sequences, and suppose that there is
no σ as described in the statement of the theorem. Then for each finite σ ⊆ S
with WL(σ) = S, there is some τ ⊆ S extending σ such that L(τ) 6= L(σ). We now
produce some enumeration η of S on which L fails to converge to an index for S.

Let η0 : N� S, and set σ0 = ∅. At stage t+ 1, we check whether WL(σt) = S.
If so, then we find some τ ⊇ σt within S such that L(τ) 6= L(σt). Then we set
σt+1 = τη(t). On the other hand, if WL(σt) 6= S, no attention is needed, so we set
σt+1 = σtη(t). Let ξ =

⋃
t∈N

σt. Note that ξ : N � S. However, for each t where

L(ξ �t) = S, we have some t̂ > t where L(ξ �t̂) 6= S. �

The theorem on locking sequences is frequently useful in negative results on
TxtEx learning. The following result lifts a similar idea to learning a class of sets.

Proposition 7.2.8 (Angluin 1980). Let C be a class of c.e. sets. Then C is
EX-learnable from text iff for every S ∈ C there is a finite DS ⊆ S such that for no
U ∈ C do we have D ⊆ U ⊆ S
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Proof. Suppose that L TxtEx-learns C. Then for each S ∈ C, choose a lock-
ing sequence DS . Now if DS ⊆ U ⊆ S, pick an enumeration η of U such that
ran (η �t) = DS for some t, and note that the sequence {L (η �t) : t ∈ N} converges
to an index for S, since DS is a locking sequence. Consequently, L does not converge
to an index for U on every enumeration of U . �

From this result, we can prove the following negative result.

Example 7.2.9. Let C be the class consisting of N and all of its finite subsets.
Then C is not Ex-learnable from text.

We might (and Gold did) consider an even more strict standard of convergence.
Ex-learnability allows an arbitrary finite number of incorrect hypotheses before the
learner settles down on the correct one.

Definition 7.2.10. We say that L TxtFin-learns C if and only if for any enu-
meration η : N � S, the computation L(η �t) returns a blank for some initial
segment t < t̂, and for t ≥ t̂, we have L(η �t) = e, where S = We.

This notion does occur in the literature, for instance in [107], but we will
not explore its properties in detail here. It will become important in that the
convergence criterion of PAC learning in Section 7.3 matches this one better than
any of the others of this section.

TxtEx learning is restrictive in many ways. We first consider the “Text” re-
striction — that is, the restriction that we receive only positive information. This
was a major dividing line for Gold, who believed that “most children are rarely
informed when they make grammatical errors, and those that are informed take
little heed.” He found this observation discrepant in light of the restrictive nature
of text learning, and left open the linguistic problem of how something as complex
as natural language appears to be could be learned in this fashion. Gold’s only
cited source for this observation was a preprint of [376], whose published version
certainly had detailed descriptions of studies including subtle correction of chil-
dren’s grammar — for instance, when an adult rephrases the child’s sentence into
a nearby correct sentence — and children’s response to it. In any case, Gold did
recognize the importance of receiving both positive and negative information.

Definition 7.2.11. We say that L :
(
N<N)2 → N Ex-learns S from an infor-

mant (that is, L InfTxtEx-learns S) iff for any η+ : N � S and η− : N � Sc then
sequence L(η �t, ξ �t) is eventually constant on some index for S.

As we might expect, InfTxtEx learnability is a somewhat broader concept.

Example 7.2.12. Let C be the class consisting of N and all of its finite subsets.
Then C is Ex-learnable from an informant. Indeed, a learner can start outputting
an index for N. If N is not the target, then at some stage, L will see a nonmember
enumerated by η−. At that point, L will switch to the assumption that the target is
the finite set of members already enumerated by η+, and output indices accordingly.

Another respect in which TxtEx learning is restrictive is that it requires that
the learner produce exactly the target. That is, it most converge to an index for
S exactly. This is generally more precision than is needed in applications. Indeed,
we generally expect and accept some small amount of error. Of course, in a later
section, the amount of error tolerated will be expressed in terms of probability, but
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the context of learning subsets of N will initially hold us back from a full use of
probability. However, we can still approximate it by asking that the target set be
learned up to finite difference.

In apparently independent papers in 1982, Osherson and Weinstein [394] and
Case and Lynes [108] identified variant learning standards that allowed for errors
on finitely many instances. Case and Lynes also included variants allowing a fixed
finite bound on the error instances.

Definition 7.2.13. Let a ∈ N ∪ {ω}, and let S ⊆ N.

(1) If A,B ⊆ N and a ∈ N, then we say that A =a B if and only if |A4B| ≤ a.
(2) If A,B ⊆ N, then we say that A =∗ B if and only if A4B is finite.
(3) We say that L TxtExω-learns S if and only if for any enumeration η : N�

S, the sequence (L(η �t) : t ∈ N) converges to an index for a set S̃ =∗ S.

Learning a class of sets is defined, as before, by learning every set in the class.
Case and Lynes proved that for every a ∈ N ∪ {ω} we have a strict implication:
TxtExa learnability implies TxtExb learnability for every b < a. A modern proof
of this can be found in [278].

The importance of these classes from the point of view of probability is that
the finite sets form a hard core of “small” sets. They have natural density zero,
and any function µ : P(N) → [0, 1] which is finitely additive and takes value zero
on singletons must make all of these zero.

Building out from this core of small sets, Royer [426] described learning up to
small density of errors.

Definition 7.2.14 ([426]). Let r ∈ [0, 1]. A learner L TxtAExr-learns S if and
only if for any enumeration η : M� S, the sequence (L(η �t) : t ∈ N) converges to

an index for a set S̃ such that S̃4S has density at most r.

Royer shows that for any r1 < r2, we have TxtAExr1 ( TxtAeXr2 , and that
TxtExω (TxtAEx0.

We can relax the convergence requirements in a meaningful way, too. Every
computably enumerable set has infinitely many indices. We might refrain from
requiring the learner to converge on an index, and merely require that the learner
converge on a set. Such a learner is said to be behaviorally correct, in that while
the index it outputs (the explanation) may vary, it is consistent and correct in its
identification of the extension of the hypothesis set. In particular, we state the
following definition.

Definition 7.2.15. Let C be a family of computably enumerable sets.

(1) We say that a learner L TxtBc-learns S ∈ C if and only if for any enumer-
ation η : N� S, there is some N such that for t ≥ n we have WL(η�t) = S.

(2) We say that a learner L TxtBc-learns C if and only if L TxtBc-learns
every S ∈ C.

(3) Let a ∈ N ∪ {ω}. Then we say that a learner L TxtBca-learns S ∈ C if
and only if for any enumeration η : N� S, there is some N such that for
t ≥ n we have WL(η�t) =a S.

(4) We say that a learner L TxtBca-learns C if and only if L TxtBca-learns
every S ∈ C.

As before, TxtBca learnability strictly implies TxtBcb learnability for all b < a.
Moreover, the relaxation of the convergence requirements from Ex to Bc learning is
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incomparable with the relaxation of the correctness requirements from Ex to Exω

learning. The following result is well-known, and an outline of the proof can be
found in [278].

Theorem 7.2.16. Let TxtBc be the set of classes which are TxtBc learnable,
and TxtExω be the set of classes which are TxtExω learnable.

(1) TxtBc * TxtExω

(2) TxtExω * TxtBc.

More recently, Karn has developed density criteria for behaviorally correct
learning, and has shown that, again, the classes learnable up to given density form
a strict hierarchy, as in Royer’s results [291].

While the work on these notions of learning that is most relevant for the topic
at hand is mostly older, it should not be supposed that this topic has ceased to be
of interest. Indeed, there has been more recent work in learning countable algebraic
structures [470, 246], in classifying the Turing degree of learnability [67], and in
using these learning models to explore the effective aspects of Kleene’s Recursion
Theorem [107], to cite only a few examples.

It would be routine to define, for each r ∈ [0, 1], learnability notions TxtExr

and TxtBcr, where the hypothesis is required to be correct except possibly on a
set of natural density r. These would correspond, in the environment of learning,
to the work in Section 4.5 on sets generically or coarsely computable at density r.
Probably these notions are more permissive than the finite versions, but no work
on these notions is known to the present author.

7.3. Probably Approximately Correct Learning and
Vapnik–Chervonenkis Dimension

7.3.1. Allowing Randomization and Errors. In a sense, the models con-
sidered so far lack some essential features of realism. So far, we have always assumed
that the algorithm can look at unbounded training sets, and need only converge (in
some sense) in the limit, which may, of course, be quite far out. This is clearly not
the situation for most of modern machine learning. More frequently, the algorithm
trains on some finite set of data. Since the set of potential targets consistent with
that finite set of data is still quite large, we need to weaken the success criterion to
compensate.

In doing so, we capture two critical features of real situations. The first is
familiar. We allow the hypothesis generated by the learning algorithm to differ from
the true target by a set of positive probability (which we call the “A” probability).
In most buinsess, industrial, and scientific climates, we can still be quite comfortable
with this, as long as the A probability is, or can be made, sufficiently small.

The second new feature reflects an inherent issue of partial data. In earlier
models, if the first few bits of training data we got weren’t helpful, there was
no problem; helpful data would emerge eventually. In a situation with a finite
(generally small) amount of training data, we will, with positive probability (which
we will call the “P” probability) encounter a set of training data that is all unhelpful.
Again, this is often practically acceptable, as long as the P probability is, or can
be made, sufficiently small.
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The following model, and its setting, were first described in [494], and a stan-
dard reference is [300]. It is convenient, at this step, to move to a much broader
collection of examples.

Definition 7.3.1 (Valiant).

(1) Let X be a set that admits a probability measure. We call X the instance
space.

(2) Let C be a subset of P(X), called a concept class.
(3) The elements of C are called concepts.

It is important for what follows that we note that at this point we do not
commit to a particular measure on X; indeed, the diversity of possible measures
has an important role to play. For the present, we only make the (very liberal)
assumption that X admits some probability measure. We make no assumptions
at all yet about the structure of C or its members. We now proceed to Valiant’s
important definition of a notion of learnability.

Definition 7.3.2. Let C be a concept class over X. We say that C is PAC
Learnable (where PAC stands for Probably Approximately Correct) if and only if
there is an algorithm L such that for every c ∈ C, every ε, δ ∈ (0, 1

2 ) and every
probability measure D on X, the algorithm L behaves as follows: On input (ε, δ),
the algorithm L will ask for some number n = n(ε, δ) of examples, and will be
given {(x1, i1), . . . , (xn, in)} where xj are independently randomly drawn according
to D, and ij = χc(xj). The algorithm will then output some h ∈ C so that with
probability at least 1− δ in Dn, the symmetric difference of h and c has probability
at most ε in D.

In this definition, ε bounds what we have called the A probability, and δ bounds
what we have called the P probability. The wide range of possibilities for the mea-
sure D reflects externally imposed rules according to which the random training
data may be given; we only require that the algorithm be judged only by the mea-
sure that produced its training set. Without some form of this restriction, adver-
sarial learning would become absolutely impossible, since a new measure could give
probability zero to the set from which the training data were drawn, or concentrate
exactly on the error of a particular algorithm on a particular input.

A few examples will illuminate the definition.

Example 7.3.3. Let X be the real line, and let C be the set of positive half-lines
(i.e. intervals of the form (a,∞)). Given ε, δ ∈ (0, 1

2 ) we find m so large that

(1− ε)m < δ,

and ask for m labeled examples, which we will call S = {(x1, i1), . . . , (xn, in)}. Set
P = {(xj , ik) ∈ S : ik = 1}. We now define h = inf P , and return the hypothesis
H = (h,∞).

To see that this algorithm succeeds, suppose that the target is (t,∞). We
know that t ≥ h, because otherwise some of our training data was incorrect. Con-
sequently, (h,∞)4(t,∞) is exactly (h, t). We define b to be the greatest such that
D(t, b) = ε. Then what we must show is that the probability in Dm that h < b is
less than δ. This is bounded by the probability that none of our training elements
is in (t, b); that is, but (1− ε)m < δ.
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Example 7.3.4. Let X be the real plane, and let C be the set of filled axis-
aligned rectangles. Again, it suffices for the algorithm to take a large enough
sample, and take the tightest rectangle H consistent with the training set. We call
the target T , and note that, again, by the honesty of our training set, we need only
be concerned with T − H. Exactly as in the one-dimensional case, we can make
this error sufficiently small with high probability.

Example 7.3.5. Let X = Rd, and let C be the class of linear half-spaces (i.e.
of subsets of Rd, each defined by a single linear inequality). Again, a tightest-
consistent-fit algorithm succeeds.

Example 7.3.6. Let X = 2k, interpreted as assignments of truth values to
Boolean variables. Let C be the class of k-CNF expressions — that is, the class of
propositional formulas on k Boolean variables, in conjunctive normal form (where
each expression c ∈ C is interpreted as the set of truth assignments that satisfy it).
This class is PAC learnable.

The contrast of PAC learning with the earlier models suggests another line of
questions which, to the knowledge of this author, has not yet been explored. In
the language of the previous section, we might call the PAC learning condition
defined here PACFin learning. That is, the learner is allowed only one guess at the
hypothesis. We might, by analogy, seek to define PAC-Ex and PAC-Bc learnability
to allow a convergent sequence of guesses, but it is not immediately clear how to
do this in a way that still respects the randomness of the examples.

In another direction, work of Xiao relates PAC learning to zero-knowledge
proofs and the complexity class BPP.

Theorem 7.3.7 ([508]). Let ZK be the set of languages with zero-knowledge
proofs as defined in section 4.3, and BPP be as defined in Definition 4.2.5. There
is an oracle A such that PAC-learning the concept class of sets defined by Boolean
circuits of size n2 is PAC-complete among learning problems relative to A, but
ZKA = BPPA.

7.3.2. Classification by Regression. While the closest-fit algorithms give
results that satisfy the definition, it is not hard to believe that better methods are
generally available. Suppose that the instance space is Rn, and that the concept
class consists of linear half-spaces. Then the learning problem is to find a separating
hyperplane with all positive instances on one side and all negative instances on the
other.

We consider, in particular, the case n = 2, so that a linear half-space will be
defined by a linear inequality w1x + w0y ≥ b. In a typical case, we will be given
labeled examples, and will want to determine hypotheses for w1 and w2. Of course,
the case of linear regression has a similar form in that we are given several points
and want to find a line that “fits” those points. The critical difference is in our
notion of fit. In the least-squares linear regression, we aim to minimize the sum of

the squared errors, which are given by
(
yi −

(
−w1

w0
xi + b

w0

))2

. In classification, our

goal is not to have the line fall as close to our training points as possible; that would
often lead to drawing the hard classification boundary in the most problematic place
possible, not to mention ignoring the labels on the training set.
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Instead, we aim to minimize classification errors. For each vector ~w = (w1, w0),
we have a set M~w of indices for points in the training set which are misclassified
by the linear model arising from ~w. We denote the target set by T . For algebraic
convenience we formulate the training set as {(~xi, ti) : i ∈ I}, where

ti =

{
1 if ~xi ∈ T
−1 otherwise

,

and ~xi = (xi, yi). Now the overall error function to be minimized is

E(~w) = −
∑
i∈M~w

(w1xi + w0yi − b)ti,

so that a point correctly classified by ~w makes a negative contribution to E, and
a stronger one as it is further inside the model-predicted region, and likewise an
incorrectly classified point makes a positive contribution. We can minimize this
error by the numerical technique of gradient descent (also called steepest descent ;
see [136] for details). We set a real parameter η and update ~w by

~ws+1 = ~ws − η∇E(~w),

which, with relatively minor calculation, can be rewritten as

~ws+1 = ~ws − η
∑

i∈M~ws

~xsts.

It is not at all obvious that this must converge. However, a theorem of Rosenblatt
[423] shows that if T is indeed a linear half-space as assumed, this process will
converge to a linear separator of the training set arising from w. We call the
resulting half-space H~w. We note that it is at least a hypothesis consistent with
the training set. We will see in the next section that this is enough to achieve our
goal in PAC learning, by Lemma 7.3.13.

This approach of finding a sharp discriminator is, in certain practical respects,
inconvenient. Most importantly, its performance is not graceful when the training
data is noisy, as practical training data often is. A single noisy training point could
result in a training set which is not linearly separable, and in an algorithm that
never converges (although this possibility can be got around, using an approach
of [496]). Moreover, the output hypothesis sharpens the situation more than is
realistic; a point near the boundary probably should be classified as somewhat
uncertain. Meanwhile the discontinuity of the threshold function

t(~x) =

{
1 if x ∈ H~w

0 otherwise

creates serious concerns about the stability and convergence of gradient descent.
Indeed, from the perspective of continuity, Rosenblatt’s theorem is something of a
miracle.

Part of the way forward from these discouraging observations is reflection on
our goals. The function t(~x) can be viewed as a statement (based on our hypothesis
H~w) about whether ~x is in T or not (since T is unknown, we instead literally assign
probability values to ~x ∈ H~w. We could read this more broadly as crisply assigning
probabilities to the statements ~x ∈ T . We might also imagine allowing ourselves to
assign probabilities between the extreme values. If we took this approach, Bayes’
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rule would give us

P (H~w|~x) =
P (~x|H~w)P (H~w)

P (~x|H~w)P (H~w) + P (~x|¬H~w)P (¬H~w)
.

Now by a change of coordinates

a = ln
P (~x|H~w)P (H~w)

P (~x|¬H~w)P (¬H~w)

this formula achieves the familiar form of a logistic function,

P (H~w|~x) =
1

1 + e−a
.

We might attempt, then, to fit our data with a hypothesis with linear level sets, and
a logistic cross section in the direction orthogonal to the level sets. This technique
is known as logistic regression.

To achieve this, we consider a logistic model given by parameters ~w, and com-
pute, for each point (~xi, ti) in the training set S, the probability this model assigns
to ~xi having classificaiton value ti. This method is actually that of maximum like-
lihood estimation, although for consistency we are actually minimizing an inverted
likelihood function. We then regard the points of the training sets as Bernoulli ran-
dom variables with P (ti = 1) = πi. At this point, we compute the joint probability
of the full training set,

P (S|~w) =

N∏
i=1

πtii (1− πi)1−ti .

Now to achieve a maximum likelihood estimate of the parameters, we will minimize
the negative log of P (S|~w), given by

E(~w) = −
n∑
i=1

lnπtii (1− πi)1−ti = −
n∑
i=1

(
ti ln

πi
1− πi

+ ln(1− πi)
)
.

This function is sometimes called the cross-entropy error function. Again using
gradient descent, we can numerically estimate parameters ~w minimizing E(~w).

Logistic regression is effective for linearly separable classification problems.
There are, however, techniques to bootstrap the idea to more complicated problems.
One important body of these ideas is based on models — perhaps naive models —
of biological neuronal networks. Some of these models trace back to earlier work,
but found their first canonical exposition, complete with learning algorithms, in a
1962 book of Rosenblatt [423].

In this body of theory, a single “neuron” is a function of several input variables,
usually conceptualized as a composition of two functions: first, a linear combina-
tion of the inputs is taken; then a step function (perhaps a logistic function) is
evaluated on the result. The weights in the linear combination stage are computed
by minimizing the classification error on a training set by gradient descent. The
similarity of a single “neuron” (node) to logistic regression should be evident.

The great power of the theory comes, however, when a network of many neurons
is created. Typically these networks are graded, so that the “neurons” in level 0 take
inputs from the environment and those in level n take inputs from the nodes of level
n− 1. Now there are many weights — a set of weights from the linear combination
stage of each node. Again, we iteratively modify the weights to minimize the error
on a training set. Layer zero is called the “input” layer, and the final layer is called
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the output layer. Intermediate layers are called “hidden” layers. The term “deep
learning,” currently very common in analytics circles, refers (at least primarily) to
deep neural networks, that is, those with many hidden layers. The relation of these
artifical neural networks, as they are called, to literal biological neuronal networks
seems to be the subject of some debate in neuroscience circles. A canonical reference
on these biological networks, including a discussion of the perceptron and neural
network models, is [288].

An interesting property of neural networks is their capacity to converge even
on a random labeling. Indeed, in a recent paper [510] researchers compared the
results of training a neural network both on true data and on a copy of the data
in which labels were chosen at random. The optimization process converged a bit
more slowly, but still had no trouble converging to a minimum loss assignment of
weights. This is sensible enough from the perspective that these networks have
sufficient semantic power to express arbitrary or near-arbitrary functions on the
sample space (a result of this kind is proved in the same paper). However, it is
difficult to reconcile with the relatively strong resistance of some of these models
to overfitting.

Indeed, explaining the empirical success of deep neural networks seems to
present a significant theoretical challenge. One approach, introduced by Tishby
in 1999, is to understand the learning process as an information process: in learn-
ing, we try to find a compression of the input data that carries maximal information.
Each layer represents an intermediate representation of the data, with a Markov
chain property: it depends only on the immediately preceding layer. The theory
arising out of this analysis attempts to understand the semantics of neural networks
— the expressive power, resistance to overtraining, and efficiency of representation
— in terms of the mutual information of various layers. There is an ongoing debate
about the effectiveness of this Information Bottleneck theory in accounting for these
features. Representatives of the competing perspectives can be found in [488] and
[433].

Another perspective on understanding what neural networks do arises from
understanding each layer as a transformation on the data, and considering the
dynamics of this system. Sussillo and Barak [474] take up this question on recurrent
neural networks, which follow a more liberal definition that allows feedback loops.
In this case, analysis of linearization around fixed points and similar structures to
recover the mechanisms implemented by a trained network. Later work shows that
mean field theory and stability of the resulting system can predict success or failure
of the training of the system [420]. In both the training phase of standard neural
networks and the evaluation phase of recurrent neural networks, there appears to
be considerable opportunity for analysis from the dynamical perspectives we will
see in Chapter 8.

More extensive treatment of logistic regression can be found in [326]. Bishop
has a book surveying several machine learning techniques, including logistic regres-
sion and neural networks [72], and the books [279, 251] are standard references.
Deep neural networks and their semantics are an extremely active area of research.
Recent surveys on deep learning can be found in [334, 435], and [114] has a brief
survey with an extensive bibliography on the semantic issues.

7.3.3. Vapnik-Chervonenkis Dimension. In the late 1960s, Vapnik and
Chervonenkis considered a problem arising in learning algorithms: whether it is
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possible “to draw conclusions about the probabilities of the events of an entire
class S from one and the same sample.” They understood this as a problem of
convergence in probability in Bernoulli’s law of large numbers. They knew that such
uniformity could fail, and gave sufficient conditions for uniformity. The definition
that follows is, in updated language, theirs [497].

Definition 7.3.8. Let S be a set, and let C be a concept class on instance set
S.

(1) We define ΠC(S) = |{S ∩ c : c ∈ C}|.
(2) The VC dimension of C, denoted dimV C(C) is the greatest integer d such

that there is some set S of cardinality d such that ΠC(S) = 2d, provided
that such a d exists. Otherwise, we say that dimV C(C) =∞.

Vapnik and Chervonenkis also identified the growth function mC(r) to be the
maximum value of ΠC(S) where S ranges over all sets of size r. They proved the
following result.

Theorem 7.3.9. For any concept class C, the growth function mC(r) is either
equal to 2r for all values of r, or it is bounded above by rn, where n is the first
value of r such that mC(r) 6= 2r.

They also proved that the condition that C has finite VC dimension is equivalent
to the condition that as sample size grows, the maximum deviation of a sample
frequency from the population probability approaches zero with probability one.

The two layers of probability — the probability of convergence and the devia-
tion of sample from population probability — suggest something like PAC learning.
It is not quite true that finite VC dimension is equivalent to PAC learnability. How-
ever, this equivalence does hold under some very mild conditions.

While the conditions are mild in the sense that most, if not all, examples that
arise in the literature meet them, they are technical, and are frequently unstated.
The following definition establishes the necessary vocabulary for stating the condi-
tions under which finite VC dimension is equivalent to PAC learnability.

Definition 7.3.10. Let R ⊆ P(X), and let D be a probability distribution on
X, and ε > 0.

(1) We say that N ⊆ X is an ε-transversal for R with respect to D if and only
if for any c ∈ R with PD(c) > ε we have N ∩ c 6= ∅.

(2) For each m ≥ 1, we denote by Qmε (R) the set of ~x ∈ Xm such that the set
of distinct elements of ~x does not form an ε-transversal for R with respect
to D.

(3) For each m ≥ 1, we denote by J2m
ε (R) the set of all ~x~y ∈ X2m with ~x and

~y each of length m such that there is c ∈ R with PD(c) > ε such that no
element of c occurs in ~x, but elements of c have density at least εm

2 in ~y.
(4) We say that a concept class C is well-behaved if for every Borel set b, the

sets Qmε (R) and J2m
ε (R) are measurable where R = {c4b : c ∈ C}.

This condition of “well-behavedness” is enough, as Blumer, Ehrenfeucht, Haus-
sler, and Warmuth showed in the following theorem.

Theorem 7.3.11 ([74]). Let C be a nontrivial well-behaved concept class. Then
C is PAC learnable if and only if C has finite VC dimension.

We will give a proof of this theorem from the following two lemmas.
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Lemma 7.3.12. Let d be the VC dimension of C. For 0 < ε < 1/2 and sample
size less than max{ 1−ε

ε ln 1
δ , d(1−2(ε(1−δ)+δ))} no function is a learning function

for C.

Lemma 7.3.13. If the VC dimension of C is d < ∞, then for any 0 < ε < 1
and sample size at least max{ 4

ε log 2
δ ,

8d
ε log 13

ε } any consistent learner learns C.

Proof of Theorem from Lemmas. Suppose that C has finite VC dimen-
sion. Then C is learnable by Lemma 7.3.13. On the other hand, the second lower
bound of Lemma 7.3.12 grows arbitrarily large with d for appropriate choice of ε
and δ. Then if d is infinite, the sample size must also be infinite. �

We now proceed with the proof of the two lemmas. The first is the more
straightforward of the two.

Proof of Lemma 7.3.12. Let C be a concept class of finite VC dimension,
let ε ∈ (0, 1

2 ), and let m be the bound given.
Suppose C contains S1 6= S2 with a nonempty intersection, and let L be a

learning function. Let a ∈ S1 ∩ S2, and b ∈ S2 − S1. Let P be the probability
distribution concentrated on a and b with P (b) = ε. Replace X, C with this reduced
case, where S1 ∩ S2 is represented by a and S2 − S1 by b.

We can show that if m <
ln 1
δ

− ln (1−ε) then the probability of drawing a is at least

δ. This also holds for

m ≤
(1− ε) ln 1

δ

ε
. If there is a sample of m elements in which each point is a, there are four things
the learning function could do. If it guesses {a}, then it has eror ε for the target
concept {a, b}. If it gives any other answer, it has error at least ε if the target
concept is {a}. In any case, there is error at least ε with probability greater than
δ.

Suppose C contains S1, S2 such that S1 ∪ S2 6= X. Then let a ∈ X − (S1 ∪ S2)
and b ∈ S1. Given any learning function L, we let P be as above. Then a similar
analysis verifies the first lower bound. For the second term, note that the VC
dimension must be witnessed by a set of d ≥ 1 points in X that is shattered by C.
Let P be uniform on these points and 0 elsewhere. Replace X with this set.

Suppose we draw a sequence with ` different points. For each of the 2` labelings,
there are 2d−1 concepts consistent with it. Whatever the hypothesis of the learning
function, for every point of X not observed, it will be correct for half. Thus, the
average error is at least

(d− `)/(2d) ≥ (d−m)/(2d)

This implies that the average error is at least (d −m)/(2d). Hence there must be
a concept with at least this error. �

The proof of Lemma 7.3.13 is more technical, and requires some lemmas in
its own right. Proofs of the following three results can be found in [74], but are
omitted here.

Lemma 7.3.14. For any ε > 0 and and m > 2/ε, we have P (Qmε ) < 2P (J2m
ε ).

We define ΠC(m) to be the max ΠC(S) where |S| = m.

Lemma 7.3.15. P (J2m
ε ) < ΠR(2m)2−εm/2 for all m ≥ 1 and ε > 0
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Lemma 7.3.16. For any m ≥ 1, any S ⊆ X, and any H ⊆ P(X), we have
ΠH(m) = ΠR(m), where R = {h4S : h ∈ C}.

We now proceed with a proposition that brings us a good deal closer to Lemma
7.3.13.

Proposition 7.3.17. Let C be a nonempty well-behaved concept class on X, let
P be a probability measure on X, and let S be Borel. Then for any ε > 0, m ≥ 2

ε ,
given m independent random examples of S drawn according to P , the probability
that there is a hypothesis in C consistent with the examples and having error greater
than ε is at most 2ΠH(2m)2−εm/2.

Proof. Let R be as in Lemma 7.3.16. A hypothesis h ∈ C has error greater
than ε only if its symmetric difference with S has probability greater than ε. Hence,
if the example points are drawn from an ε-transversal for R, then every hypothesis
with error greater than ε will have an example drawn from its symmetric difference
with S. No such hypothesis will be consistent. So the probability that there exists
a hypothesis consistent with the examples and having error greater than ε is the
probability that the examples contain no ε-transversal.

Since H is well-behaved and S is Borel, we apply Lemma 7.3.14 to find that the
probability that the examples contain no ε-transversal is bounded by 2P (J2m

ε ), and
apply Lemma 7.3.15 to see that this is, in turn, bounded by 2ΠR(2m)2−εm/2. �

Continuing with the proof of Lemma 7.3.13, we define Φd(m) =
d∑
i=0

(m
i
)

if

m ≥ d and 2d otherwise. We can now prove by a routine induction on d that if
the VC dimension of H is d, then ΠH(m) ≤ Φd(m). This completes the proof of
Lemma 7.3.13, and of Theorem 7.3.11.

When read in their full detail, the results of Blumer, Ehrenfeucht, Haussler,
and Warmuth establish not only the learnability of classes with finite VC dimen-
sion, but also the size of the training set necessary for the algorithm to succeed.
Naturally, it is of interest to improve this bound as much as possible. In more
recent years, Li, Tromp, and Vitanyi have used Kolmogorov complexity to work
in this direction [338]. Their concern was first to optimize the bounds, and sec-
ond that the number of examples needed (the so-called “sample complexity”) be
independent of representation.

Definition 7.3.18. A representation system is a tuple (R,Γ, c,Σ), were R ⊆ Γ∗

is the set of representations, and c : R→ 2Σ∗ .

Now given a set of representations R, a representation system determines a
concept class, the range of c.

Definition 7.3.19. An Occam algorithm for a representation system (R,Γ, c,Σ)
is a randomized algorithm that, for every n ≥ 1 and every γ > 0, when given as
input a set S of m examples of concept c(r), with probability at least 1−γ outputs
t ∈ R such that c(t) is consistent with S, and such that for some function f(m,n, γ)
increasing in m, we have K(t|r, n) < m

f(m,n,γ) .

Theorem 7.3.20 (Li-Tromp-Vitanyi). Suppose that there is an Occam algo-
rithm for (R,Γ, c,Σ). Then there is an algorithm that PAC-learns the concept class
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ran(c) using a training set of size

m = max

{
2

ε
ln

2

δ
, f−1

(
2 ln 2

ε
, n,

δ

2

)}
.

Proof. On input ε, δ, the learning algorithm will take a training set of the
size given from the oracle. It will then run the Occam algorithm with γ = δ/2.
The output is then a hypothesis in the concept class. Now the probability that this
hypothesis has all m examples bad (outside its putatively large symmetric difference
from the target) is bounded by the number of concepts of Kolmogorov complexity
less than m

f(m,n,γ) , times (1− ε)m. We now compute this quantity.

As in the previous proof, we note that since m ≥ f−1
(

2 ln 2
ε , n, δ2

)
we have

ε− ln 2

f(m,n, γ)
≥ ε

2
,

so that since m > 2
ε ln 2

δ we also have

m

(
ε− ln 2

f(m,n, γ)

)
≥ ln

2

δ
.

By exponentiating both sides, we get

2m/f(m,n,γ)(1− ε)m ≤ δ

2
.

Consequently, the learning algorithm succeeds with probability δ. �

The same paper also establishes a partial converse: In the following sense, a
learning algorithm really does require compression.

Theorem 7.3.21 (Li-Tromp-Vitanyi). Let (R,Γ, c,Σ) be a representation sys-
tem, and let L be a deterministic algorithm that PAC-learns ran(c) using m ex-
amples. Then there is an Occam algorithm for (R,Γ, c,Σ) achieving compression
f(m,n, γ) = 1

2εn .

It is difficult to overstate the liberality of the condition of well-behavedness
in contrast to the actual requirements of most practical learning situations. One
way to see this is to notice a special class of concept classes which itself includes
nearly every imaginable learning problem, and which is itself a very small subclass
of the well-behaved classes. This class will be formulated in terms of Π0

1 classes.
This formulation is introduced in [95], and the remainder of this section describes
concepts and results from that paper. The following result is well-known, but a
proof is given in [110], which is also a good general reference on Π0

1 classes.

Theorem 7.3.22. Let c ⊆ 2ω. Then the following are equivalent:

(1) c is the set of all infinite paths through a computable subtree of 2ω

(2) c is the set of all infinite paths through a Π0
1 subtree of 2ω (i.e. a co-c.e.

subtree)
(3) c = {x ∈ 2ω : ∀n R(n, x)} for some computable relation R, i.e. a relation

R for which there is a Turing functional Φ such that R(n, x) is defined by
Φx(n).

This equivalence gives rise to the following definition:

Definition 7.3.23. Let c ⊆ 2ω. We say that c is a Π0
1 class if and only if it

satisfies one of the equivalent conditions in Theorem 7.3.22.
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Most instance spaces with which one could want to work can, by standard
techniques, be encoded in 2ω, and for the purposes of this discussion we will take
X = 2ω for the remainder of this section. Similarly, a large collection of concepts
can be understood as Π0

1 classes. Unless otherwise noted, we use the standard
product topology on 2ω. It remains to describe the concept classes to be used. We
make the following preliminary definitions:

Definition 7.3.24. (1) Let f, g ∈ 2≤ω. Then d(f, g) is defined to be 2−n

where n is the least natural number such that f(n) 6= g(n).
(2) Let f ∈ 2≤ω and r ∈ R. We denote by Br(f) the set {g ∈ 2≤ω : d(f, g) <

r}.
(3) Let S ⊆ 2ω. We say that S is computable if and only if there is a com-

putable function fS : 2<ω ×Q→ {0, 1} such that

fS(σ, r) =

 1 if Br(σ) ∩ S 6= ∅
0 if B2r(σ) ∩ S = ∅
0 or 1 otherwise

There is an unfortunate clash of terminology in that the concept classes will
have, for their members, Π0

1 classes. We will never use the term ambiguously, but
because both terms are so well-established it will be necessary to use both of them.

Definition 7.3.25. A weakly effective concept class is a computable enumer-
ation ϕe : N→ N such that ϕe(n) is a Π0

1 index for a Π0
1 tree Te,n.

We would like one additional property: that a finite part of an effective concept
class C should not be able to distinguish a non-computable point of 2ω from all
computable points, in the sense that if y ∈ 2ω is noncomputable, then any finite
Boolean combination of members of C containing y should also contain a computable
point. This is reasonable: it would strain our notion of an “effective” concept class
if it should fail. And yet it can fail with a weakly effective concept class: our classes
may have no computable members at all, for instance. For that reason, we define
an effective concept class as follows.

Definition 7.3.26. An effective concept class is a weakly effective concept
class ϕe such that for each n, the set cn of paths through Te,n is computable as a
subset of 2ω.

Note that for the set cn to be computable, it is not necessary that all of its
elements are computable. We note that all standard examples of learning problems
are effective concept classes. For instance, using standard representations, any
example in [72], [300], or [429] is an effective concept class.

Example 7.3.27. The class of well-formed formulas of classical propositional
calculus, and the class of k-CNF expressions (for any k) are effective concept classes,
by the example above. Whether a given y ∈ 2ω satisfies a particular formula can
be determined by examining only finitely many terms of y.

Example 7.3.28. The class C of linear half-spaces in Rd bounded by hyper-
planes with computable coefficients is an effective concept class. Recall that each
linear half-space with computable coefficients is a computable set, since the distance
of a point from the boundary can be computed.

Example 7.3.29. The class of convex d-gons in R2 with computable vertices
is an effective concept class.
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Note that the requirement of computable boundaries of these examples is not
a practical restriction. The proof of the following result is straightforward, and can
be found in [95]. (We denote a vector 〈x1, . . . , xd〉 by x̄.)

Proposition 7.3.30. For any probability measure µ on Rd absolutely contin-
uous with respect to Lebesgue measure, any ε > 0, and any hyperplane given by
f(x̄) = 0, there is a hyperplane given by f̄(x̄) = 0 where f̄ has computable coef-
ficients, and where the linear half-spaces defined by these hyperplanes are close in
the following sense: If Hf is defined by f(x̄) ≤ 0, if H0

f is defined by f(x̄) < 0, and

Hf̄ is defined by f̄(x̄) ≤ 0, then µ
(
Hf4Hf̄

)
< ε and µ

(
H0
f4Hf̄

)
< ε.

It is an easy consequence of the definition that every effective concept class
is well-behaved. Indeed, the sets required to be measurable are, in fact, low-level
Borel.

7.3.4. The Index Set for PAC Learnable Classes. One straightforward
decision problem arising out of learning theory is whether a given concept class is
learnable or not. Beros [67] took up this problem for the Gold-style learning of
computably enumerable sets, proving the following.

Theorem 7.3.31. The set of Σ0
1 indices for uniformly computably enumerable

families learnable in each of the following models is m-complete in the corresponding
class.

(1) TxtFin — Σ0
3

(2) TxtEx — Σ0
4

(3) TxtBC — Σ0
5

(4) TxtEx∗ — Σ0
5

In full generality, the problem would be difficult to express for PAC learning;
literally any element of the double powerset of any set can be a concept class.
However, as we have seen, this level of generality is not necessary to comfortably
take in all practical cases. In the context of effective concept classes, there is even
a natural notion of an index set. In [95], the following calculation is made.

Theorem 7.3.32. The set of indices for effective concept classes of infinite VC
dimension is m-complete Π0

3 within the set of indices for effective concept classes,
and the set of indices for effective concept classes of finite VC dimension is m-
complete Σ0

3 within the set of indices for effective concept classes.

Proof. A preparatory result will be helpful in demonstrating the bound.

Lemma 7.3.33. An effective concept class C has infinite VC dimension if and
only if for every d there are (not necessarily uniformly) computable elements

(xi : i < d)

such that ΠC (xi : i < d) = 2d.

Proof. Let (yi : i < d) witness that C has VC dimension at least d, and denote
by D1, . . . , D2d elements of C which distinguish distinct subsets of (yi : i < d). For
each i < d, there is a computable element xi such that for every j ≤ 2d we have
xi ∈ Dj if and only if yi ∈ Dj . Thus x1, . . . , xd witness that C has VC dimension
at least d. The converse is obvious. �
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Now we can define the set of effective concept classes of infinite VC dimension
with a Π3 formula. We begin by noting that if f is a computable function and T is a
Π0

1 tree, then it is a Π0
1 condition that f is a path of T , and a Σ0

1 condition that it is
not, uniformly in a Π0

1 index for T and a computable index for f . Further, if C = ϕe
is an effective concept class, then for any k ∈ ω, the condition that k ∈ ran(ϕe) is
a Σ0

1 condition, uniformly in e and k.
Let (x1, . . . , xn) be a sequence of computable functions, S ⊆ {1, . . . , n}, and

c a Π0
1 class, represented by a Π0

1 index for a tree in which it is the set of paths.
We abbreviate by [c �n= S] (x̄) the statement that for each i ∈ {1, . . . n}, we have
xi ∈ c if and only if i ∈ S. Now [c �n= S] (x̄) is a d-Σ0

1 condition, uniformly in the
indices for the xi and c.

We now note that C = ϕe has infinite VC dimension if and only if

∀(n ∈ N)∃x1, . . . , xn
∧

S⊆(n+1)

∃k [ϕe(k) �n= S] (x̄).

From the comments above, this definition is Π0
3.

Toward completeness, for each Π0
3 set S, we will construct a sequence of effective

concept classes (Cn : n ∈ N) such that Cn has infinite VC dimension if and only if
n ∈ S. In the following lemma, to simplify notation, we suppress the dependence
of f on n.

Lemma 7.3.34. There is a ∆0
2 function f : N → 2 such that f(s) = 1 for

infinitely many s if and only if n ∈ S.

Proof. It suffices (see [457]) to consider S of the form ∃∞x∀yR(x, y, n), where
R is computable. Now we set

f(x) =

{
1 if ∀yR(x, y, n)
0 otherwise

.

This function is ∆0
2-computable, and has the necessary properties. �

Now by the Limit Lemma, there is a uniformly computable sequence

(fs : s ∈ N)

of functions such that for each x, for all sufficiently large s, we have fs(x) = f(x).
We now define a set of functions that will serve as the elements that may

eventually witness high VC dimension. Let {πs,t,j : s, t, j ∈ N, j < s} be a discrete
uniformly computable set of distinct elements of 2ω such that πs,t,j(q) = πs,t′,j′(q)
whenever q < min{t, t′}.

We also initialize Gs,0 = ∅ for each s. Denote by Pt a bijection

Pt : P ({1, . . . , t})→ {1, . . . , 2t}.

At stage s of the construction, we consider fs(t) for each t ≤ s. If fs(t) = 0,
then no action is required.

If fs(t) = 1, then we find the least k such that k /∈ Gt,s−1. Let {et,i : i < 2t}
be Π0

1 indices for trees such that Tet,i consists exactly of the initial segments τ of
πt,k,j where j = Pt(S) for some S ⊆ {1, . . . , t} and |τ | is less than the first z > s
such that fz(t) = 0. We let is be the least such that Cn(is) is undefined, and take
Cn(is + `) = et,` for each ` < 2t. We also set Gt,s = Gt,s−1 ∪ k.
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Now for each t with f(t) = 1, there will be some s such that fs′(t) = fs(t) = 1
for all s′ > s. Thus at stage s we have added to Cn the Π0

1 indices {et,i : i < 2t}
guaranteeing that {πt,k,j : j < t} is shattered for some k.

For each t such that f(t) = 0 and each s such that fs(t) = 1, there is some
later stage s′ such that fs′(t) = 0, so any indices added at stage s will be indices
for a tree with no paths.

Note that if the same t receives attention infinitely often, this does not inflate
the VC dimension beyond t. Indeed, the sets of witnesses will be pairwise disjoint,
so no concept in Cn will include any mixture of witnesses from different treatments;
the resulting sets will not be shattered.

We further note that all the Π0
1 classes in Cn are computable. Indeed, each

c ∈ Cn is a finite set of computable paths. Thus, Cn is an effective concept class.
Now if n /∈ S, then f(s) = 1 for at most finitely many s, so that the VC

dimension of Cn is finite. If n ∈ S, then f(s) = 1 for infinitely many s, so that the
VC dimension of Cn is infinite (since sets of arbitrarily large size will be shattered).

�

7.3.5. PAC reducibility. As is usual in computation, some positive learn-
ability results are obvious, and others can be proved by giving an algorithm (or
computing a dimension). Negative results, those that show non-learnability, are, as
usual, at a premium. This is part of the appeal, not just in learning, but in other
areas of computation, for reducibilities.

Of course, reducibilities do much more than help us take maximal advantage
of known negative results. They often help us pose interesting computational ques-
tions. Montalban has suggested the philosophical approach that in Turing com-
putability, considering results that hold on a Turing “cone” — that is, a set of the
form {X : A ≤T X} for some A — captures the “typical” behavior, in the sense
that such results avoid a significant class of ad hoc counter examples: those that are
built by diagonalizing against all computable functions [380]. This is an interesting
approach, and even a debatable one, but the point is that it is something that can
be expressed in terms of reducibility.

It was not long after the definition of PAC learning that the difficulty of neg-
ative results became apparent. It is natural enough to those who have studied
computability or complexity: one negative result is an epoch-making breakthrough
(if it ever comes). Beyond that, we depend on showing that a solution to one prob-
lem would imply a solution to another — that is, we depend on appropriate notions
of reducibility. In 1990, Pitt and Warmuth introduced such a reducibility notion
for PAC learning, that allowed the transfer of negative results (even conditional
negative results) from one problem to another [409].

Definition 7.3.35. Let C0 be a concept class over the instance space X0 and
C1 a concept class over the instance space X1. We say that C0 ≤PAC C1 if and only
if

(1) There is a polynomial-time computable function g : X0 → X1, and a
polynomial pg such that if x ∈ X0 is of size n, then g(x) is of size at most
pg(n),

(2) There is a function h : C0 → C1, and a polynomial ph such that if c ∈ C0
of size n, then h(x) is of size at most ph(n), and

(3) For all x ∈ X0 and all c ∈ C0, we have x ∈ c if and only if g(x) ∈ h(c).
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The definition, as stated here, gives no clear meaning to the term “size.” In Pitt
and Warmuth’s (and Valiant’s) original examples, where each instance space is a set
of finite objects and each concept class has at least an obvious finite representation,
the issue of size poses no serious challenge. However, the broader class of examples
offered by effective concept classes in general (not to say concept classes in general)
invite closer scrutiny to this point. Recently, Senadheera [442] has argued that
Kolmogorov complexity would be an appropriate notion of size to put all effective
concept classes on an equal footing.

It is also worth noting that there is no ipso facto requirement that h be com-
putable. While this clearly is not an absolute obstruction to the study of the partial
ordering of concept classes by PAC reducibility, an intermediate reducibility may
also be worthy of study, in addition to being more tractable.

Definition 7.3.36. Let C0 be a countable concept class over the instance space
X0 ⊆ ωω and C1 a concept class over the instance space X1. We say that C0 ≤PACi
C1 if and only if there are functions g : X0 → X1 and h : C0 → C1 such that g is
represented by a Turing functional, such that h is a computable function, and such
that for all x ∈ X0 and all c ∈ C0, we have x ∈ c if and only if g(x) ∈ h(c).

Iin much of what has been done with PAC reducibility, the “computability” and
“complexity” versions (that is, PACi and PAC reducibilities), the parallel between
the two is very close. Consider, by way of example, the following foundational
result.

Proposition 7.3.37. Let C0 ≤PACi C1, and suppose that C1 is PAC learnable.
Then C0 is also PAC learnable. Moreover, if C0 ≤PAC C1 and C1 is PAC learnable,
then C0 is also PAC-learnable.

Proof. Suppose that L1 PAC learns C1. Given ε, δ, we receive from L1 the
number of training examples it needs, and request that training set {x1, . . . , xn} ⊆
X0. We then compute g(xi) for each i, and return that set as the training set for
L1. We take the hypothesis h1 returned by L1, and we, in our effort to learn C0,
use hypothesis h0 := h1 ◦ g. Note that this hypothesis satisfies the conditions of
probable correctness required of PAC learning. Also note that this algorithm is
efficient. �

The structure of this reducibility does not seem well-studied. We observe, of
course, that the empty concept class on the empty instance space is reducible to
any other concept class, and that any class is reducible to itself (by the identity
functions). It seems clear on cardinality grounds to expect that both ≤PAC and
≤PACi admint incomparable concept classes, but this is less obvious, for instance,
among effective concept classes. Of course, to a computability theorist, these degree
structures suggest the Turing degrees and their well-studied structure. It seems rea-
sonable also to consider whether the effective concept classes play a role analagous
to the computably enumerable degrees. Senadheera has proved some important
preliminary results in such a program.

Senadheera has made some beginning explorations of the degree structure, in-
cluding the following results.

Theorem 7.3.38 ([442]). Let � be either PAC reducibility or PACi reducibility.
Then there exist �-incomparable effective concept classes.
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Theorem 7.3.39 ([442]). There is an effective concept class K such that for
any effective concept class C we have both C ≤PAC K and C ≤PACi K.

Further preliminary work by Senadheera suggests that there may be an embed-
ding of the 1-degrees into the PACi degrees, although it is not at all clear at the
time of this writing how to adapt this embedding into an embedding of 1-degrees
(or any other known degree structure) into PAC degrees.

7.4. NIP Theories

7.4.1. The Independence Property. Aside from a concept that is called a
dimension, the shift at this point in our study to neostability theory seems slightly
jarring. On the other hand, the initial definitions of NIP formulas and theories bear
immediate resemblance to their analogues in the learning problem. The acronym
NIP indicates the negation of the independence property, which was historically
the first condition used, although we give NIP as the basic definition, in keeping
with the modern approach found, for instance, in [456]. Indeed, [456] is the current
standard reference in this field, and the exposition of the present section owes much
to it. It is conventional in discussions of this kind to make calculations in a large
model UT of the theory under consideration, which is saturated in some relatively
large cardinal and homogeneous.

Definition 7.4.1. Let T be a first-order L-theory, and ϕ(x̄; ȳ) a first-order
L-formula, and S a set of n-tuples. Then we say that S is shattered by ϕ(x̄; ȳ) if
and only if there is a family

(
b̄i : i ∈ I

)
such that for each V ⊆ S we have some i

such that ϕ(ā; b̄i) holds exactly of those ā with ā ∈ V .

Provided that S is finite and of cardinality d, the condition that ϕ(x̄; ȳ) shatters
S is exactly the condition that distinct choices of ȳ cause ϕ to define exactly 2d

subsets of S, in parallel with the conditions of Definition 7.3.8.

Definition 7.4.2. Let T be a first-order L-theory.

(1) A formula ϕ(x̄; ȳ) is said to be NIP if no infinite set S is shattered by
ϕ(x̄; ȳ).

(2) A theory T is said to be NIP if and only if all formulas ϕ(x; y) ∈ L are
NIP.

One prima facia difference between this situation and that of Definition 7.3.8
is that it is not obvious that an NIP theory must have some finite size at which it
does not shatter sets.

Proposition 7.4.3. Let T be a theory and ϕ(x̄; ȳ) be NIP. Then there is some
natural number d such that if |S| = d+ 1, then ϕ(x̄; ȳ) does not shatter S.

Proof. Suppose that ϕ(x̄; ȳ) shatters sets of arbitrarily large finite sizes (ni :
i ∈ N). Then for each i we can write a first-order sentence saying there exist
z1, . . . , zni such that ϕ(x̄; ȳ) shatters {z1, . . . , zn1

}. Since every finite subset of
these sentences is consistent with T , it follows by compactness that ϕ(x̄; ȳ) shatters
an infinite set. �

This number d is called the VC dimension of ϕ, and bears transparent resem-
blance to the VC dimension of a concept class. Note that this does not, at once,
settle the question of whether the theory T must have such a dimension
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The so-called independence property (T is said to have the independence prop-
erty if and only if it fails to be NIP) has known relationships with several other of
the standard benchmarks in stability and neostability theory. We say that a formula
ϕ(x̄, ȳ) is unstable if and only if for every n ∈ N there are sequences (āi : i < n)
and (b̄i : i < n) such that U |= ϕ(āi; b̄j) if and only if i < j. A theory is unstable if
and only if it has an unstable formula. Otherwise, it is said to be stable.

Proposition 7.4.4. Let T be a complete first-order theory. Then if T is stable
then T is NIP.

Proof. Suppose that T has an independent formula ϕ(x̄; ȳ) witnessed by an
infinite set S = (si : i ∈ N) shattered by ϕ with parameters (b̄i : i ∈ I). We set
ci = bs0,...,si−1 , and observe that ϕ defines a linear ordering on the ci, so that ϕ is
unstable and T is unstable. �

Another important boundary is the strict order property . Let T be a first-order
theory. A formula ϕ(x̄, ȳ) is said to have the strict order property if and only if
there is a sequence of tuples (b̄i : i ∈ N) such that for all i ∈ N and for all ā, then
ϕ(ā, b̄i) strictly implies ϕ(ā, b̄i+1). We say that T has the strict order property if
and only if it has a formula with the strict order property. In the following results,
we will need the concept of indiscernible sequences.

Definition 7.4.5. Let T be a theory and A ⊆ UT .

(1) Let I = (bi : i ∈ κ) be an infinite sequence. We say that I is indiscernible
over A if and only if for any k ∈ N and any two finite increasing subse-
quences of I with the same length satisfy the same first-order formulas
with parameters from A.

(2) Let I = (Ij : j ∈ λ) be a sequence of sequences. We say that I is
mutually indiscernible over A if and only if for each j ∈ λ, the sequence

Ij is indiscernible over A ∪

(⋃
i 6=j

Ii

)
.

Theorem 7.4.6 (Theorem II.4.7 of [448]). A complete theory is unstable if and
only if it has either the strict order property or the independence property.

Proof. Certainly if a formula ϕ of T has either the strict order property
or the independce property, then both ϕ and T are unstable. For the converse,
suppose that ϕ(x̄; ȳ) is an unstable NIP formula of T , with an indiscernible sequence
(āi : i ∈ N) and a sequence (b̄j : j ∈ N) such that ϕ(āi; b̄j) if and only if i < j. Let
n = dimV Cϕ+ 1, and V a set not defined by ϕ witnessing that ϕ does not shatter
a set S of size n. We define

ψi(x̄; ȳ) =

{
ϕ(x̄; ȳ) if i ∈ V
¬ϕ(x̄; ȳ) otherwise

,

and note that Φ0 :=
∧
i<n

ψi(āi; y) is inconsistent with T .

On the other hand, b̄N satisfies Φ1 :=

( ∧
i<N

ϕ(āi, ȳ)

)
∧

( ∧
N≤i≤n

ϕ(āi, ȳ)

)
, so

Φ1 is consistent. From an appropriate sequence of formulas beginning with Φ0 and
ending with Φ1, we can derive a formula with the strict order property. �
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This is the sharpest result possible using these three properties. Indeed, the
theory of real closed fields is NIP but has the strict order property; the theory of the
random graph does not have the strict order property, but has the independence
property. Of course, there are theories (true arithmetic, for example) that have
both.

Definition 7.4.7. Let p be a partial type over a set A, and κ a cardinal. We
then define dp-rank as follows. We say that dp− rk(p,A) < κ if and only if for
every family (It : t < κ) of mutually indiscernable sequences over A and every
realization b of p, there is some t such that It is indiscernible over A ∪ {b}.

Proposition 7.4.8. The following are equivalent:

(1) T is NIP.
(2) For every type p and set A, there is some κ such that dp− rk(p,A) < κ.

Proof. First suppose that ϕ(x; y) has the independence property. We will
show that dp− rk(p, ∅) is unbounded. For any cardinal κ, we can find a tuple
b̄ and an indiscernible sequence (āi : i ∈ ω × κ) where ϕ(āi; b̄) defines the set
{i : i = (0, α)}. Thus, the sequences It = (a(n,t) : n ∈ ω) are mutually indiscernible,
but none are indiscernible over b, so that dp− rk(p, ∅) ≥ κ.

On the other hand, suppose that T is NIP, and let (It : t ∈ X) be mutually
indiscernible sequences over a set A. Let b̄ ∈ U . We may, with a little work,
assume that these are sequences of singletons, with It = (at,i : (t, i) ∈ X × κt).
We add new unary predicates P1, P2 and a new binary predicate R, with P1 =
{at,i : (t, i) ∈ X × κt} ∪ A, with P2 = A, and R = {(at,i, at,j) : i < j, t ∈ X}. In a
large saturated structure, the corresponding sequences are mutually indiscernible
over the interpretation of P2. Using the dependence of T , we can find a set A0, of
size at most |T |, such that if two tuples have the same type over A0, then they have
the same type over b. We exclude those relatively few elements t ∈ X supporting an
element in P0, resulting in sequences which are mutually indiscernible over Ab. �

Another measure, closely related to VC dimension, is the VC density, on which
it sometimes seems easier to produce uniform explicit bounds.

Definition 7.4.9. Let C be a family of sets, and

πC(n) = max
|A|=n

|{c ∩A : c ∈ C}| .

Then the VC-density of C, denoted δV C(C), is defined as

lim sup
n→∞

log(πC(n))

log(n)
.

The relation of the function πC to ΠC(S) in definition 7.3.8 is transparent. We
note that the VC-density of a family of sets is finite if and only if the VC dimension
is finite. While explicit global bounds on VC dimensions of formulas in a theory are
difficult to obtain, some bounds on density seem simpler. Karpinski and Macintyre
prove the following result, which they attribute to earlier unpublished work of
Wilkie [293].

Proposition 7.4.10. Let ϕ(x̄; ȳ) be a formula in an o-minimal theory on R,
and C the family of sets defined by instantiating different parameters for ȳ. Then
δV C(C) ≤ |ȳ|.
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A later series of papers by Aschenbrenner, Dolich, Haskell, Macperson, and
Starchenko [34, 33] undertakes the systematic version of this: a uniform bound on
the VC-density of formulas in an NIP theory. They weaken the hypotheses of this
last result to an arbitrary weakly o-minimal theory, and make similar calculations
for the p-adic fields in Macintyre’s language, for the Spencer-Shelah random graph
described in Section 5.1.1, for certain infinite Abelian groups, and for theories of
finite U-rank and lacking the finite cover property.

An important bridge between first-order logic and probability is the Keisler
measure, which is particularly well-behaved in NIP theories.

Definition 7.4.11. Let T be a theory, and A a set of parameters. Then Lx(A)
is the algebra of sets definable in variable x with parameters from A. Then a Keisler
measure over A is a finitely additive probability measure on that algebra.

If p is a 1-type over A, then a Keisler measure naturally arises that gives
measure 1 to each set defined by a formula implied by the type p, and measure 0 to
every other set. In this sense, a Keisler measure is a generalization of a type from
the set of truth values {0, 1} to the set [0, 1], in keeping with the spirit of Chapter
2.

Under favorable circumstances, we can approximate Keisler measures by aver-
ages of points.

Proposition 7.4.12. Let T be an NIP theory, M |= T , and µ be a Keisler
measure over M such that for every N ⊇M , the measure µ has a unique extension
to N . Let X be a Borel subset of Sx(M), and ϕ(x; y) a formula. For any ε > 0
there are points a1, . . . , an ∈ U such that for any finite b̄ ∈ U , we have∣∣∣∣µ (X ∩ ϕ(x; b))− 1

n
|{i : ϕ(ai; b)}|

∣∣∣∣ < ε

.

This approximation result recalls the original work of Vapnik and Chevornenkis
on the convergence of sample probabilities.

One of the more important consequences of NIP in the context of Keisler mea-
sures is the existence of invariant measures. A Keisler measure µ on a group G is
said to be invariant if and only if it is translation invariant in the group G.

Theorem 7.4.13 ([273]). Suppose T is NIP and G is a ∅-definable group in U
with the property that there is some global type p(x) and some model M |= T such
that p(x) is satisfied by exactly the elements of G and every left G-translate of p is
finitely satisfiable in M . Then there is a left-invariant Keisler measure on G which
is finitely satisfiable in some small model M .

We will have much more to say about invariant measures, especially in Sections
6.1 and 8.3. For now it suffices to note that certain NIP groups have such measures,
giving them a property called definable amenability.

7.4.2. Examples of NIP Theories. Many structures of algebraic and com-
binatorial interest are NIP. Of course, every stable theory is NIP, as we have said.
In particular, strongly minimal theories, like the theory of vector spaces are NIP.

Because the proof that stable theories are NIP is technical, it is worthwhile
to see a sketch of the proof for Q-vector spaces in its own right. Let ϕ(x̄; ȳ) be a
formula in the language of Q-vector spaces. For each b̄, the set defined by ϕ(x̄; b̄) is
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either an affine set or the complement of an affine set. Any infinite set S will have
subsets which are not of this form. Consequently, ϕ cannot shatter S.

Because of Shelah’s dichotomy in Theorem 7.4.6, it is natural to look for
tame examples among ordered structures. The simplest ordered structures are
the o-minimal structures. An ordered structure M is o-minimal if the only one-
dimensional definable subsets are finite unions of points and intervals. The real
ordered field is the canonical example of an o-minimal structure, and many others
are known. It is straightforward that every o-minimal theory is NIP — intuitively,
the definable sets all come from the order, and that does not give sufficient flexibility
for an independent formula.

In particular, let T be an o-minimal theory with a large saturated model U .
Let ϕ(x̄, ȳ) be a formula, where |x̄|+ |ȳ| = n. It is known from the work of Knight,
Pillay, and Steinhorn in the 1980s [318] that for each b̄ there is a cell decomposition
of Mn; that is, a partition of Mn into finitely many definable sets C1, . . . , Ck, where
each Ci is either the graph of a definable continuous function or the region between
two definable continuous functions, and such that for each i, either Ci is contained
in the set defined by ϕ(x̄; b̄) or disjoint from it. Since an infinite set will have many
subsets that are not of this kind, ϕ cannot shatter an infinite set and T is NIP.

Many standard weakenings of o-minimality remain NIP. Indeed, the expansion
of the real field with a predicate for any of a large family of dense subgroups of R>0

remains NIP [86, 236, 255].

Proposition 7.4.14 ([237]). Any ordered Abelian group is NIP.

Of course, the theory of valued fields is far from a complete theory. However, the
theory of algebraically closed non-trivially valued fields, with specified characteristic
for both the base field and the residue, is a complete theory.

Proposition 7.4.15 ([421, 116]). Any complete theory of algebraically closed
value fields is NIP.

Proposition 7.4.16 ([155]). For any prime p, the field Qp is NIP.

In general, the characterization of all NIP completions of an algebraically inter-
esting theory is difficult, and is an area of active research. Since we have considered
pseudofinite structures already in Section 5.3, it seems germane to note that we have
a partial characterization of the NIP pseudofinite groups.

Theorem 7.4.17 ([352]). Let G be a pseudofinite group with NIP theory, and
suppose that there is some uniform bound on the length of chains

CG(F1) < CG(F2) < · · ·CG(Fn)

where each Fi is a subset of G and where CG(Fi) is the centralizer of Fi. Then G
has a solvable definable normal subgroup of finite index.

In the same paper, though, it is shown that there is a pseudofinite group with
NIP theory which is not solvable by finite.

7.4.3. Learning in NIP Theories. In 1992, Chris Laskowski published the
landmark paper pointing out the relationship of the independence property to the
Vapnik-Chervonenkis dimension. At this time, the connection of VC dimension to
the rather new concept of PAC learnability was not widely known.
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Certain special cases had already been observed. For instance, Stengle and
Yukich [468] applied known model theory of the real ordered field to prove that in
the semialgebraic sets, as well as sets definable in certain extensions of real closed
fields, some uniformly definable families with a single parameter had finite VC
dimension.

Laskowski, hearing of this result and its limitation to families with a single
parameter, thought of a result of Shelah’s on IP theories, and wrote his paper to
explain the single parameter phenomenon by Shelah’s “Single Variable Suffices”
result.

Important to this nexus of thought is a result, apparently discovered inde-
pendently in quick succession by Vapnik and Chervonenkis (implicitly) [497], and
by Richard Dudley [162], Norbert Sauer [432], and Shelah [447] on a certain di-
chotomy. In Sauer’s formulation, the result is as follows.

Theorem 7.4.18. Let C be a family of subsets of an infinite set X. Then one
of the following is true:

(1) There is some number N and some constant c such that for any S ⊆ X
of cardinality at least N , we have ΠCS ≤ |S|c

(2) For any n there is a set S ⊆ X such that ΠC(S) = 2n.

I am grateful to Laskowski for explaining the history of this section.
It is worth noting that the hypothesis given by logistic regression is uniformly

continuous, and so the hypothesis is definable in continuous first-order logic. At a
workshop at the American Institute of Mathematics in 2006, a question was posed
asking for examples of continuous NIP theories. While no proof seems to have been
published, it seems likely that NIP continuous theories might stand in relation to
non-sharp classifications like logistic regression similar to the relation first order
NIP theories have to sharp PAC classification.

An issue to which this theorem directly gives rise is whether neural networks
have finite VC dimension. Given the common assumption that what they are doing
constitutes something akin to PAC learning — at least, they give a classification,
and the standards for their success (as described, for instance, in [230]) seem similar
— it would be natural to hope for finite VC dimension. In some cases, this is known.

Consider a feed-forward neural network architecture, where each node has the
same activation function σ, with k inputs, m nodes, and ` total weights to be
assigned. In a suitable expansion of the real field, we can write a (k + `)-ary
formula Φ(x̄, ȳ) describing the function computed by the network. In that sense,
the network represents the family of definable sets CΦ =

{
Φ(x̄, β̄) : β̄ ∈ R`

}
, and the

VC dimension of the network is that of CΦ. Locally, the computation at each node
is described by a formula τ(x̄, ȳ), which will describe whether the node is activated
or not. Of course, the form of τ , and the “suitable expansion” of (R,+, ·, 0, 1, <)
will be determined by the activation function σ. We may take Φ to be a quantifier-
free formula which is a Boolean combination of formulas of the forms τ(x̄, ȳ) > 0
and τ(x̄, ȳ) = 0.

Theorem 7.4.19 ([292]). Let (ᾱi : i ≤ V ) be a sequence of elements of Rk,
and (τi : i ≤ s) be a sequence of smooth functions from Rk+` → R. Let (Θi : i ≤ r)
be some collection of `-ary functions that result from substituting some ᾱj in the
first k arguments of a τk, and define F : Rk → Rr by F (ȳ) = (Θ1(ȳ), . . . ,Θr(ȳ)).
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Finally assume that there is a constant bound B such that if F−1(z̄) is an (`− r)-
dimensional smooth manifold, then it has at most B connected components.

Then a feed-forward neural network determined by (τi : i ≤ s) in the way
described in the previous paragraph has

dimV C (CΦ) ≤ 2 log2B + (16 + 2 log2 s)`.

In particular, the VC dimension is finite.

Certainly the Karpinski-Macintre result covers many important cases, in par-
ticular the activation function σ(y) = 1

1+e−y . On the other hand, Sontag [458]
showed that there are neural networks of infinite VC dimension.

7.4.4. Learning in Other Theories. Of course, combinatorial dichotomies
are the standard stock-in-trade of model theorists, and it is reasonable to expect
that other model-theoretic dividing lines would correspond to other learning models.
One such instance is the proof by Chase and Freitag [115] that stability corresponds
to an online variant of PAC learning.

The basic setting of online learning dates back to a paper of Littlestone [340],
and has a more familiar exposition in [58]. In one form, we consider an instance
space X and a concept class C, as before. The learning consists of a fixed number
n of rounds. In round i, the learner is given some xi ∈ X, and the learner outputs
L(xi) ∈ {0, 1}, with the goal of minimizing EL(x̄) = |{i : L(i) 6= χX(i)}|, and in
particular with the goal of minimizing EL(x̄) as x̄ ranges over all possible sequences.

There is a dimension here which plays a role in online learning analogous to
that played by VC dimension in PAC learning.

Definition 7.4.20. [340] Let C be a concept class on an instance space X.

(1) We define the thicket shatter function pC : N→ N by letting pC(n) in the
following way: let T be a binary tree whose non-leaf nodes are labeled
by elements of X and whose leaves are labeled by elements of C, in such
a way that the path from the root to C codes membership in C of the
elements labeling the nodes along the path. Then pC(n) is the maximum
number of leaves on a binary tree of height n constructed in this way.

(2) The Littlestone dimension of C, denoted dimL C is the greatest integer n
such that pC(n) = 2n, if such an integer exists, and infinite otherwise.

Littlestone showed that online learnability is equivalent to this dimension being
finite. Siddharth Bhaskar [69] noticed that this rank is equal to the Shelah 2-rank.
In the context of a theory, the treatment is similar to the NIP case: we take a
formul φ(x̄, ȳ), and let C = {ϕ(x̄, ā) : ā ∈Mn}.

Definition 7.4.21 (Definition II.1.1 in [448] with λ = 2). Let ϕ be a formula.
The 2-rank of ϕ over a set of formulas ∆ is defined inductively as follows:

(1) R(p,∆) ≥ 0 if and only if ϕ is consistent.
(2) R(p,∆) ≥ α + 1 if and only if there are m-ary formulas ψ0, ψ1 with the

following properties:
(a) Each Ψ0 is either and element of ∆ or the negation of an element of

∆,
(b) ψ0 is equivalent to ¬ψ1, and
(c) For each i, we have R(ϕ ∪ ψi,∆) ≥ α.

(3) R(ϕ,∆) ≥ δ for a limit ordinal δ if and only if R(ϕ,∆) ≥ α for all α < δ.
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A formula is stable if and only if its 2-rank is finite. Consequently, online
learnability of the definable concept classes of a theory is equivalent to stability.

More recently, Alon, et al. have shown that a privacy-preserving notion of
learnability is also equivalent to finite 2-rank, and so to online learning [19]. It
is tempting to think that there may be other standard model-theoretic thresholds
that correspond to notions of learning.
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38. J. Avigad, J. Hözl, and L. Serafin, A formally verified proof of the central limit theorem,
Journal of Automated Reasoning 59 (2017), 389–423.

39. J. Ax, The elementary theory of finite fields, Annals of Mathematics 85 (1968), 239–271.
40. L. Babai, Trading group theory for randomness, STOC ’85: Proceedings of the seventeenth

annual ACM symposium on Theory of Computing, 1985, pp. 421–429.

41. A. Baker, Transcendental number theory, Cambridge Mathematical Library, Cambridge,
1990.

42. J. T. Baldwin and S. Shelah, Randomness and semigenericity, Transactions of the American

Mathematical Society 349 (1997), 1359–1376.
43. S. Banach, Sur le problème de la measure, Fundamenta Mathematicae 4 (1923), 7–33.

44. A.-L. Barabási and R. Albert, Emergence of scaling in random networks, Science 286 (1999),

509–512.
45. G. Barmpalias, D. Cenzer, and C. P. Porter, The probability of a computable output from a

random oracle, ACM Transactions on Computational Logic 18 (2017), 18.

46. , Random numbers as probabilities of machine behavior, Theoretical Computer Sci-

ence 673 (2017), 1–18.

47. George Barmpalias and Andrew Lewis-Pye, Differences of halting probabilities, Journal of
Computer and System Sciences 89 (2017), 349–360.

48. L. Barreira, Dimension and recurrence in hyperbolic dynamics, Progress in Mathematics,

no. 272, Birkhäuser, 2008.
49. L. Bartholdi, Counting paths in groups, L’Enseignement Mathématique 45 (1999), 83–131.
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Birkhoff’s ergodic theorem for Martin-Löf random points, Information and Computation
210 (2012), 21–30.

72. C. M. Bishop, Pattern recognition and machine learning, Information Science and Statistics,

Springer, 2006.
73. L. Blum and M. Blum, Toward a mathematical theory of inductive inference, Information

and control 28 (1975), 125–155.

74. A. Blumer, A. Ehrenfeucht, D. Haussler, and M. K. Warmuth, Learnability and the Vapnik-
Chervonenkis dimension, Journal of the ACM 36 (1989), 929–965.

75. B. Bollobás, Random graphs, 2nd ed., Cambridge Studies in Advanced Mathematics, no. 73,

Cambridge, 2001.
76. G. Boole, An investigation of the laws of thought, on which are founded the mathematical

theories of logic and probabilities, Macmillan, 1851.
77. W. W. Boone, Certain simple, unsolvable problems of group theory V, VI, Indagationes

Mathematicae 60 (1957), 22–27, 227–232.
78. , The word problem, Proceedings of the National Academy of Sciences of the USA 44

(1958), 1061–1065.

79. M. Borda, Fundamentals in information theory and coding, Springer, 2011.

80. A. Borel, Density properties for certain subgroups of semi-simple groups wihtout compact
components, Annals of Mathematics 72 (1960), 179–188.
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dynamics of automorphism groups, Geometric and Functional Analysis 15 (2005), 106–189.
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Martin-Löf test, 50

martingale, 25, 52

success, 53
martingale indicator, 52

martingale process, 53

measure, 5–9, 77, 82
ergodic, 219

generalized Bernoulli, 60

Glasner-Weiss, 166
Haar, 168, 171, 229

Haar-compatible, 169

Hausdorff outer, 61
invariant, 115, 142, 142–147

Keisler, 130, 207, 207
Lebesgue, 169

smooth, 217

Wiener, 68
measure model, 36

measure models, 14–16, 145

metric space, 211
metric structure, 29

Millar-Rabin test, 74
Miller-Rabin test, 78
moments, 8
mutual information, 48–49

network, 107

gene regulatory, 178

neural, 193–194
probabilistic boolean, 180

social, 107
NIP, 111, 125, 159, 193, 205, 205–209
normal, 41, 39–47, 247

absolutely, 247
absolutely normal, 44
simply, 41

o-minimal, 207, 208
order class, 242

oscillation

complex, 247, 248
overfitting, 194

parabolic, 212
Pascal, Blaise, 4

perceptron, 193

permanent, 86
phase transitions, 147

Polish Space, 214

polynomial hierarchy, 72, 86
Post’s problem, 163

Poulsen simplex, 176

preferential attachment, see also random
graph, preferential attachment

prefix-free machine, 77
probabilistic argumentation system, 16, 22

probabilistic method, 107, 132

probabilistic strategy, 54, 54–56
probability algebra, 34–35

probability model, 15

Probability space, 5
proof, 71, 84

interactive, 85

pseudocompact structure, 154
pseudofinite

field, see also field, pseudofinite

pseudofinite group, see also group,
pseudofinite

pseudofinite structure, 126, 154, 157

pseudorandom, 83, 83
purity, 160

Ramsey degree, 244
Ramsey number, 132

random

Kurtz, 169
pseudo-, see also pseudorandom
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177

automorphisms, 244

construction, 106
duplication, 108

model, 137, 140

model, countable, 138, 140
preferential attachment, 107

process, 106

random hypergraph, 122–124, 244
random walk, 95

randomization, 154, 152–159

randomized Turing machine, see also
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